
^IACMILIiAN AND CO., Limited 

, * ’ LONllON • DOMUAY • CAI.CUT’l'A ' • 

MliLUOUKNE ■ -J.. 

:rHE MACMILLAN COMPANY 

NICW Y01CK‘‘ lR»SroN . CltlCAdc; 
ATJ.ANTA • SAN KKANCISCO 

rmC MACMIT.LAN CO. OK CANADA, I/n 


TDKONTO 


ON 


DYNAMICS 

WITH EXAMPLES AND EXERCISES 



MACMILLAN AND CO., LIMITED 
ST. MARTIN’S STREET, LONDON 


1 9 1 1 



PREFACE. 


''.Fins book luis bcoii wiitten to j)rovido a discussion of 
liii^’licr dynamics suitable for students of engineering, 
physics, or astronomy. To a large extent the examples 
and exorcises have been drawn from practical affairs, and 
hav(3 b(‘e]i clioson more for the sake of illustration of 
pliysical principles tliaii for their mathematical interest. 
Witli hardly an exception, the exercises given at the end 
of each chapter have been carefully verified, and it is 
hoped tliat but few of tliem are in error. A large number 
of examples have been worked out in tlie various chapters, 
where practical illustration seemed to be required. 

A considerable space is devoted to gyrostats and gyro- 
static action, and we have used throughout this chapter, and 
elsewhere, tlm method set forth in g 9 of calculating rates 
of change of directed (|uantities for a moving system. This 
method of proceeding occurred to one of us about fifteen 
years ago [see Gray’s Plty>ncs, Vol. I.], and we have found 
it veiy useful in our teaching, as enabling solutions of 
difficult problems of rotational motion to be readily built 
up fi’om first principles. The advantage of the metliod is 
most apparent in Chapter IX., which is an expansion of 
an article on Gyrostats an<l Gyrostatic Action in Machinery 
communicated to the Institution of Engineers and Ship- 



builders in Scotland in 1905. Some elementary accounts 
of gyrostatic action have appeared during tlie last two or 
three years, and it is right to say that we are not indebted 
bo these for our method of treatment. 

We have derived assistance from various works, but, as 
was to be expected, our obligations to Sir George Greenhill’s 
writings are especially great. Besides making additions of 
the most practical and valuable kind to the science of 
dynamics. Sir George Greenhill has long advocated the use 
of units of the sort, employed by men to whom a com- 
parison with the foi’ce of gravity on a given piece of matter 
is the most ready means of estimating a force, and protested 
against the common dynamical limitation of the word 
lueight There can be no doubt that the ordinary use of 
the word in connection with the buying and selling of 
commodities ‘"weighed” by a balance can never be got 
over, and that the connotation of the word in that 
connection is more frequently that of quantity of matter 
than that of gravity force. And it is better to take 
advantage of a common connotation than to do something 
which may tend to confuse it. Hence we have often used 
the so-called practical units, but without any sacrifice, for 
none was required, of the real advantages of the absolute 
system. 

We are under obligations also to Jacobi's Vorlesungen 
ilher Dynamik, Routh’s two treatises, Appell’s Mecanique 
Rationellej Despeyrous' Mecanique, and Herr Fdppl's Tech- 
nische Mechanih The aim ^of the last-named work is 
similar to our own, and the student will find in it, e.g with 
regard to compound vibrators of different kinds, some 
interesting developments of matters which have been 
treated — though generally in a somewhat different manner 
— in the present volume. 



The proofs of the first two-tliirds of the book have been 
read with great care by our colleague, Dr. R. A. Houstoun, 
and Dr. Pinkerton, of Edinburgh, has kindly read the 
cliaptor on Gyrostats. We offer our thanks to tliese gentle- 
men, and also to the officials and workmen of the Glasgow 
University Press for their care and attention throughout 
the printing of the book. 

ANDREW GRAY. 

JAMES G. GRAY. 
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ERRATA. 

Page 244, lines 14 and 18 from top, for h.- read 1 



IS, lino 9, after value insert if the connec 
19, Kx. o, line 8, for ur sin 6 read w-ci sin ( 
29, line 25, for [r-^-dr] cos {oj dt) - (w + o?w) ( 
read (r + df) cos ( w dt) - (w + c^w) ( 
31, 15x. 1, line ^jfov x ~ lat gob (jot, 7 /=w^si 
read x — a(x3tQOB(at^ y = ab)\ 
39, line 33, /07’ ix-vmy + nz read {Ix + my- 
44, line 20, after instant add with the sai 
55, line 6 from foot, /o?’ (2) read (3) 

57, lino 8 from foot, for /t=^r-(a'sin 0- 

read h=^j^r -{a' sin 6 - 
77, line 16, for ;r“ ?’ead iv 
79, line 2 from foot, delete given by 
,, last line, delete a) = 

82, Ex. 21, for ?J = 4.7/f ^sin-^^ - sin-0 read 

85, line 6,/o9' to v in read to a in 
,, ,, 8,/o?’ to a in %'ead to v in 
88, line 20 from foot, for times read clistn 
97, line 8 from foot, for to the reaction re 

109, equation (3),/o?’ Z^^dx read Z^^^dz 

110, line 8,/o?’ is read are 

111, line 12, for r= ~-J- read r= 

C.f 32/ 

117, lino3, /(??’ OP read OP\ 

129, line 5,yb?’ s= -2Trrl]i = o) read s/r= - 
137, line 2, after conrso, delete and 
142, line 5 from foot, after is , in gi 

189, line 15, for 6, O' read 0.^ 

202, Ex. 27, for \/l + 3e()S“7 read 7\/l4-3 
220, paragraph 120, line 4, for 50 read 49 
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,, 5>S1, linn I I Imni Innl, /n/* I ( U rt>nl h / h 

:>S0, linn a Irnin fnnl , yli/- HM, )r i T - /.' V'-n' 

,, linn 7, ,/'•/• rtf rmtl timl/tr if^ rtml tlnllf !•( mn 

,, MI.5, lim* rj ll'niil Innl, Jn)' _■*»/ ft ml * /f 
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,, lines 17, 26, 29, for phi read 

,, line 21, for ^ are etc. read ^ is die similar displacenieut in 
the excited vibration. 

427, line 4, for p-a read nki 
4^17, lino 10 from foot, for vjvi read 7’j/v.j 
,, lino 12 from foot, for read v' 

477, lines 10, 13, 15 from foot, for cos 6 read sin 6 and in line 14 
from foot, for OD 7'ead 00 
551, line 10, /o?* hy.y read 
553, line 5, for (4) read (5) 

555, lines 14 and 19, for §299 read §300 
550, line 7, for § 299 read § 300 
,, line 10, for (3), § 300, read (2) § 300 

557, line 5, for § 299 read § 300 

, , line 7 , for 4- Afh + A + . . . H- .<4 iJik + o } 

read -]r" 2 A^q^+ 2 A,fi 2 -\‘ ... +2J[ftgA + 2^o} 

558, line 0, for read [S{m{ 

„ lines 10 and 12, for read 

d(j dei 

„ line 10, for (1), §300, read (2) §300 
,, line 18, for read x, z 


559, line 4, 
for 


(?}T 'dx 
\ 'dx 0(71 

line 5 from foot, for CiZi read e^Z 


ox d(7i dy (3(7a d;: d(/i 


. d7^^ d^ d^\ 
"^dy d(7i dz d<7iy 


562, line 2, after (rsin^+r^*cos0)“ insert } 

,, line 3, for { read ( 

503, line 11, for ^m{r--\-r^ read 4m (r^ 4-?^^^) 

504, line 1, for rd read rd 

5 3 5 s for 'dTI'd^p = mr‘^\f/mi?d read 

3 5 5 3 6, for 'dTldr=r0'^ read 'dTldr—m{r6‘'^-\-r\l/^sm^d} 

3 5 3 3 7, for d T/dd = r^\j/^ sin 6 cos 9 

read d T/'dO = mr^xp^ sin 9 cos 9 

5 5 5 3 9, for r - r0“ = ry cos 9 read r - r0“ - sin^0 = ry cos 9 

5 , 5 5 10, for 7'9 4- 2r9 4- sin 9 cos 9= ~(j sin 9 

read 7'9 + '2r9 - I'xjj - sin 9 cos 9— -y sin 9 
,, Ex. 3, line 11, delete (a^ + r-sirra) w“, 

,, ,, ,, 12, delete and 

505, lijic 8, for - a ( 1 4' kt) sin 9 read ~~ a{ 1 + ht) 9 sin 6 

35 55 9, /o?' h7na-{[l-\-ktf9'^ + lc-} read }pna-{{l-\-]df9'^-\-lc^] 

„ „ 12 , for ^{a?[l+klfe) read '^\a:‘(,\+klfe} 


55 


lines 11 and 10 from foot, for 'py-q^-^ rmd py~qx 
,, last line, for Aq rmd Ap 
568, line 8 from foot, for rmd 5q^, 


569, line 10 from foot, for rmd 

dt dp dt 

,, line 4 from foot, /o?’ 2T rmd T 
571, line 7, for p' rmd p., 

,, Ex. 3, line 9, for p., rmd p>> 


ZL^JdL 


dL.JdL 


574, line 4, for read . 

dq dqi dq dq 

576, line 9, for <7i, ga 5 , 7/: 71 j 72 5 ...5 qk, f 

,, „ 18, for dSjda read dSJdai 

,, ,, 13 from foot, /or = rearf 0<S7Ba/ = />* 

d^dcti dqfdoii c)qj.da-/^ 
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, d^s , d^s . 

renc^ ■ + .3--- 7i - 

dtdai dqida-r'- 


... + 


d-S 
dq^. da,- 


( 3,-0 


577, line 9, /or dJdjdq;, read -dHjdq^, 


„ line 16, /or §312 read §313 
579, line 8 from foot, /or (^~)” 

581, line 10, for - (7’,) = - (^i) [{7+ (7)} - jj(7) + (^Og] 

read - ( T,) = - [p] j-[ q P [q) } -p [q) + (pjg] 

583, line 4, for '^{q'^q + q'^])) read '^{pq-k- q'dp') 

596, line 12 from foot, /o?' x^jsl'M read iV“l2d 

612, lines 8 and 10, for F read R 

613, line 4 from foot, /or ]\[ - Xz~Zx read M-~Xz'\-Zx 
617, Ex. 10, for Is/dcot^O read ■J\''9 cot‘“t^ + 1 


CHAPTEP. L 


KINEMATICS OF A MOVING POINT.^ 

1. Speed and Velocity. We suppose that the direction 
:)1' motion of a point nowliere undergoes absolutely sudden 
Ljliange. The point, materialised as a particle of matter so 
small in every dimension that it only serves to mark 
position in space, therefore moves in a curve in space the 
direction of tlie tangent to which is every wliere perfectly 
delinite. 

Tlie displacements of tlie point are in all cases with 
reference to some system of marks in space which are 
taken as at rest. Such a system of marks is called a 
reference-frame. It may be a curve fixed in space along 
wliicli the point is constrained to move, or it may be axes 
of coordinates, for example Ox, Oy, Oz drawn from a 
point 0, in three different directions which are not in one 
plane. Most frequently they are taken mutually at right 
angles, and are supposed eitlier to be at rest, or to be in 
motion in some specified way, with reference to other 
coordinates which arc taken as at rest. Tim motion of 
blie point along the given curve may be defined by the 
variation of its distance measured along the curve from a 
specified fixed point in it, or it may be by the rate of 
change of the quantities which specify the position of the 
point with reference to the axes chosen. The relativity 
of motion will be found discussed in more detail in our 
slementary treatise. 

The curve may in some extreme eases appear to be such 

*Tlie liineniatics of tlie motion of a rigid body will bo considered in 
clirect connection with problems regarding siicli motion. 


as to coutracUct the condition here stated, ror example, a 
particle ascends under the retardijig action oi gravity 
until it is brought to rest and begins to descend. At evcuy 
instant except that at which it has come to rest, tlie 
direction o£ motion is perfectly dehnite. The particle does 
not change the direction of motion suddenly: its speed 
has been gradually diminished, and it is at rest at tlie 
instant of reaching the highest point; it does not remain 
at rest for an interval of time however short, but still 
continues to gain dowmvard velocity, and the instant of 
rest is the 'point in time which separates the interval 
during which the particle ascends from that during wliich 
it descends. Again, when a marble is dropped on a stone 
floor and rebounds, or a cricket-ball is struck by the bat, 
the direction of motion is clianged suddenly, as suddenness 
is usually understood with respect to ordinary phenomena-. 
But in reality the change of direction of motion occupies 
an interval of time, that of the duration of collision, 
though, as reckoned with respect to the time re(|uired for 
ordinary changes which can be followed by tlie eye, tlie 
interval is short. 

It must be understood from tlie outset that in dyjiamics 
an instant is not what in ordinary aflairs it is oft(ai 
supposed to be, an interval of time of indefinite length : it 
is not an interval of time at all. It is the flnal terminus 
of one interval of time, and the initial terminus of the 
interval which immediately succeeds. Two planes meet in 
a line which is not part of either plane, not being a surface 
in any sense, but is only a dividing mark or common 
boundary to be crossed by a moving point passing from one 
plane to the other. A point again is the dividing mark 
where one part of a line or curve ends and anotlun; 
portion begins: it is not, however it may be indicaterl 
by a spot of chalk on a blacklioard or a spot of inlv on 
paper, other than merely a mark of position in space. 
So with an instant in time tlie distinction between it 
and an interval of time, must be clearly understood. A 
pendulum bob at a certain instant is at the extremity of 
its saving in one direction ; but the bob does not remain at 
rest for any interval of time however short; tlie svn’ng 


direction ten ni nates. 

'J'lie distinction Letween an instant and an interval of 
time is tlie key to tlie solution of many of the puzzles 
regarding motion wliicli perplexed the old pliilosopliers. 
'^l^hey held tliat a body could not move from one position to 
anobher without occupying in succession a continuous 
sciries of intermediate positions, and then came to the 
conclusion tliat if that were so motion Avas impossible, 
because it was tacitly assumed that occupation of a position 
iinjAlied rest in that position. Each position is occupied at 
an instant in time, hut not dioving an interval : the true 
iilea in wo way negatives the possibility of motion, and the 
contradiction had no real existence. 

At the instant which marks the hoginning of an inteiwal 
of time tlie moving point or particle is at at tlie instant 
whicli marks the end of the interval and the beginning of 
a su(!cecding interval it is at JA. i\, are points on the 
curve along Avhich the moving point is displaced, and are 
at a dehnite distance apart, measured along the curve. 
We form tlie ratio s/f, that is the ratio of the numerical 
value of the distance to tliat of tlie time in wliicli it is 
traAuu’sed, and call it tlie averarje speed of the moving point 
during the time t. The unit of speed is thus the speed in 
which unit of distance is described unit of time. 
Speed is thus expressed in feet per second, centimetres 
per second, miles per hour, or according to any other clioice 
of tlie units of length and time. 

In many cases it Avould merely cumber our equations 
to indicate at every symbol or group of symbols the units 
employed; hut when it is necessary, in the statement of 
results or elseAAdiere, to specify units we shall do so by 
adopting for feet per second tlie symbol f/s, or ft f sec, for 
centimetres per second e.m/s, and so on. 

The meaning of the word pei' is to be observed. The 
point does not necessarily move for an hour or even for 
«a second. But it traverses the distance s, which may be 
miles, or only a fraction of an inch in length, at such and 
such an aA^erage rate or speed. For example, the statement 
that the speed is CO miles per hour means that if this 


average speed were maintained constant for an hour tlio 
distance traversed would be 60 miles : the actual duration 
of the motion from to P 2 may be only a small fraction 
of a second. The distance traversed in a given time is 
equal to the average rate of displacement multiplied by tlie 
number of units of time, just as the amount of a worlc- 
man’s earnings for a given time is e(]ual to the product 
of the rate of wages "into the numerical measure of the 
time. The speed, or rate of displacement, is no more 
distance traversed than a rate of wages is a sum of nioiu'y, 
and must always be expressed as distance per nmt of ivnie. 

The idea of loniform speed presents no difficulty to 
anyone. Speed, whether the direction of motion remains 
constant or not, is constant wlien equal distances along 
the path are described in equal intervals of time, however 
smcdl these intervals are taken. The f)roviso contain(‘.d 
in the words italicised is necessary: a train, for example, 
might run BO miles in each of successive hours, or miles 
in eacli of successive quarter-liours, even though it stopped 
at stations : a test by a sufficiently short interval of time 
would reveal the true variability of the motion. 

2. Varying Motion. We now consider the varying motion 
of a point a little more particularly. We suppose that th(^ 
motion is continuous as regards speed as well as regards 
direction. By this we mean that the distance descrilxMl 
in any small interval of time Tg which follows immediately 
an e(jual interval differs from that described in the 
interval by an amount — the ratio of which to 
tends towards zero as r-^ and Tg are diminished without limit. 

In passing from P^ to P 2 along the curve, the point 
occupies in succevssion every position P between and 7b,. 
But it does not remain in one position P for any interval 
of time, however short. Its position is P at an instant or 
point of time. 

At P the motion is along the tangent to the curve at 
that point. The point does not move along that tangent 
through any finite distance, for immediately, as it advances, 
it finds itself moving along a new tangent, and so on. We 

mav mrlnnrl T’Ofrn.l'fl f.]iA innf.irMi not nlx^rnxTtj omul'll, o 


lyouit. The average speed is s/t for the displacement from 
to P.,. Now suppose P^, P^, while always having the 
position P between fcliem, to be brought closer and closer 
togotlier. The distance traversed is continually diminished, 
and so also is the time t. In all cases that are here con- 
sidered the ratio s//; retains a finite value, however much 
s* is decreased in length, and as P^ and P^ are brouglit 
closer and closer together without limit of closeness, ap- 
proaches more and more nearly to a limiting value, whicli 
wo define as the speed of the point at P. 

The direction of tlie motion at P, and the speed thus 
defined, constitute the complex idea of the velocity at P. 

3. Illustrations of Varying Speed. Curve of Speed. That 
a cimtinuously varying speed has a definite value at each 
instant may be illustrated in the following manner. Two 
ti’aiiLs arc running side by side, one at uniform speed v, 
the other with varying, let it be supposed increasing, speed. 
A i)assonger on the latter train, regarding the carriages 
of the other, sees them at first moving ahead ; but they do 
so more and more slowly as time passes, until at last they 
appear to he falling behind. There is an instant at which 
t]i(3 uniformly moving train seems to the passenger in 
the other to be standing still, and just then the speed of 
his train is the speed of the uniformly moving train. It 
does not however remain v for any interval . of time, 
however short, but merely passes through that value. 

Another illustration is obtained from Atwood's machine, 
(see p. 139, and Chap. VI.). Two ecjual weights are attached 
to the ends of a fine string passed over a vertical pulley, 
as there described. A small additional Aveight is placed 
on one, and the system at once begins to have a varying 
motion. At a certain instant the additional weight is 
removed without disturbing the system, and the variation 
of the motion is thereby annulled. The motion thereafter 
is as nearly uniform as the slight frictional resistances 


which act on the system permit : the varying motion which 
existed at the instant has beeii; bo to speak, stereotyped ]jy 
the removal of the additional weight. 

Tlie existence of a definite value of tlie varying speed at 
each instant is recognised in the methods used by practical 
men for its measurement. For example, Bashfortli’s 
chronograph for measuring the speed of a bullet deter- 
mines the interval of time taken by the bullet to travel 
from one screen to anothei* in its path. The bullet pierces 
the screens, and an electrical registering arrangement 
marks the time by a line drawn on a moving surface l)y 
a pencil. The distance between the screens is Icnown, the 
interval of time in which the bullet traverses it is got from 
the length of the line drawn and the rate of motion of the 
pencil, and the speed is calculated. 

Now it is important to know as nearly as possible the 
speed of the bullet when it leaves the muzzle of the rifle. 
Hence one screen is placed close to the muzzle, and the 
other as near the former as is consistent with accuracy of 
the time measurement. The speed found is the average 
speed of the bullet for the interval, and it is evident that 
the closer the screens are together the more nearly is this 


average speed the speed at the first screen. 

It is usual to denote the limiting value of the ratio ,s/^, 

when t is made small without limit, by the notation 


or, as we shall write it in the text, dsjdt. Here dt may 
be taken as denoting any interval of time whatever, small 
or large, provided ds is the corresponding displacement 
which makes dfijdt have the limiting value of defined 
above as the speed at P, Thus, for example, at P the 
speed may be 88 feet per second, so that the numerical 
value of dsjdt will be given by assigning to dt any 
numerical value n, provided we assign at the same time 
to ds the value n x 88. Or if we denote the value of dsjdt 
by V, then ds is the distance, v dt, described in aniy time dt 
when the rate of motion is v. Tlie Newtonian or fluxional 


notation will also be used in what follows for time-rates 


of change of quantities. Thus, instead of dsjdt we shall 
often use s. instead of dnildt. nr s and so on. 



msTiance iraversea a-D varying speea. me aisLance s 
described in tlie interval between t = tQ and t = t^, when the 
value of V varies from instant to instant, is given by the 
efjuation 

.s*=| vdt, (1) 

where the expression on the right has the following signi- 
fication. Let tlie interval of time from to be divided 
into a succession of u sliort intervals and let 

the value of v at the middle of be at the middle of 
be , and so on. Then the whole distance which would 
1)6 travelled along the patli in the interval — if the 
speed (hirin<j <hwIi interval were what it actually is at 
the middle of tliat interval, would be the sum 

.S’l^ == "h • • • + VnTn (2) 

Clearly in tlie case of continuously varying motion this 
approximates more and more closely without limit to the 



true value of the distance traversed in the time as 

tlie intervals t.,, are made shorter and shorter, 

and their number n increased without limit. The limiting 
value .s‘ of when this is done is the meaning of the 
I’ightdiand side of (1). 

Tliis is illustrated by the diagrams (Fig. 1 and Fig. 2). 
The interval of time tx — tQ is represented by the straight 
line AB, and A Ax, AxA^, ••• ; ^nB, the segments into which 


AB is divided, represent the shorter intervals Tg, 
which make up the interval t-t^. For any instant, 
represented by M on the line AB, the true value of v is 
the length of the ordinate MP, drawn from M to meet the 
curve GPD, which is drawn so as to represent the mode of 
variation of v. The successive ordinates dotted in midway 
between A and A^, A-^ and A^, A^ and J.g, and so on, 
represent the speeds '^^3, ••• at the instants represented 

by the mid-points of the intervals AA-^, A^A^, A^A^, and 



so on, of AB. Thus the sum of the areas of the rectangles 
standing on AA^, A^A.^.^ + ••• 5 

or s, that is the distance which would be traversed on the 
supposition stated above. 

But we might have proceeded on either of other two 
suppositions, (1) that the speed throughout each interval 
is the actual speed at the beginning of that interval, (2) 
that the speed throughout each interval is the actual speed 
at the end of that interval. Calling the speeds according 
to (1) v\, ... v'n, we get a distance travelled in time — 

s ' ~ v\t^ + v'^Tc^ + • . . + V^Tn^ 

Again, calling the speeds according to ( 2 ) 
we obtain for tlie distance traversed, 


rectangles. If 


yv X±X\^X± JL\JJL XXX KJXX\j V/X \JxX\j 

now, as is always possible, the intervals 
AA^, A-^^A ^, ... , A^^By that is r^, ,.. be so taken that 

the curve lies everywhere above a lower step and below an 
upper step, the true area between AB, the end ordinates 
and the curve will lie between s' and s". Moreover, the 
values of S lie between these, for clearly s'< 5 <s". 

If, now, each of the intervals AA^^ A-^A,_^, AnB be 
diminished without limit and their number oi be increased 
without limit, so that always 


AB AA-^A" A-^Ai2,'\‘ • • • A" A^iB, 

the difference s'' — s' will diminish without limit, and botli 
s' and s'\ witli s, which lies between them, will approximate 
without limit of closeness to the area contained between 
AB, the end ordinates, and the curve, that is to s, the true 
distance traversed in the time — This is the meaning 
of equation (1) §4. 

The connection of the extremities of the ordinates repre- 
senting the speeds at successive instants by a definite curve 
is the graphical representation of the law of dependence of 
the speed on the time. In other words, the speed is some 
function of the time, or as it is usually written, v—f{t). 
We have then for (1) § 4, 



The body of rules for the evaluation of s when f(t) is 
known constitutes that part of the Integral Calculus which 
deals with what are called definite integrals. 

A speed-curve drawn with speeds laid down as ordinates 
against distances travelled as abscissae, is convenient for 
some purposes. It enables, as vre shall see, accelerations in 
the direction of motion to be easily represented graphically. 


5. Uniformly Varying Speed. The curve connecting the 
upper extremities of the ordinate in Fig. 2 is in this case a 
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sfcraiglit line, and the end ordinates are + 

Tlie area contained between AB, the (3nd ordinates, and tlie 
curve is now the product of the length of base AJJ and the 
length of the mean ordinate, which is 

But AB = ti~tQ, and tliereiore, since s, the distance 
traversed in time is numerically equal to tliis area, 

we have = + (,) 

or s = WoCii - io) + - f'o7 (2) 

If the time be reckoned from the instant represented l)y 
A, we have tQ — 0, and the interval is simply ty Tlien 

^• = + 

This is the case of a speed wliich increases uniformly 
with the time, and has an initial value wliicli may l)e 
either positive or negative ; that is, tlie initial speed 
may be eitlier in the direction of the part — added in 
time t — or in the direction opposed to that. A body 
moving vertically under gravity fullils very approxi- 
mately these equations. 


Ex. I. Let which is the case of motion of a point 

which lias uniform acceleration a. in the line of motion. 

Wc have i /. . v> 

that is, ocs=-^[{ v„ + 0 L(q ^ 

where Vq are the linal and initial speeds. 


Ex. 2. If a body moves under nniforin retardation r, and stai*ts 
Avitli speed it travels in time a distance 

Here the speed at time t is and therefore 


uornilj, and dui’ing the rouiainuig i nnniite is uniformly retarded, 
id the acceleration, the uniform speed and the retardation. 

If a, r be the acceleration and retardation, v the uniform s^Deed, and 
(o, tlie intervals, we Jiave 

.s = h a /j + ^2 + i j 

tile last exanijde. But clearly r=2a, and so that 

STow the distance is 10560 feet, and so taking foot-second units, 
V = 10560/(30 + 1 50 + 1 0) = 54-15. 

1 tlierefin-e a = -902, r=l-805. 

riius, indicating the units in the manner explained in § 1, we 
y = ,'-,4-i5/7.'.-, « = -902//s^, }-=l-805//s“ 

ix. 4. A bullet from a service rifle has a speed at the muzzle of 
)0//.s, if it is shot vertically u^owards, And, on the supposition 
zero resistance, how far the bullet will ascend, its speed when at 
f that lieight from the point of projection, and the interval of time 
31' which it will just have returned to that point. 

ilx. 5. .It is recorded of Hiawatha that 

“ Jle could shoot ten arrows upwards, 

Shoot them with such strength and quickness 
Tliat the tenth had left the bowstring 
Ere the first to earth had fallen.” 

uipposing that ho shot off an ai'row every four seconds, find the 
ii.'il speed of the first arrow, and the height to which it ascended. 

3. G-raphical Representation of Directed Quantities. Com- 
dtion and Resolution of Velocities. Relative Velocity. 
y directed quantity can be represented by a straight 
e drawn in tlie specified direction, and made as many 
its ill length as there arc units in the numerical measure 
the quantity. Hence wc may represent a velocity in 
a manner by a straight line so drawn from any 
ivenient point 0, 

Let, then, OA (Fig. 3) represent a displacement in direction 
1 magnitude, and OB, 0(7 be adjacent sides of a parallelo- 
bin of which OA is the diagonal passing through 0. If 
consider a point displaced along the line OA, it is easy 
see that the step OA is not merely equivalent in result 
the two steps OB, BA, or the two OB, 0(7, or the 


two OG, OA, taken in Hucces.sion ; but that -wiioii it im 
taken any one of tlie.se pairs may bo regarded as dfected 
simultaneoU.sly. For let tlio point move along the lino (JG, 
and at the same time let the paper witli this line upon it 
bo carried in the direction OB in such a manner bliat tlie 


B 



motion of tlie point is along the line OA in space. ic 
displacements effected are 00 and GA, wlierc (yAi is Ihe 
displacement relative to the point moving along OG, 
Similarly, BA is the displacement relative to tlie point 
moving along OB, [See Relative Moiio’ib in our Bl<iine/niav'\j 
J)ynamiGs.'\ 

Similarly, if OA represent a velocity, that is the dis- 
placement per. unit of time in that direction, OB and .BA, 
or OB and 00, or OG and GA, rei^resent three pairs of 
velocities made simultaneous or coexistent in tlie same 
way, and each pair is e(iuivalent to the single velocity 
OA, Let OL be the angle AOB, and let tlie otlier angle 
OAB, say, be also given. To find OB and OA, we have 


0B = CA = 0A 


sin (3 


OC=BA = OA 


_«imx 


since 05^ = tt — (a+,8\ 

If the second condition as.signcd he not the angle /3, 
but the length of OB, we have 

0G=BA = 


,11 lor {fA wo wiMU) V, :i'or or ua, ana tor vu, or 
HA , v’o, wo [mt tlH'Hci e{prvti()nH in the more compact form 

Hin /9 sin a 

v,^v , , h /j. , = (1) 

’ Hiu(aH-p) “ sin(a+p) ^ ^ 


0.^ = Jv- + 7r — 27101 


sin /5 = -'- sin a. 


Most IVt'qnontly tiui roHoliition is rectangular, tliat is 
OHy Of' Jir(^ tak(‘n at rigl,it angles. Then tlio equations are 

vq = V cos a, ^2 = '0 sin oc. (4) 

It is (*.l(‘ai' tliat in tlio case of rectangular resolution 
tln^- prohliuu is (lelinito if one 
ang’ltt r/,, or one component 
OH, is giv<*n, Imt i.luit in t]u‘. 
inoi'(^ g(suo*al ('..‘isi^, (.otlico- botli 
angles (L and f'j, or one angle 
and one, (‘ompomoit, must 
given. In liotli cases tlie 
plane of n\M{)lntion must also 
\n\ speeilied, as thi', resolution 
limy 1 k\ mad(‘, in any plane 
containing OA. 

I^hirtluT, a giv<'n vt^locity 
in any direction OA may be 
r(‘S()h'iMl into conqionents 
a-long tbn^o directions not all 
in one plane. It is usual to 
{consider only tlireci directions 
whicth are mutually at riglit angles, OX, OY, OZ, say. The 


C(jni]ion(Mits 7Aj., v.y, of v are given by 

= V cos a, '^'y = 'V cos /3, == v cos y, (5) 

wliore (t, /?, y are the angles which tlie direction of v makes 
with (bY, OF, OZ respectively. 

These give = + + (®) 

since the condition 

C( )S-Vx + cos^/3 + cos-y = 1 (7) 




rectanguiar axes maive witii any mrecmon in wpace. \ no 
cosines of a, /3, y are called tlie (lirection cosines of OA, 

The tliree components Vy, Vz are, wlien taken together, 
equivalent to the single velocity of speed v. Now it is a 
proposition in geometry of space, easily proved, that the 
projection of any line OA (of length v say) upon any other 
line 05, inclined at an angle 0 to OA, is eijual to the sum 
of the projections upon OB of the components (v^yVy, v?-) 
of OA parallel to the axes OX, OY, OZ, We liave thus, if 
a!, /3', y he the angles which OB makes with these axes, 

t? cos 0 = cos of + Vy cos /3' + i'z cos y', (8) 

or, hy the values of v^, Vy, found above, 

cos 6 = cos a. cos aJ + cos /3 cos ^8' + cos y cos y, (9) 

a value of cos0 which wdll be frequently of service in 
what follows. The notation I, vi, n for cos a, coSyS, cosy 
is commonly used for brevity. Then (9) is written 


cos 0 = 4- 


(90 


Any number of coexisting velocities can be compounded 
so as to give an equivalent sj^steni of velocities. Thus the 
two velocities of speeds v^, v^, discussed above, are equivalent 
to the single velocity of speed v given by equation 


V — cos 0, 


( 10 ) 


where 0 is the angle of inclination of the direction of to 
that of Tlie single velocity found is the residiant 
of the two given velocities. Its direction is in tlie plane of 
the given velocities and inclined to the direction of v-^ 
at an angle a given by 


cosrx 


_ ® 


01 ) 


V 


Now take the more general case of a number n- of 
coexisting velocities of speeds v^, v., Take three 

axes at right angles to one anotlier, OX, OY, OZ, and let 
these axes make with the direction of angles a^, l3^, y.^, 
with the direction of angles (X^, y^, and so on. Thou 
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iiloiig OY, and oi’ all along UZ, we get 

cos fXg + . . . + '^\C0S a^,;j 

v,f = cos + fgcos + . . . + cos / 3 ,, I (12) 

7;, = 7;^ cos + ?;2COS 72 + • . • + '^nCoa yj 

Tims we get tliree coexisting velocities of speeds Vx, Vy, Vg 
.wliicli are equivalent to the given system. These have 
a resultant of speed v given by 

v = Jvl+v‘^+vl. ( 13 ) 

The direction of v makes with the axes angles the cosines 
of whicli are ,,, ,,, 

^ 

v' v' V 

Tliese I'osults apply also to other directed quantities 
which are capable of being resolved and compounded in 
tlie same manner. 

If the speeds of two particles A, B with reference to 
chosen axes be v, v' , in specified directions, then the 
velocity of A relatively to B is obtained by compounding 
with the velocity of A, a velocity ecpial and opposite to 
that of B. Thus, for example, the component velocities of 
the motion of A with respect to B liave the speeds, — 

Vy — Vy, v- — vl. Similarly the components of the velocity of 
B relative to A have the speeds Vx — Vx, 

7 . Curve of Velocities — Hodograph. Fig. 2 is a diagram 
of speeds, that is the ordinates of the curve v=f{f) represent 
successive numerical values of the velocities, which may be 
in difierent directions ; and the area, taken as specified, 
gives the distance traversed between any limits of time 
proper to the motion. But now let us suppose that a point 
is moving in a curve, and let tangents be drawn to the 
curve at successive positions P, Q, P, ...of the moving 
point. The directions of motion at these positions are 
shown by the ari'OAV heads on the tangents. Noav, from a 
point 0 , let lines Oj), Og, O7", ...be drawn parallel to the 
tangents at P, Q, R, ... and in tlie directions of the arrows, 



and leu each line be made as many units in length as tiiere 
are units in the velocity which it represents. By taking 
tlie points F, Q, R, ... sufficiently close together we can 
determine, as nearly as may be desired, a curve pgr . . . wliich 
might be called with more propriety than the former a 
morve of velocities. It is usually called tlie liodofjrapJi of 
the motion of the point. 




The hodograph gives to tlie eye a picture of the mode of 
variation of the velocity both in direction and magnitude, 
and its chief use is in the determination of the rate of this 
variation. In the general case of the motion of a point 
along any curve in space of three dimensions it is itself a 
three-dimensional curve; but for many of the motions 
considered in elementary dynamics its form is simple. 
For example, in undisturbed planetary motion, tlie hodo- 
graph of the planet is a circle in a plane parallel to the 
orbit, with an eccentric point within the circle as tlie 
origin 0 from which the lines Op, Oq, Or,..., representing 
the velocities at different points in the orbit, are drawn. 
Other cases will be discussed later when the subject of 
acceleration has been dealt with. 

8. Acceleration. At a given instant the velocity of a 
point is represented by Op, and at a subsequent instant it is 
represented by Oq (Fig. 5). By tlie principle of composition 
of velocities, explained above, the velocity represented by 
Oq is equivalent to the two coexisting velocities represented 
by Op, pq. It is reasonable to take as the change of 
velocity (not change of speed) that has occurred in the 
interval, r say, between the two instants, the velocity pg, 
which, coexisting with the initial velocity, gives tlie final. 
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interval r as the ratio, (velocity It will be observed ’ 

that the average acceleration for the interval r, as tlms 
defined, has direction (that of the chord pg of the hodograpli) 
as well as magnitude. It is also clear that as r is made 
snialler and smaller without limit, the direction of the 
chord pq approaches more and more, without limit of 
closeness, to that of the tangent to the hodograpli at p. 
Now the limiting value of the ratio pqjr, as q is brought 
more and more nearly into coincidence with p, is defined 
to be the acceleration at the position P of the point in 
its path, that is the acceleration when the velocity is 
represented by Op. Hence the acceleration of the moving 
point at the insfant when it is at P is in the direction of 
tlie tangent to the hodograpli at the corresponding point p. 

Now suppose a second point to move in the hodograpli, 
so that as the first point moves in the path the second is, at 
every instant, at tlie extremity of the line representing the 
velocity for that instant. The rate at which the second 
point moves along the hodograpli is then, at each instant, 
botii in magnitude and direction the acceleration of the 
particle ; or, as it is sometimes, though not quite properly, 
put, the velocity in the hodograpli is the acceleration in the 
path. 

We insert here some examples of rectilinear motion ^iid 
acceleration. 

Ex. 1. A crank OA turns with uniform angular speed a> about 0, 
and a connecting rod AB pivoted at xi communicates rectilinear 
motion in the fixed direction to a cross-head B ; to find the speed of 
B at any instant. 

Let .r denote the distance 0^, a the length of the crank Oji, I the 
length .1 B of the connecting i^od, B the angle A OB, and ^ the angle 
ABO. We have 

^=acos cos </.), a sin 0=1 sill (j), 
and therefore x~ ~ a sin 0 • 0 — I sin (l> . (jy, > ' 

which, since a cos 0 . cos cjj . cj?, becomes 

x=z —X' tan c/) . 0= — o),v tan </>. 

This simple expression for the speed of the cross-head suggests the 
following construction, for which the student should draw his own 
figui’e. Produce BA to meet in C a perpendicular to BO drawn 
from 0. Then, if OA be taken to represent the speed of A, that is 


tbU J. vyj^-.JL v^. u 

is at riglit angles to 0(7, from B towards 0, or 0 to\varclB jS, accord- 
iiirr to the position and direction of motion of the crank. Or if a 
distance OD^OG be laid oJY from 0 along the crank, the speed of B 
is numerically equal to the speed of the point D. According as B is 
moving towards 0 or in the opposite direction, 01) may be laid oil’ 
from 0 towards A or in the opposite direction. At the “dead-points,” 
where </> is zero, OD is of zero length. When the crank is at riglit 
angles to the line of motion of B^x has a maxininin numerical value, 
for then .-r tan </> = fr- The angle </; has then the value sin“^(^^/Q, ami 
oscillates from sin"^(a/Q to - sin~^ (a.//) and back again in each revolu- 
tion of the crank. 


Ex. 2. To find the acceleration of the cross-head B in last exam])le. 
Eroin the equation x- -oj.rtan cj) we obtain 

y’= - tan c/}~h.7.'(l -I- tan‘'^c/>)c/)} 

= - |(1 + taii-./j) 

,, tan6^-tan</j 

I COS c/) ~ a cos 0 \ 

= ^ sec'‘(/> 1, 

since sin O/ain cj^^lja. But 

{I cos - a- cos 6)11 = {xl cos - ,va cos 6)j.d a^)lxl, 
since .o' = a cos 6^ + ? cos <jf), and 6. '’I'lius we have 

.. o/.. 


This expression for x suggests the following construction. Along 
Bx\ produced, and backward along AB^ lay off d A and d/^’cach ecjual 
to OA. Then BE=li-a, BF=l-a. Along BO lay ofl’ BG and 
BF' BP =1 — a. Join FU, and through F' draw /^'.//parallel to GE, 
Then we have BU\BB=^BF jBG^ that is .5i7/(?-|-rr) = (^ — «)/^. Hence 
— 0^)11. It may be noticed that II is the ]K)int at which the 
connecting rod is met by a perpendicular let fall from 0 to the rod 
when OA is at right angles to BO. 

Now draw ///, IK., KL^ perpendiciilars to ^//, BB BK, i‘cs]:)ectively, 
so that K i.s on BA, and /, L are on BO. 'Jlien Bf=BIIfi^o{ 2 <l>., 
BK~BI HQC (/>, and BL^BKseccj>, so that 

BL^BH sec'^ c/. - {1:^ - iF) sec-^ c/>/^ 

Hence L0=.v-{1‘^ - se€^</)/Z and - x — ar . LO. 

Thus, on the scale on which dO( = ^T.) represents the acceleration of 
the point A in the circular motion, LO represents the acceleration 
of the cross-head B. 


v.x. 6. B. Steamer sans at a speed or fiu reet per second in tne 
dii’ection from North to Soiitli, and a wind blows from West to East 
witli a speed of 12 miles per hour. If the particles of smoke are 
supposed to come to rest relativel}’- to the air just above the funnel 
mouth, lind the speed of a particle of smoke relative to the steamer. 

'Die I’elative speed is 12 miles per liour or 17'6 feet per second from 
West to East, and 30 feet per second from South to North, that is a 
spcuid of 31*78 feet per second in a direction to the North of East, 
ineliued to the Easterly direction at the angle tan“i(30/17*C). This is 
I he direction of the stream of smoke with reference to the steamer. 

E.\. 4. To lind the motion of the cross-head B in Ex. 1 relative to 
( he crank-pin A, 

'the cross-head has speed wa’tanc/:* in the direction from B 
towards 0, The motion of the crank- pin at right angles to OA gives 
a component wd sin 6 in the direction from B towards 0 and a 
l•ompone^t wr«cos6^ in the direction of the perpendicular draAvn 
til rough A from the line OB. Thus we have for the motion of B 

rolative to /{ the components w/r tan 0 - wrr- sin 6^ from B towards 0 

and along the perpendicular from A on the line of stroke. 

'rii(^ resultant is {o(.r-^tan^(/j - 2(7.r tan and makes the angle 

t ;tn tpjr (JOS tan (/> - a sin 6)} with the line of stroke, on the opposite 
side of that lino from A. 

It will be noticed that this relative motion is transverse to the line 
nf stroke at the dead points and zero when the crank is at right 
angles to that lino. 

Ex. T). To find the acceleration of the cross-head B relative to the 
ci'aidv-pin A. 

ddie acceleration of /i is (^“-rt“)sec'^(^/^} in the direction from 

/> towards 0. The acceleration of A is w-a from A towards 0. 

A])p]ying to B an acceleration equal and oi^posite to that of we 
have for the components of relative acceleration of B^ 

— {lA ~ rf“)sec*^ ij^/l } — cos 9 

ill (he direction from B towards (9, and (U“sin 9 in the direction from 
0/1 towards A along the perpendicular let fall from A on OB. The 
r<‘Multant relative acceleration is therefore 

( 0 “{(.r - see** (j))- A - - 2d7.(.r — sec^<^)cos 9}^ 

and is inclined to the line of stroke at the angle 

tan {a sin (9/[.r - (I- - a“)sec'^ <l>jl - a cos 0] } 
on the side of that line towards A. 

9. Angular Velocity. Directed Quantities referred to Moving 
Axes. Rate of Growth of Directed Quantity. If a straight 
line be turning about one extremity, the angular speed 
of the line is measured by the speed of the point at unit 



distance from the fixed end. The specification of the 
plane and direction of turning is required to complete tlie 
idea of angular velocity. 

The following simple theorem, which is easily proved, 
will be of great service in what follows. If any directed 
quantity (of amount L say), cliaractoristic of tJie motion 
of a body, be associated witli a line or axis 01 (Fig. 6), 
wliich is clianging in direction, it causes a rate of pro- 
duction of amount wL of the same quantity for a line or 
axis, Om, at right angles to 01, towards wliich 01 is 
turning with angular speed on. If M be tl\e amount of 
the same quantity already associated with tliis latter line 
or axis, the total rate of growth of the (juantity in that 
direction is 

To prove tliis, let 01 have turned towards Ooi), in tlie 
short interval of time dt, tlnmgh an angle (IQ, from tlie 

position at I'iglit angles to On?.. 
The extremity’ of tlie vector 
L has moved a distance L dO 
parallel to Om. There is now 
a conq^onent of L along Om. 
of amount LdindQ, or simply 
LdQ, since dQ is small. Tliis 
is produced in time dt, and 
therefore the rate of produc- 
tion is LdQjdt, or Loo, if w 
denote tlie angular speed 
dQjdt, or 0, as wc shall usually 
write it. To Lw falls to be added M, tlie rate of growth of 
M, tlie amount of tlie quantity already associated with 0???,. 
Tlie student may easily convince himself tliat the rate of 

variation L of L contributes nothing to the rate of growth 
of the quantity along Om. 

It will be observed by the student that L is the amount 
of the directed quantity for the position of 01 at the 
instant under consideration, and M that for Om. in its 
position at the instant, since Om may also be a line of 
reference for the motion of tlie body, and be itself in 
motion. In short, L and M are tlie amounts of the directed 




poHibioiiH or UL and Um, and the rate M + Lw is associated 
with tlie fixed axis with wliicli Om at the instant coincides. 

It is to bo remembered that L + Ldt, M+Mdt are 
components of the directed cjiiantity for the axes 01, Om, 
in the new positions which they occupy after the laj')se of 
the tiltovL interval of time dt, from the instant considered. 
M+L(o is tlio rate of growth of the quantity for the 
direction which Om occupies at that instant. 

Tlie vsame process may be applied to other vectors of tlie 
same kind turning during dt towards Om, and the total 
rate of growth of the quantity obtained for Om by 
addition. 

The theorem just stated is, as we shall see in the dis- 
cussion of tlie motion of tops and gyrostats, sufficient to 
deal with complicated cases of motion;* but it may be 
regarded as a particular case of the following theorem re- 
garding a system of tliree moving axes Ox, Oy, Oz (Fig. 7). 



Let tliese make at time t angles a, /3, y with a fixed axis 
Oh, and be in motion about the fixed point 0, so that 
a, /?, y are changing at the time-rates d, /3, y. ^ Then the 
component K of the quantity associated wdth Ok is given by 

if = L cos a + il/ cos cos y, (1 ) 

*Sec a paper Uy A. Gray in the Travmctions of the Institution of 
Eiajineers and iShfilniUders in Scotland for 1905. 



aiderecl with Ok, then == 0, a = y = 7r/2, and we have 

k=M^Liy.-Ny ( 8 ) 

Blit, clearly, if the vsystein of axes be turning*, as shown 
in the diagram, with the angular speeds indicated, namely 
about Ox, Wg about Oy, and oo^ about Oz, Ox is turning 
towards Ok -with angular speed oo.^, and so simi- 

larly Oz is turning away from Ok with angular speed 
and so Thus we have 

20 = M -f" 2k(/)^ — (^) 

The motion of the system of axes causes growth of tlie 
component associated with the tixed axis Ok, with wliicli 
Oy coincides at the instant, at rate Lx.^ — N(x\, of whicli the 
part arises from the rate of approacli of Ox to Ok, and 
— from the rate of recession of Oz from Ok, [See 
further with regard to moving axes, §15.] 

10. Examples of Acceleration. As examples of this 
theorem w^e may take the following. The line 01, of 

length r say, is turning 
about 0 witli angular 
speed 9 in a given plane, 
say that of tlie paper. 
The rate at which the 
point I is moving parallel 
to Om, that is the rate of 
growth of the distance of 
I from any straight lino 
drawn parallel to 01 in 
the plane of the paper, 
and to tile right of OL in 
the diagram, is r9. This result has already been found in 
§ 9, if wc take L there as representing the lengtii r of 01. 
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aiul I'lidra-vour lo did.rnniia* ita actM'lci’atioii. Jf P be tlie 
|)usiii()n of I la'. ])(>inl ab Ua‘ iiiabuit, and tlui speed be ‘V, 
I,1h^ coiiiptjia'ul. (»r aecc'h'i’ation aloii^ tlui cui’ve at F is v, 
l)u(. siia*(‘ ilu' paih is curvi'd a-t F tliis is not t ])0 only 
c‘()in])nia*nt oT {Ka'clcrabion. Ij(‘.t Fi/ (Ki^’. (S) oF len^*tli II 
1h* iJie radius of e.nrvature oF Llu‘, patli at tliat is let G 
b(‘ thi’ coni.iM' oF (-he. einde ])assini»’ tliron^b F and two 
points F^ infinii.t'ly (dose, to F^ 
uial situated oia' on (.lu‘. h'Ft, tla‘- 
oMu'r on i.la' ri^jjlit oF 1\ as in tlu' 
dia.i;Tain. lly tla^ ( heoreiu stat(‘d 
a-bovi^ llu'. ral.t^ oF ii;row(b oF V(do(dty 
in (da^ diriad-ioii From F towards 
is /’(/>, where' 0 is (.la* a-ni>‘ular spiaal 
wilb wliiedi (-la* (a,n,u[(Uit at F is 
tiirnino- round l-owards tlu^ din^c- 
tion Fil l)ul, (*h‘a.rly <j> — rlR, a-nd 
tlawid'on* V(do(d(.y oF (Ja^ ])oint in 
tdu* diri'et-iou F(' is ij;*rowiiin' u|) at rate ir/R. Tlio two 
(*oni])oia'u(.s, V’ .aJou”; (b(‘ curve aial towards tlie centre 

oF e.urva.(.ui’(‘, (.hus Found ai*(*. tla.^ total components lor these 
diriudions, and (lauM'-Foi't* wlam compounded give the re- 
sultant ae.cel('ra.(ii)n. This result holds wlietlier tlie curve 
li(*s in a ])la-n(‘ oi* in space* oF (dii'ee dimensions. 

dda^ r(‘sul(. may a-lso be (hirived From t]u:j hodograpb. 
Tla*. n'suUant a-c.c.eh‘ra.i-ion< a say, in the path is reprosentijd 
by tin* v(doci(y oF (-la^ imaginary particle (Fig. 5, §7) in 
(.fu*. hodogrjipli*. Ib'solving rx. into two components, one per- 
pi'ialic.ullir, the ot-lau' ])arallel to Op, w(i see that the amoimt 
oF Forna'i* is i-lu* s])eed perpendicular to Op, of the 
imaginaiy ])a.r(.i(d('. ddiis is clearly V(j), that is y^jll, 
sinc(* 0, ida^ a.ngula.i‘ s|)iM'd oF the raedius to the imaginary 
])a.ridcl(', is tha(. witli wliieh tlu*. tangent at F is turning, 
ddu! otdu'r compon(*,nl., tdiat ))arallel to Op, is obviously v, 

Mx. 1. A ])!u*licl(* moves in ii ]>]iiiu.' vurve ^Yii:;h varying spticd v, and 
a si*('inid pai’licit* junws so as always lo he's at tdie centre of ciu’vatiUG 
of Idle ])a.th foi’ tlic* |)(>si<.ion of 1-lie, lij’sl;. t''ind tlie accelerations of the 
KiM'ond ]>ai’(.icl(' paralhd lo the tangmit and normal of the ])ath. 

The si)(M*d nf (he second nartiele along the normal is (/p/di or vdp/ds. 



wiiLJi’u p biie raciius ui curvauiu’e, iinu biie s[joeu tiu n^iiu uu 

thiH i» zei’o. Bub the tangent to the path turns round in time dt 
tdii'oiigh the hu^\q dO=ds/p, and the tangent bo bhe evolute, the radius 
of curvature of bhe path, turns in the same time through the same 
ang;io, while the point of contact moves a distance dp. The curvature 
of bho evolube is therefore {dsldp)lp. Tlic acceleration of the second 
parti<.de towards tlie centre of curvature of the evolute, that is i')aralle] 
bo tlio tangent to tlie path, is therefore (dpjdty\dsjdp)lp or {v^dplds)lp, 
anti IB clearly in the direction opposed to the motion of the first 
particle. 

Again, the acceleration along the evolute is 

v'dv^jdpj where v ~v dpjds. 

But dv'ldp — (dv'lds)dsldp, so that we obtain ddv'ldp — vd{v dpjds) jds. 


JUx. 2. A j^article moves in a cycloid in such a manner that its 
rosultjinb acceleration is always perpendicular to the base. Prove 
that the acceleration is inversely proportional to the fourth power of 
tlui radius of curvature at each point. 

Hefei- to Fig. 41. Besolving the acceleration normally and tan- 
gcnitially, and calling the component perpendicular to the base a, 


we get 


, . dv 

0L~ sm <f) + V cos 

p ds 




and also, because the component parallel to the base is zero, 


J , ’ J n 

cos 9 + V -j- sm 9 = 0, 


13 ut p — 4:amn<f> and ?; = 4asiri (/>. </>, and the last equation can be 
written 

V dt 




which gives, by integration, v sin 0 = const. 

But the second equation gives -v dvjds — (v-jp) cos sin (jy^ and so 
tlie equation for cl becomes 


4:av^ 



64a^ 


(const.)2 


by the relations 'y sin c/) = const, and p~4asm (j>. 


Bx. 3. A particle moves in a catenary of which the intrinsic equation 
is .s =6‘ tan (jy [Gibsoii\s Calculus. 142] ; the direction of its acceleration 
at any point makes equal angles with the tangent and normal to the 
patli at that point. If the speed at the vertex be iq find the speed 
and tho acceleration at any otlier point. 

The normal and tangential accelerations must have equal values, 
that is '^—-h^lp. But hy the equation of the path, Ave have 

p = dsjd (/> = 



so that we get 




Integrating, we obtain 


log 5 = tan^^ - + {7= </) -f (7, 

where G is a constant. Now let c/) = 0 at the vertex, where s~ Uj and 
we have log(.sV?0 = <^>} that is , , 

^ s = ue^\ 

The whole acceleration is and therefore its value is 

P 

Ex. 4. The speed of a ])article moving in a parabola is r at distance 
r from the focus ; prove that the acceleration of the particle is the 
resultant of a component a—-^{(i(vh’)/dr\/r parallel to the axis and a 
component ar=lr{d(v-^lj')ldr} outwards along the radius- vectoi\ 

Let c/) be the angle between the radius-vector and the tangent at 
the position P of the particle at time p the perpendicular from the 
focus on the tangent, and p the radius of curvature. Ee.solving 
normally and tangentially, we get 


~p' 


dv 


■ (a - tfr) sin c/), — «,.) cos c/). 


But \lp={dpldr)lr^ sin c/:>=:p/r, cos (/j = efr/r/.s’. Also, in the parabola, 
if rx. be the distance of the focus from tlie vertex, Hence the 

ecpiations just written become 


Thus we get 


o 1 dp 

V'^ — f-=a-ay. 

p dr 


dv 
, dr 


2a — -y- - ^ : -Sa,, 
p dr dr 


dv „ 1 dp 


dr p dr 

But the relation p^—ocr gives (dp /d?') Ip — 11^7', and therefore 

dv 1 d , 




dv I d fv^ 

^ay—v-j - - TT 

dr 2r 2 dr \ r 


which prove the proposition. 


11. Curvilinear Motion. Radial and Transverse Components. 

As another example we find the components of acceleration 
in two directions cliosen as follows : a line OP drawn from 
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any origin 0 to the position P of the moving point, and 
a line PT drawn at right angles to OP in the plane 

determined by OP and tlie 
direction of motion at P. 
Denoting tlie length of OP 
by r, and resolving v int(^ 
two components, one along 
OP and the other along the 
transverse Pl\ at right angles 
to OP, as in the diagram 
(Fig. 9), we get for tlie former 
f and for tlie latter rco. if P, 
as we ma}^ suppose it to do, 
accompanies the point in its 
motion and co is the angular velocity with which OP then . 
turns. We have thus 

( 1 ) 

If the motion is in one plane, co may be expressed as 
the rate of growth 0 of the angle 6 which OP makes at 
the instant under consideration with some fixed line, Ox 


say, in the plane of motion. We have then 

( 2 ) 

The reciprocal l/r, that is the i^JiOQincm of r, is fre- 
quently employed in such expressions as these for the 
speed in the path. Putting ih-ljr, we have 

= (3) 

'll/ 

If, as is the case in a class of motions whicli we si i all 
have to consider later, Q=^]i'ib\ where It is a constant, 

( 4 ) 

so that = +W^|, (5) 



11: 'p he the lennth oi the perpendicular let tall troXe 
the on the tangent to tlie path at P, then it is clear', 

that k— vp. Tins value of k substituted in (5) gives 

^ lie) 


/r 


.( 6 ) 


a geometrical relation which is also of much service in tlie 
discussion of orbital motion. 


12. Polar Coordinates in Three Dimensional Space. Lastly, 
in the case of tliree dimensional motion, the speed of the 
moving point can Ijo (expressed as follows. Take coordinates 
(Fig. 10) according to tlio following specification: {a) the 
distance, OP^zir, from the origin to the moving point, 
(I)) the angle 0 which OP 


makes with a fixed plane 


through 0, and (c) the 


angle 0 wliicli the projec- 
tion OM of OP on this 
latter plane makes with a 
fixed line OX in tlie same 
plane. For example, the 
position of a point on tlio 
eartli’s surface is lixed l)y 
the distance r of the point 
from the centre 0, tlie 
geocentric latitude 0, that 
is the inclination of OP to 
the plane of the equator, 
and the longitude </>, that 



cosOd(p 


Fig. 10. 


is the angle which the meridian plane of the point — a 
plane througli the poles and the point — makes with the 
meridian plane of some specified place, e,g, a certain point 
in the Grceiiwicli Observatory. 

If, then, r, 0, 0 be the coordinates, as thus defined, of the 
first extremity of the element of path c?s ' described in the 
element of time dt, 0 + d0, 0 + will be the co- 

ordinates of the other extremity. The length of ds is, as 
the diagram shows, 

{(dry^ + {T d9f + {r cos 0 . dcj})-}-. 
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He]ice 'y = { cos''^ 0 . <// } " ( 1 ) 


The change from these coordinates to coordinates x, y, z 
with reference to rectangular axes OX, OF, OF, is to be 
made by the relations, which are obvious from the diagram, 

X = Oil/ cos (j) = r cos 6 cos (jA 

y = OM sin ^ = r cos 6 sin c/> r (2) 

0 = r sin 0 J 

Sometimes the angle which OF makes with a line OZ, 
perpendicular to the plane in which 0 is measured — that is 
the co-latitude in the terrestrial reference — is taken as the 
second coordinate 0. The expression for v requires only 
the substitution of sin^0 for cos^0 on the right when this is 
done ; but the relations (2) become 

x — o^ sin 0 cos cp, y=r sin 0 sin 9^, z = r cos 0 (8 ) 

13. Radial and Transverse Components of Acceleration. We 
can now find expressions for the component accelerations 
along and at right angles to the radius- vector for a point 
moving in any path. Referring again to Fig. 9, see 
that FT is turning round with angular speed w towards the 
instantaneous position of PO, and that the production of 
OF outwards, that is FS, is turning, also with speed to, 
towards the instantaneous position of FT. We have from 
the former turning Too . to, or wV, for the rate of production 
of speed along PO, or — coV along OP, and from the latter 
turning a rate rco of growth of speed along FT. But the 
speed r, along OP, gives a rate of growth of speed r in 
the same direction; and the speed cor along FT gives a rate 
of growth of speed wr-f-rw in that direction. The total 
acceleration along OP is thus 


r— toV, 


the angle POx in that plane Q, we have co = 0, and the 
radial acceleration becomes 


r — 

while tliat along PT is 

(2«+r9) = J; I 




The following nietliod of obtaining these accelerations is 
also instructive. In time dt the radius- vector has turned 
forward tlirougly the angle o)dt, and r has grown to r+dr. 
In order to find the acceleration we have to resolve the 
velocities, which exist along and at right angles to the 
radius-vector in its position after the lapse of dt, along 
and at riglit angles to the positions of OP and PT at the 
beginning of tlie interval at The diiference in each case 
between tlie result of tlie resolution and the previously 
existing component in the direction in question gives the 
change effected in the time dt, and from that, dividing by 
dt, and proceeding to the limit when dt is infinite!}^ small, 
wo get the acceleration required. 

At the end of dt, r has grown to r + rZr, t to r + dr, and 
CO to co + cZfo, for the new position of the radius- vector. The 
speed along the new direction of PT is (co + cZco)(r+cZ9’). 
Besolving now r-\-dr and {(iO'\'d(jo){T-\-dr) along the former 
position of OP, and subtracting r, we get the change of 
speed in that direction. It is 


(f + c'Zr)cos(co dt) — (fo + du)){r -f (ir)sin(co dt). 

Now in the limit when dt is made infinitely small, so that 
all terms of a higher order of smallness than the first, 
e.g, than dr or cor clt, may be neglected, 

cos(co dt) = 1 , sin(co dt) = co dt, 

and we get for the change specified the value eZr — coVeZf. 
Hence the rate of grow^th of radial speed re(|uired is 


- w^r, 


as before. 

In the same way we resolve r + cZr and (co-f rZco)(r+cZ'?’) 
along the position PT had at the beginning of dt, and 

obtain (f gn 4. doMr + cZr)cos(co dt) — co?’ 


for the change of speed in this direction which lias grown 
up in dt. Hence in the limit we get for the rate of growth 


2rw+rw = ^~^), 
cas before. ^ 

The results may also be obtained by writing x == r cos 9, 
y = r sin 0, calculating x, y, and resolving these components 
along OP and FT (Fig. 9). This process the student may 
go tlirough for himself. 

The results obtained in § 12 and the present section are 
of great importance in the theory of central orbits, where, 
however, the motion considered is, so far as we shall deal 
with it, confined to one plane. The expressions for the 
accelerations are, however, those also for a curve in space. 


14. Uniplanar Motion of a Point. Revolving Axes. Com- 
ponents of Velocity and Acceleration. As another example, 
let the motion of a point P in one plane be referred to 
two rectangular axes OX, 0 Y, which are revolving in 
their own plane about 0, with angular speed oo. Let the 
coordinates of the point P, with reference to these axes, 
at the instant considered, be x, y. Now the axis OY is 
turning away from tlie instantaneous position of OX, and 
the coordinate of P in the direction given by that position 
is changing in consequence at rate —m/. The already 
existing value of x is growing at rate x. Hence speed of 
P resolved parallel to the instantaneous position of OX 
is X — (oy. 

Again the axis OX is turning towards the instantaneous 
position of OF, and the rate at which the ^/-coordinate 
of P is growing in consequence is o)X. But y is growing 
at rate y : hence the speed of the point P parallel to the 
instantaneous position of 0 Y is y + wx. 

Calling these speeds u, v, we have the equations 

u = {]c — (joy, v — y + cox, (1) 

which we shall liave occasion to refer to in the solution 
of various problems of the motion of a point. 

If now we take lines equal in length to v, as tlie x, y 
coordinates of anotlier point, with reference to the same 
moving axes, the motion of this point will give the 


i iiinu jj\jj.ij.u lii uiivi/ u.in:;uunjntt 

of the inHtantaneoiiH positions of OZ and OF. Calling the 
valnes of these accelerations U, V, we obtain by the same 
process as before 

j7 == 7 6 — (JI)V = X — 2a)7/ — (lo'^X — 0)2/ \ ^ 9 

y = 'i; + wu = V/ + 2(t'>x ~ whj + (hxf 

The terras — -o);//, wa; vanish if the angular speed w is 
constant. 

• If U, V be caeli zero, and co be constant, tlie equations 
become — 2o)?/ — o)“.^ = 0, jj — ^0, which are the 

equations of motion, referred to uniformly revolving axes, 
of a particle moving in the plane of tlie axes under no 
forces. Tlie particle therefore, as we shall see later, moves 
in a lixed straiglit line ; and hence, if we turn the whole 
diagram of axes and moving particle round in its own 
plane, with angular speed —w, the axes will be brought 
bo rest, and the particle will describe a spiral of Archi- 
medes. We i]ifer that the component accelerations x, 7/ 
of the particle referred to the fixed axes are given hy the 
aquatioiiH x = 2wy + a^x, ij=-2wx + w^y (3) 

Ex. 1. If the spiral of Archiinedei=!, r — where 6 — he de- 
scribed by burning the radius-vector in the positive direction, it follows 
Prom the result just ol)tained that the equations of motion are 

:v — - 2 coy }/ = 2 cjox co^i/. 

Phis can easily be verified directly by differentiation of 
.v — Ciji cos (t) (f, ?/ = w ^ s i n 0)^. 

')Sce Ex. 5, p. 78.] 

Ex. 2. A particle in motion on a horizontal table receives (in con- 
sequence of friction) acceleration of amount fiy in the direction opposed 
to that of the relative motion. Tlie table rotates with angular speed 
j) about a vertical a.xis ; show that if o be rectangular components 
of the particle’s motion with reference to axes, drawn on the table 
Prom the inter.scction of the axis with its surface, and therefore 
turning with angular speed to, the equations of motion are satisfied by 
the values 

u =( V- fif/t ) sin {(o(!f - 2^0)}) V = ( ^o)K 

where V and are constants depending on the initial circumstances. 

[R.N.C.] 


wliicili the rotating axes coincide at time are v + I'lio 

speed-coiiipoueiits of the particle are u—ioy^ v-{-co.v with reference to 
the same axes. Hence the components of the relative motion are 
u, V. The direction of the acceleration J^therefo re opposed to the 
direction of which the cosines are vj^u^-^vi Thus the 

equations of motion !ii’e 

u-{av— - jig , v + mt= — gg -j=^===r:z. 

These give at once the two relations 

vu - uv — CO nit + -y r = - fxg V + v^. 

Differentiating now the value>s of u, v suggested above, and siihsti- 
tuting in the equations, we get 

vit - uv = u) ( F- iigt)\ un ~\-vv— - \ig {V- ggt). 

But ( F--/A9'if)2 = ?c‘‘^ + ‘y^ and V- ggt~s/u--^v^, so that the e(|nations 
are satisfied. 


Ex. 3. The motion of a particle in a plane is referred to a.x(‘s 
O.Vj 0//, inclined at an angle a, and rotating in the ])lane with angular 
speed CO : to find the component velocities with reference to lixc'd axes 
with whicih 0a\ Oy coincide at tlie instant. 

Let tlie speeds to be found he «, v. Also let the co()rdinat(^s of 
the particle with reference to O.r, Oy be .r, ?/, and with reference to 
two rectangular axes, of which one coincides with (Ar he and let 
these axes also rotate with angular speed co. We, liave then* 

$ = .V -j-y cos CL, 7} —y si n a, 
so that ^ J cos CL, 7] = y sin a. 

Tlie speeds with reference to lixed axes coinciding with the I’oct- 
angular axes at the instant are f 7) + co^. The speeds ?c., v must 
give these components as follows : 

^ — cor; = X + if cos rx. -• oyy si ii a. = + 'y cos a, 
r; 4- ( 0 ^ = if sin a. + co.y + coy cos ex. = y sin ol. 

Solving for lo, v, we get 

u—x — cdo; cot CL — {i)y cosec a, 
y = y + ( 0 ?/ cot CL + (o.v cosec a. 

The same results may be obtained by the reader by subtracting 
from X dt, ycU (the displacements in dt along the moving axes) tlie 
displacements due to the turning of the axes. 

Ex. 4. Tlio position P of the particle in last example is given liy the 
lengths p,q of the perpendiculars let fall from P on the revolving 
axes Ox, Oy : to find the component speeds u, v along fixed directions 
witli which these perpendiculars coincide at the instant. 



We take the components the first from (hv to P and the second 
from Oij to P. We get then cot ol + ^ cosec a., v=Pj ^^nd 

sin a., f/ + -u — v cos a. 

Hence, substituting for ?/, we obtain 

V sin oc=p cot OL + (/ cosec a - co^, 

- v cos OL — 2^^ + 0) {(j cosec rx -\-p cot cl). 

Solving for n and v, wo get 

u —p ( 1 -k cot**^ rx.) + q cosec iL cot a + co^ cosec a, 

V —p cob CL cosec a y cosec^ cL — o)p cosec cl. 

15. Three-Dimensional Motion. Revolving Axes. Equations 
similar to (1) and (2) can be obtained for any other directed quantities 
cliaracteri.stic of tlio motion, and a.ssociated with the axes 6*.r*, Of/. 
To coniplctc the subject here, wo may take three rectangular axes 
to, Oy, (h:, which arc in motion as follows : the axes Oy, Oz revolve 
a])out to with angular speed oji, Oz^ Ox revolve about 6>y with angular 
speed 0)2, and to', Oy revolve about Oz with angular speed cojj, in the 
directions shown in Fig. 7. By this motion the mutual rectangularity 
of the axes is not interfered with. 

Now let P\ (7, II be the components of any directed quantity with 
reference to these axes in the positions which they occupy at time t. 
Consider the rate of growth of the component associated with the 
instantaneous position of Ox. The turning about Oy is bringing 
the axis Oz round toward the instantaneous position of to', and the 
turning about Oz is carrying the axis Oy away from that position. 
From the former results a I'ate of growth 0)3//, and from the latter a 
rate of growth -ro;/7, of the component associated with a fixed axis 
coinciding witli the ijjstantaneous 2>e«ifion of Ox. Hence the total 
rate of growth is Z'- Wj/y-h wo//. vSimilarly we obtain for fixed axes 
coinciding with the instantaneous positions of Oy, to, rates of growth 
of the conqjonents associated with them, 

(03/^, II — 0)2^^+ 

If we call these three rates Z, if, W, we have the equations 

Z/= F — di.Jj -f a>27f 1 

M=a-w^H+iaX I 

N=E-(.aX + 

In precisely the same way as before (§ 14) we get for the time-rates 
of variation of the components of the quantity (Z^, if, il’") for fixed 
axes coinciding with to, to/, Oz., 

Tj—ij ~ W3 if -i- ^2-^1 
F=if— + I’ 

F^/t-cOgZ -1-oq if] 

in whieh tlio nf f. M. are to be insci’ted from O'). 


( 2 ) 
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The resultant of L, i/, N or U, F, If is the rate of displacement of 
the outer extremity of the vector representing F, G, II or L, M, if, as 
the case may be. 

If for example G, y, i, the speeds of a particle with 

reference to the moving axes, and % w be tlie components with 
reference to fixed axes coinciding with the moving axes at the instant. 

?t~a'-o)3?/+a)22, 1 

v—y-(D^z V (3) 

w=z +a)|?/.J 


Example. To find the components of velocity and acceleration along 
the radius-vector, the tangent to the meridian, and the tangent to 
the parallel of latitude, for the instantaneous position of the point 
of Fig. 10. 

These directions are to be regarded as fi,ved a,re,% with which tlie 
moving OF and the tangents carried with it coincide at the instant 
considered. 

The speed-components are ?*, rO^ rcos if 0 is taken as shown in 
Fig. 10, and r, rd, rsin 0.f/> if the angle FOZ, the colatitude, is taken 
as 0. In the latter case rO is in the opposite direction to rO in the 
former. 

Now take the acceleration-component along the instantaneous 
position of OP. We have fii’st the part r of this coin])onent. Next 
we observe that as F makes in dt the step rdO in the plane FOZ 
that transverse step turns through the angle dO away fi*om the fixed 


outward direction OP^ and therefore, by § 9, furnishes -rOddj increase 
of speed along OF^ that is a rate -rO'^ of growth of speed along OF is 
caused by the turning. 

Again, as P moves in dt through r cos 0.d(j) along the parallel, 
the direction of the parallel turns towards tlie first" perpendicular 
from F on and a rate r con of growth of speed along that 
perpendicular is the result. This has components along 

the fixed direction PO, and r sin 0 cos 0 . c/r in the direction of the 
transverse rdS. The total acceleration along the fixed direction 0/* is 
th ei ef 0 1 e q 2 „ ^^^2 q ^ _ y, 

The acceleration along the meridian at F is found in the same 
way to be ; . . 

^-^{}'8)-\-r0+r cos 0.<jr Ain Oj 


f.Tiaf. in 


Along tlui ])<u‘{ill(.u of Jatibudo we have (1) tlie part a(r cos 
of the total conpxnient of acceleration, (2) the part due to the moving OP 
along which the speed is r, (3) the part due to the moving transverse 
to OP in the plane I^OZ^ along which the speed is rO. Now, with 
rospeeb to (2), wo ohsorve tliat r along OP resolves into rsin 0 along 
OZ and rcos^^ along OM^ of which the latter only changes direction 
with respect to the lixed position of the parallel at P, The result 
is acceleration rv.onO.fj) along that fixed direction. Again, for (3), 
rO resolves into rOcmO along OZ and -?’0sin^ along OM. The 
latter gives accc'.loration -?’(9</jsin 6^ along the parallel, the former 
gives nothing. The total acceleration along the parallel is therefore 
d(r cos 0 . H-?’ i:os 0(j> ~ rO(j) sin 0, that is 


— ^--4 ~(j-2cns2 0.^j), 
r cos 0 (it 


f»r, if the colatibude is taken for- 6^, 


1 


d 


r Ksin 0 dt 


(?‘^sin2<9.<^). 


16. Curvilinear Motion in Space of Three Dimensions. 
Normal and Tangential Accelerations. From the result in 
§ 1 0 we obtain some geometrical results of interest. The 
components of acceleration of a point moving in a curve 
in space of three dimensions are v^\li towards the centre of 
curvature, and v, or s, along the curve in the direction 

of motion. Hence the resultant acceleration is {v^/R^+v^f, 
which is inclined to tlie direction of motion at the angle 

coH-^yu/{v'^/R--^'ipy\ in tlie osculating plane at the point, 
that is tlie plane containing two consecutive tangents at 
tlie position of tlie point, or one tangent there and tlie 
radius of curvature. 

But the components of velocity along any system of 
fixed axes Ox, Oy, Vz are x, y, z (which are such that 
and the accelerations along these axes are 
therefox'e x, z. Hence the resultant acceleration is 

Thus we have the equation 
^+«2=.-ii2+-/72 + S- 


or 


0 ) 



differential calculus it is 


(-X 

\dt) 


Kelt) 


+ 


(s;=(sr-^(ST-(: 


2 / d ;%\2 


dty 


.( 2 ) 


From the discussion above it will be seen that the 
acceleration along the curve coincides with the resultant 
acceleration only when jB=oo. It is not unusual for 
students to assume that s is the resultant acceleratio}i, 
chiefly because too frequently the only cases considered in 
elementary dynamics are those in which there is no 
acceleration except in the line of motion. The resultant 
acceleration is the square root of the right-hand side 
of (2), while ^ 

® 


Equation (1) can be transformed as follows. If, as we 
have already supposed, ds be an infinitesimal step along the 
curve, taken by the moving point in the correspondingly 
small interval of time di, we have d: = sdxfds. 


Hence 


^d^x , dx 


_ ,s2 -pd^x dx 


(4) 


and similar results are derived in the same way from t/, 
These substituted in (1) give the transformation in question 

'[( 3 ). § 17 ]. 


17. Curvature of a Path in Space of Three Dimensions. AVe 

infer from (4) of last section that Rd'^xjeU^ is the .?;-direction-cosine of 
the radius of curvature. For x is the acceleration parallel to the axis 
of X ; this must be equal to the sum of the two rectangular components 
b-; each multiplied by the cosine of the angle which its direction 
makes with the axis of x. Hence the directiob-cosines of the radius 
of curvature are ^ 

\d^' ds^' (feV’ 

Again dccjds^ dyjds^ dzfds are the direction-cosines of the tangent to 
llie curve at the element ds^ and 



d.v d^x_^d?/ d,hf ^dz dh __ 
ds ds^ ~ ds ds^ ~ ds ds^ 



TIio cxpi'CHsioii on tlio left of the last equation should not be confused 
itli the siniiluv in api^earance but quite dillerent expression on the 
^dit of (3), H). 

L^’roni ( 1) and (4), 10, wo see that if both sides of (4) be squared, and 

so both sides of the two similar equations for dhjdt!^, we 

)t by addition 



Hence, substitiitinq in (1), we obtain 

i=(S)’-(3;HS)’ « 

purely geometrical expiation for the curvature of the i3ath at the 
enieiit ds. 

Tliis result may also be 
itained as follows without 
c iiitroduetion of the idea 
motion. If the direction- 
sines of the tangent, at a 
>iiit P in the curve, be 
'/diS ..., those of the 
ngent at a jwint distant 
from the former are 

d:vlds-^dh:lds^ . fi.s, 

ence if we lay off from an 
igin 0 two lines OA, Of), 
ch of unit length, in the 
I’Gctions of the two tangents, the coordinates of A and B will he 
iiply tlie direction-cosines in each case. This gives for the distance 
B the ex^iression 



liich, since OA — 03=1^ is also the measure of the small angle AOB. 
lit since OA, OB are parallel to the tangents at the extremities of 
this angle has also the measure dsjR, Thus we obtain 






10 same equation as before, with I, m, n put for dxjds, dyjds, dz/ds. 
If I, m, n thus denote the direction-cosines of OA, and i + dl, 
i-dm, 7i-{^d7i those of OB, Ave see from what precedes that the angle 
OB has the measure 

{{dlf+{dmf+{d7if}^ or \(dllds)H(d7nidsf+(dnldsf}^ds, 
id the cosines of AB have the values Rdljds, Rdmjds, Rdnids. 

1]1’tllP.l\ tlu^ iimvPG ninnnr +.1 to nnfTi ifc rl ironfinii nf nintinn 




a)=(/2+??l2 + ?!2)4 ((i) 

The same discussion shows tliat (p+m^+tV)^ is the aiigulai' apijcil 
of change of any direcjbion to which direction -cosines m, which 
vary with the time, apply, whether successive directions of motion of 
a moving point or successive directions of an ‘‘axis^^ with which some 
directed quantity is associated. If we call this angular .speed oj, and 
take two lines (9/1, OB as above, then the direction-cosines of AB 
are i/o), m/o), n/o), for Rdljds—ljia^ and so for the other dii'cction- 
cosines found above for AB, 

The discussion above has proceeded on the assumption that tliero 
is no acceleration perpendicular to the osculating plane, that is the 
plane of the radius of curvature and tlie tangent, or the plane of two 
successive tangents, say that of the tangent at P and the tangent at a 
close point Pq. This assumption is conlirmed by the agreement of the 
results of the kinematical and geometi’ical processes, and justified by 
the geometrical conditions fulfilled by the osculating plane, (consider 
three close points on the curve, which in order of position are 
P^. Tlie osculating plane through Pq contains the tangents 

at P,j and P, and the oscLilating plane through P and P^ contains 
the tangents at P and Pj. The latter plane may be regarded as the 
former turned through a small angle about the tangent at /t d'ho 
fact that the tangent at is common to the two positions of the jjIauG 
renders the acceleration pei'pendicular to the osculating plane zero. 

The reader may, as an exercise, frame a formal ])roof of this result, 
by showing that the cosines of the normal to the plane containing the 
direction of motion and the resultant acceleration are identical with 
those of the normal to the osculating plane at the position of the 
moving point. 

18. Examples. Motion of Point along a Moving Guide. A 

point is in motion along a smooth guiding curve or tube, whicli is 
itself in motion and undergoing deformation in any given Tuaniier ; 
to find the acceleration of the point. ' ’ 

The velocity of the point for any position P would be s if the guide 
were at rest, and the acceleration in the direction of motion would 
then be s. But the tangent is changing direction as the point movp.s, 
and this change is in part due to the motion of the guide. Let tlie 
plane of the direction PP, of motion, at the instant considered, and of 
the radius of curvature (length It) of the element of path, be the 
plane of the paper. If at P the component velocity of the guide 
towards the centre of curvature 0 he and the component along 
an axis PC drawn upwards at P be the components along the 
corresponding directions at the farther extremity P’ of will he 

^ -1- dh^jd ^ . c/.s, 7] + di]/ds . ds. 

The element ds is therefore turning lonnd towards the instantaneous 



Again, if fclie element of the guide were at rest there would, with 
the disjdaeement along ds, he a change of direction of motion of 
iiniount ds//ij tliat is the rate of turning of the tangent would he sJR, 
This would also he the rate of turning of PO away from the instan- 
taneous 2)osition FB of the tangent at P. The speed ^ along PO 
gives, on account of this turning, a rate of growth of speed along 
PB^ aiiiounting to Hence if S denote the total acceleration 

along PB, we liave 


^li ^ds ^ds 


■ S 




•( 1 ) 


This theorem is of importance in fluid motion ; it is given in 
Lord Kclvin’vS Memoir on Vortex Motion {Collected Papers^ vol. iv.). 
Lord Kelvin’s proof proceeds as follows, and affords an example of 
some of the results obtained above. Let n denote the direction- 
cosines of PB (as specified al)ove) with reference to any chosen system 
of fixed rectangular axes. Then the component velocities of the point 
carried as it is with, while moving along, the guide, are a', ij, i, and its 
compoiieiifc accelerations are ir, y, 'i. Hence 


s — lx -1- mff + ?i 2 , B — my (2) 

Also = lx + my + nz + lx 4- my -f hz — S+lx+ my -\-nz (3) 


But it has been shown (§1*7) that = is the time- 

rate at which the direction of motion is changing as the point 
moves along the guide, and here includes the angular turning which 
would exist if the guide were fixed, together with that due to the 
motion of the guide. It has also been shown that ^/o), w/w, njcii are 
the direction-cosines of the line perpendicular to PB in the plane of 
turning at the instant, towards which PB is turning, and ixA-'ihy-\~nz 
is the coiii])onent, say, of velocity parallel to that line. Hence we 
ha e • * cf f a\ 

a result which might have been written down at once by the principle 
set forth in § 9. But if the guide had been fixed ’we^should have had 
(x)=s[Ry and we have here also the angular speed d^/ds, in the same 
plane as s/Ry that is BPO ; and also the angular speed dri/ds in the 
plane BPO. Hence, clearly, mt—^{sj R~\- d^fds)-}-!] dyjdSy so that 



dy 


(5) 


as before. 
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19. Tangential Acceleration with Space as Independent 
Variable. The tangential acceleration s of a particle wliicli 
moves along a fixed curve may be written in a special 
form which is sometimes useful. The distance s traversed 
from any chosen point Po> wliich the par- 

ticle is situated when t^O, is a function of the interval 
of time which has elapsed since it was at Pq, so that if 
t is known s can be calculated But, conversely, the 
interval of time is a function of Sf so that the inarcli^ of 
time may be traced by the displacement of the 
along the curve. In other words, wo may take .s’ as the 
independent and t as the dependent variable. We have 
then in the first place dsldt^l/dtlds, and therefore 


„_ds , _ . cZ ..j dH 

~ ds ^ ds dt ^ ds^ 
ds 


( 1 ) 


For example, in the testing of gun-powder, a bullet fired 
from a rifle pierces a succession of screens, and the instant 
of piercing is registered in each case by a chronograph. 
It is found that the relation between the interval of time, 
from the instant of discharge, and the divstanco s traversed, 
is given by t = a+bs+cs^ (2) 


where a, &, c are constants determined by determining the 
time for different positions of the screen. This equation 
gives dtlds = b + 2GS, dHlds^ = 2c, and therefore 


2c 

(6 + 2c6‘)^ 


( 3 ) 


Tlie bullet is thus subject to a retardation proportional to 
.sd which diminishes as the distance s increases. 


l- 


\ 

i 


20. Equation of Hodograph. Case of Falling Body. The 

hodograph may be determined in any given case of the 
motion of a point by substituting in the equations of motion 
(that is tlie equations which in that case connect the com- 
ponents of acceleration x, y, z with certain knoAvn quantities, 
which are in general functions of the coordinates) A w, t 


liodograpli. Tliis in always possible, theoretically at least, 
since by its dclinition the hodograph exists in every definite 
case of motion. 

But it may frequently be determined without analysis. 
For example, take the case of an unresisted projectile under 
an acceleration f/, constant in magnitude and in direction. 
Strictly, however, the acceleration produced by gravity 
varies in amount with the lieight of the particle above the 
earth’s surface, and in direction with the hoidzontal dis- 
placement. We here disregard these variations, and refer 
to the direction of the acceleration as vertical, and to any 
direction perpendicular to that as korizontaL The applica- 
tion of the results to any other case of uniform acceleration 
than that approximately given by gravity, can be made at 
once by transferring the direction indicated by the adjective 
vertical to the acceleration in the case to be con- 
sidered. Clearly, then, in this case the hodograph 
is a vertical straight line. For the change of 
velocity in every interval of time is vertically 
downward, and therefore the extremities of the 
lines Op, Oq, Or, ... , representing the velocity at 
differ ent pc^sitions of the point in its path, must 
lie in a vertical line. 

Each velocity Op, Oq, ... in the diagram (Fig. 

12) has the same projection Oa on the horizontal. 

This expresses the constancy of the horizontal 
component of velocity, and, as we shall see pre- 
sently, correspoiids to a property of the path, 
which is a parabola with its axis vertical, as fig. 12. 
sliown in Fig. 13. 

To deal with this case analytically, we proceed as follows. 
The equations of motion are 

( 1 ) 

referred to an axis of x drawn horizontally and an axis of 
y drawn vertically upward. Putting rj for x, y, we get 

fj = h-gt, ( 2 ) 

where a and h are constants. The equations just found are 
those of a veTtiea.1 .straicrUf linp. 




21. Motion of Projectile m Unitorm ±ield ot Porce. We 

consider the motion of a particle projected initially in any 
direction, and thereafter subjected to acceleration constant 
in magnitude and direction, which we have seen is 
approximately the case of an unresisted projectile under 
gravity. 

Let do be the inclination of the line of projection to tlie 
horizontal and V the initial speed; then the vertical and 
horizontal components of V are Fsindo, F cos do. The 
latter remains unaltered during the motion; the vertical 
component has become V8in9—[/i, at time t after the 
instant of projection. Then the horizontal and vertical 
distances of the particle from the point of projection, sc 
and ^ say, are (§ 5) given by 

X = Vt cos do , y—Vt sin do — i gt^, ( 1 ) 

whicli, by elimination of t, give 


y-x tan 9^ ^ y,, 0 /'' 

a relation connecting x and y, the coordinates of any point 
on the path, or, as we call it, the equation of the path, from 
which all the facts of the motion can be derived. 

Here y is measured upward from the point of projection. 
Clearly its maximum value has been reached when dy jdx ~ 0. 


Now 




g 


-rr, 


.(3) 


cos‘^do' 

which vanislies when rr = F^ sin dy cos do/^/, and therefore 
when y = F- siiF do/2^. Denoting tliese special values of 
d’, y by a, &, we see that at the point a, h the direction 
of motion, the tangent to the path at the point, is horizontal. 
It is convenient to transfer the origin of coordinates to the 
point a, b, and to measure y downwards from the new 
origin. These clianges are made by writing x + a for x, 
and 6 — for y, in (2). The equation becomes 




or, as we shall write it, — (5) 

where a= F-cos^dgA^. 



in l(3ng'tli, LFM in Fig. 13. The new origin 0 is tlie 
vertex of tlie curve, and a 
vertical through 0 is called the 
axis, from t]i(3 fact that for 
every value of y thoi*e are two 
values of ;r, viz. ± which 

are numerically equal and op- 
posite in sign, so that the curve 
lies symuietrically on the two 
sides ol* the axis. The co- 
ordinates of F are y — (X, x = 0, 
and so LF^FM^%l, The 
distance of F from the pointy 
of projection is {r6^ + (6 — that is and the 

coordinates of F from that point as origin are F‘hsin20/2^, 
F‘^cos2d/2y. 

22. Properties of Path. If a horizontal line DD' be drawn in 
tlie plane of the curve at a height a, above the origin, it can be shown 
tliat tli(5 distance of any point of the curve from the line is equal 
to the distance of the point from wliieh is therefore called the 
focus of the curve. For the former distance is a+y, and the latter is 

{()/ -cLj--^:c^Y^ = (x.-\-yy since a’“ = 4fx,?y. The line drawn as specified is 
called tlie directrix of the curve. The distance II of the point 
of projection from the directrix, being equal to the distance of 
that ])oint from the focus, is that is we have The 

speed of projection is therefore equal to that which a particle Avould 
acquire in falling to L\ from rest at the directrix, and therefore II is 
called blio “lieacl” for the speed F. Tlie distance II of from the 
directrix, it will be seen, is independent of the angle of elevation 9^. 
II may of course be the distance of any point P on the curve at which 
the speed is y, and Ave have then v- = 2(jH ; H is then the “head” for the 
speed V. 

If P be any point on the curve, the tangent of the inclination of PF 
to the vei'tical is xfy - {P) — Aol:vI{x^ — by the A^alue of ?/. Tlie 
tangent of the inclination of the tangent to the curve at P to the 
vertical is dx/dy~2()i./.v. Now 2(2 ol//j;)/{ 1 -(2oL/.'i;)2} = 4oL.^y(.r‘-^- 4 
and therefore the tangent at P bisects the angle between PF and 
the vertical, a well-known property of the parabola. 

Again, take any two points on the cuiwe, say Po? which may be 
taken as the point of pi-ojection, and P, which may be regarded 
as the point Avhicli the moving ixirticle has reached after tlie lapse of 
an interval of time t. Dhi-av a tangent to the curve at Pq and let 
it meet the vertical through P in Q ; tlicn Q is the point which the 





O'C 




\ • / 


vsince, as has been proved above, P^^F — V'^j2(j. 

At any point P on the curve (Fig. 13) draw a tangent P7\ a 
normal PP, and a line PM' at right angles to the axis, and let these 
lines intersect the axis in 7\ A, M'. The distance M'lY is called 
the subnormal, and lias a constant lengths For its length is ojpvldj/y 
and this by the equation of the curve is 2a. This is a characteristic 
geometrical property of the parabola. 

Again, by the diagram, if ds be a step along tlie curve from Pj 
and —dj/^ since ?/ is measured downward, he its projection on the axis 
of the curve, we have sin 9== -dyjds. But also sin 0=^'jPP* Hence 

FN= ( 2 ) 

dy y X 

But X is constant, and therefore PP may be taken as representing 
the speed s of the particle in the path, with direction turned through a 
right angle. The subnormal represents on the same scale, and with 
the same change of direction, the constant horizontal speed. 

It may be noticed that two paths coplanar with that here dis> 
cussed, having the same point Pq, and speed V, of projection, but 
inclinations ''vhere a is very small, will intersect the 

path for inclination 9q, at the point where the direction of projection 
is perpendicular to that of motion. This follows from the fact, which 
the student may easily verify, that if two particles be projected from 
the same point at the same instant in any two directions, tlie line 
joining the particles remains perpendicular to the line bisecting the 
angle between the tAvo directions. Thus the two particles in the case 
supposed must cross together the trajectory for as stated above. 


23. Horizontal Eange. Range with Path through Fixed 
Point. Denoting the range on the horizontal plane through the 
jmint of projection by R, and the latus rectum, or parameter, of 
the^curve, that is 2 V- cos- Oolff, hyp, and putting in (2) of §21, 

a’=0 and x — R, 

V2 

-sin2^o=?5tan^o (1) 




we have 

where R- 

Thus we may write the equation (2), § 21, of the curve in the forms 

//-A’tan = tan Oq, tan (2) 

The last form is important. Here ?/ is any ordinate of the curve 
and yjx, yl{R-x) arc the tangents of the angles (/;, c/y which the 
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ordinate subtends at Pq, the beginning of the range R, and Po, the 
end of the range. Thus we can write the last equation as 

tan ^ 0 = tan + tan <p', (3) 

whioli gives tlie “elevation” required to enable the projectile just to 
deal' a wall of height ?/ at distance from the firing point, and reach 
an object at a distance R -x beyond. 

The head H of the sjjeed F and the range R may be employed 
to give the equation of tlie path in a form wruch is sometimes useful, 
Wv. have seen that if the point of coordinates y — the top of the 
wall in the last article— lie on the path, tan =--?/{ l/.r-|- l/(P-.r)}. 
{Substituting in (2), ^ 21, and reducing, we obtain 

( It - xf - 4 1 E{R (4) 

the form referred to. Here it is to be understood that if y are 
llxed, R varies with 11 according to this relation ; but if R and 11 
arc assigned, that is if the speed V of projection and the angle 
of elevation Oo are given, then .r, y are the coordinates of any point 
wliich lies on the path. 

It is easy to show that for a given value of 11 and a given point 
.77, y on the path (tlie top of the wall, say, just referred to) thei'e 
are two values of R-x at which the shot will reach the horizontal 
through the point of jjrojection. That this must be true is evident 
from the fact that for the given initial speed there are in general 
two elevations which will enable the shot to reach a given ]joint, 
if tlie ])oint can be readied at all with the given speed of projection. 
‘Writing D for R-x in (4), we get, after reduction, 

-h ?/-) ly^ - 2xy{^ll— y)D‘^ xhj"^ =0, (5) 

from which we obtain 


( 6 ) 

"r// 

Thei’e is tlius a value below which 11 cannot be taken if the point 
a-, y is to be reached at all by the shot, that is 

II=\\>Jx^+y^+]/\ (7) 

For any value of II above this there are two values of P, given by 
(6), at which the shot will strike the horizontal plane, and there 
are two corresponding values of R. A point inside tlie smaller of 
tliese distances is in no danger of being struck by the shot. 

The foreejoins^ problem may be discussed geometrically as 
follows. It has been noticed that the head Hi =^V’^l2(i\ 


path to be touncl wmeli passes tiiroiigu a given point i , 
the pi’oblem just considered analytically. With the dis- 
tance of P from the directrix as radius and P as centre, 

describe a circle. If P 
can 1)0 reached at all by 
the projectile, with the 
given speed of projection, 
this circle will intersect 
the former circle in two 
points, or at least toiicli 
it. Either of the points ' 
of intersection is 

the focus of a path by 
wliicli the projectile will pass through P, and thus in 
general tlrere are, as we liave seen above, two ^^ossible 
patlis for a given K As P is carried furtlier oft* towards 
the right in tlie diagram, the two points Pg ^ome closer 
and closer together until at last thej^ coincide ; if P be 
carried further off there is no path on which it lies. 

24. Envelope of all Coplanar Paths with given Speed of 
Projection. Consider the position of P (Fig. 15) for which 
the circles just touch in a point R. DraAv the line PM 
perpendicular to the dii’octrix and produce it to A, so that 
PN—OP, where 0 is the point of projection. Thus P lies 
on tlie parabola of focus 0 and directrix NL. This para- 
bola. is tlio envelope of all the paths whicli correspond 
to difterent inclinations, all in one plane, of the direction 
of projection witli velocity V from 0. To prove this take 
0 as origin. The equation of a path is 




Aviicrt) W 0 uxKe x, y as coorainat-es oi me point I'y 
The roots of this equation in tan 6 q are equal when 



Tims the point x, y lies on the parabola of wliich (2) is tlie 
equation. 



Tlie value of (hfjdx is zero when x = 0, and therefore 0 
lies on the axis. When x = 0, y=V'^l2g, hence the point 
of coordinates 0, is the vertex, and lies on the 

directrix of the family of parabolas which are the paths 
for O as point of projection and V as speed of projection. 
If this point be made the origin, and y be measured down- 
ward, the ecpiation of the path becomes 

= (3) 

where /3= V-j^g. Thus the distance of the focus from the 
vertex is K7%/> ^ focus. The directrix of 

this parabola is at a distance V^/2g above the former 
directrix, which agrees with the construction stated above. 

That this parabola is the envelope of all the paths may 
be seen at once by differentiating the right-hand side of (1) 
with respect to 0^, equating the result to zero, and then 
eliminating 0^^ between the equation so obtained and (1). 
[See Gibson s Cakuhis, § 145.] The result is (2), and the 
proposition is jiroved. 
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25. Examples on Paral^olic Motion. 

Ex. 1. The speeds at the extremities of a focal chord of the path of 
a projectile are v, v\ and u is the horizontal speed : prove that 


By the hodograpli, if 9 he the inclination of the tangent at one 
extremity of the focal chord t(3 the horizontal, v~u/iiOf^ 9^ v' — u/am 0. 

Thus 111 1 

_L -{_ } (sin'-J 0 + COs2 0 ) = . 


Ex. 2. At three points l\ Q, Ji on the path of a projectile the 
inclinations of the tangents to the horizontal are and 

tlie speeds are v\ v". If the time from P to Q he t and from to li 
he t\ prove that and that l/y + l/'y'' = 2 cos filv. 

If 76 be the horizontal speed, we have, by the liodograph 
v — 76 jGO^{oL-\‘ IS), v'— 76 lco^(jL, v' — 76 / COS {cL — fS), wliile the voi'tical com- 
ponents are 76 tan (a. 4-/5), u tan a., 7 t tan (fx. - /5). Hence 

, 9 fi=u{tan(oL 4-/5) -tana}, _^i'=u{tan a-tan (a- /5)}, 

and we obtain 

v"H‘^ - '!L .[ t;in (a -1- /5) - tan a } ^ { 1 4- tan- (a - /5) } 

and vY- = { ban a - tan (a - (S) } “ { 1 4- tan- (a 4- /5) } . 

But { tan (a 4- /5) - tan a }- = (1 4- tan'*^ a)- tan-/5/(l - tfin a tan /5)‘^ 
and similarly 

{ tan a - tan (oc.- /5)}‘‘^= (1 -htan^a)'-^ tan‘‘^/5/(l 4- tan a tan /5)“, 

while 

1 4“ tan'^(a 4= /5) =(1 4- tan^a-h tan‘-^/5 4- tan'-^a tan-/5)/(l 4- tan a tan fSf. 

Hence, substituting, we get identically v'V=vH'-. 

Moreover, we have 

1 , f If / . o\ , / DM o cos a n n co.s 6 

— h-77 = - {cos(a4-p)4-cos(a- p)} = 2 cos/5 = 2 - 


Ex. 3. An unresisted projectile moving under gravity is seen from 
the point of projection P,, against a vertical screen at right angles 
to the plane of projection and at distance B ; prove that the projectile 
appears to descend along the screen with constant s]3eed. 

Let the projectile at time t after projection he at a point P, then 


then a vertical speed relatively to the line P^P of ^gt. It will 
therefore seem to descend along the screen in time di a distance 
\gt di . Dj Vt cos — dtj V cos 6^. The rate of falling appears there- 

fore to be hgDj i'^cos wliich is constant. 

Otherwise thus : the apparent height h of the projectile on the 
screen i« given by ^ ^ 

7COS0O ’ 


and therefore 


j7-P 

dt~' “ Fcos(?q^ 


so that h appears to diminish at I’ate •'J^/)/Fcos as before. 


Ex. 4. A particle is projected from so as to pass through a 
point P at distance I from on a plane tliroiigh P„ inclined at an 
angle 0 to the vertical ; find the least .speed of projection, and show 
that tlic highest point of the path is at a height above P^^. 

Taking i\ as tlie origin, we oljtain, by (2) of §21, since here 
.r = ?sin 6^, y=^cos for tlie ecpiation of the path, 

tan- ft) - 2 ---.-—A tan H- 2 - - - LL -- cos ^ + 1 = 0, 

gtsmd glmw-^d 

which gives the speed of projection for a range I on a plane through P^^ 
inclined at an angle 7r/2- 6 to the horizontal, when tlie elevation is ft,, 
and the two values of ft, when V is given. The roots of this equation 
ill tail 6^y must be real, and this imposes the condition 

^ ^ co^e 

g^pHui'^O^ g ^siiF^ 

The least value of is therefore given by 

+ eos 0) — "^gl cos^^ 0 

or r=\/2y^ cos-^ft 

[This is gh^en at once, by (7) of §23, by writing Zcos0=y, 
I sill ^=.r.] 

This value of V used in the equation of the path written above 
leads to tail ft, — cot so that d^^ — hTr-hO. The greatest height 

attained is then y—^T'^sin^ft,/// — i F'^cos^ J^/y cos'^^ft 


Ex. 5. To find the time of flight from the point of projection 
to any point P of the path (oblique range). 

Let the line drawn from the priint of projection to the point P liaA^e 
inclination a to the horizontal. The speed perpendicular to this 
line is ( Fsin B -gt) cos (x,— Fens 0 sin a.= Fsin (B — (P) - gt cos a. The 
distance of the jirojectile from the line at time t is therefore 

Vt sin {9 — (l)~ -i( 7 i:-cos a, 


g coH (X 

Tlnis 2 Vfdn (0 — oi)lg gob CL ia the time of fliglit for an oblique range. 

ff the projection be upwards, ol is to be taken positive ; if the 
projection is downwards, a is to be taken negative. Taking cx. 
positive in the formula in both cases, we have 

^^2b'sin( gT^a) 
g cos OL ’ 

according as the projection is upwards or downwards. 

Thus, the time of liight is the same for both upward and downward 
projection, if the direction of projection is equally inclined in both 
cases to the line along which tlie range is taken. 


Ex. 6. Prove that the times of flight t' corresponding to the two 
directions of projection for which the horizontal range has the same 
value, li are connected with the elevations 6^ O' by the I’elation 

W e have = 2 T^sin Ojg = Rj V cos 0, — 2 1 ’'sin O'jg = Rj T^cos 0\ and 

therefore tjt' — b\\\ Ojm\ O' = cob O'Igob 0. J-Ienco 

OcoB 6' /Bin & cos f), 


and therefore 


— i'^_sin(^- &) 
sin (6^+6/’)' 


Ex. 7. Find the corresponding relation when the range is inclined 
at an angle a to the horizontal. 

We have seen (Ex. 5) that the times of flight are 

^=2 V b\\\{0 - cl)! g COB t' ~'2 ,Vb\\\{ 0' — o^jg gob OL. 

But since the horizontal distance travelled is rcosoL (where r is the 
oblique range), we have also j: = r cos(x/ Fcos 6^, j5' = 7’coaoL/ Fcos 
Hence we get ^/i{' = sin(^-a)/sin(^'-a) = cos therefore 

- ol) cos O' Ibu\{0' — cl ) cos Thus we obtain 

gg — sin(0- O') cosnc 

,sin(61-l- O') cos GL— 2 cos 0 cos §'sin (x. 


Ex. 8. Prove that tlie ohliqne range up a plane inclined at the 
angle ol to the horizontal is 2 r-sin(^- a)cos OjgooB^cL. 

We have seen that the time of fliglit is 2 F sin ( 0 — ol)/,^' cos ol. The 
horizontal distance travelled in that time is 2 r-sin(0- oLjcos OjgooBiL^ 
and this corresponds to a distance 2 F-siii(6^ — x)cos co.s-ol on the 
slope. 


jijA. If. j->vu txit; fto unt5 wtMiiu instant iruni tiib 

same point P,, and in the same plane with different speeds T V and 
different elevations 0 ' : to find the interval of time between the 
transits of the j)articles through the point of intersection of tlie 
paths. 

Tf OL be the inclination of the line P^^P to the horizontal, the times 
of flight are i=:2ffsin(t^-a.)/p cos a, = 2 F'sin(^' -a)/i 5 f cosa, so that 
we have 

t ~ ^^=“{ Psin 0- V' sinO' — (V cos 0— V' cos O') tan cl}. 

But tlio last example gives two expressions for the distance of the 
]3oint of intersection of tlie jDaths from the point of projection, from 
which we at once obtain 

^ _ F^sin 6 cos 0— F'^sin ^'cos 6' 

tan a- 

Substituting this in the expression just obtained for t-t\ we get 
, ,,_3 F F sin (|9-^') 

^ Fcos6'+F'cos(9'’ 

winch of course may be either positive or negative according to the 
values of F, F, O'. 


Ex. 10. If t, t' be the times of flight for the two directions 6, O' of 
projection by which a particle shot off from P with initial speed F 
can reach a given point P, and r, t be the times in wliicl: the particle in 
the two cases readies the higliest point of its path ; shoAv that 
(ir 4- i{ V)/(tan ^+tan O') 

depends only on the distance P^P and on the inclination of the line 
y^yP to the horizontal. [^Math. Trip. 1876. The statement has been 
altered.] • 

By the previous example, 

^;_ 3F sin(^'-a.) 
g cos a ’ g cos a. 


Also 

so that we ol)taia 


T 


V . 

— sin 


ft 



tr + t'r' = - 


^COSOL 


{ sin ( (9 - a) sin ^ 4* sin ( ~ cl) si n 0'}- 


But if P be tlie liorizontal range for the elevation ft we have, § 23, 
P=r cos fx. tan ft(tan^ - tan a) =r cos^ol sin 0/siu(0- «.) 
or sin(0-a)=r cos^oLsin f?/ P ==,(;?’ cos^ a sin O/V^sin^O- 


sin(^ — 0L)sin 0 = 


gr cos^oLsin^^ 
sin 26^ 


Hence 



Similarly, we obtain 

sm(^'-a.)siii 0' 


r/2 


COS^OL 


ain^^' 
sin W' 


Hence we have tr + t'r' cos a. (tan 6 + tan &), 

Thus \/2/^/^^T^-^:T7(tan ^+tan 0') is the time in which a body falls 
freely fi'om rest under gravity g through a distance r cos ex.. 


Ex. 11. To find the inaxiinnm range of an unresisted projectile 
on a sloi^e inclined at an angle cl to the horizontal. 

Let .V, y be the coordinates of a point P on the ])ath for elevation 6^, 
and R be the horizontal range, then it is easy to prove (see g 23) that 


tan () 


V 1 ?! 

X R — X 


If then F be the point on which the shot meets the slope after 
projection, and r be the j*ange oil the slope, we have 


tan ^ = tan OL-P 


?’sin CL 


R - r cos oc’ 


and therefore 


„ tan tan fjc 

r^R - 

oosfxtan u 


Now R~[ r^sin W)lg, and therefore 

Y'l 

?’= (sin 2^ — 2 cos'^ d tan a), 

g cos CL 

from which we lind for a maximum value of r, 

-J (2 cos 2^+2 sin 20 tan ol)=0. 

Thus tan 20 = - 1/tan a. = - cot a. or 


20=.4-|. 

In this result regard must he had to the sign of a, wliicli is to be 
taken positive if the shot is fired up the slope, and negative if the 
shot is fired down. If a. = 0, we get 20=-^7r or 0 = 4 - 7 r, which is 
obvious from the value of R, 


Ex. 12. A gun is placed on a plane hillside : prove that the area 
commanded on the slope by tlie gun is bounded by an ellipse of 
whicli the position of the gun is a focus, tlie major-axis is along the 
line of greatest slope, the eccentricity is the sine of the angle of 
greatest slope, and the senii-latns rectum is of length equal to twice 
the greatest distance to which the gun can send a shot verticall}^ 
upwards. 


liiKi on tlie hillside, iiioliiied bo the line of greatest slope at au angle 
(/>, is sm~^(sin j^eoac/>). Now, by last example, 
y2 

yr _ 2^-2 cos^ (9 tan oo). 

// cos (JL ^ ' 

But, ainco for the niaximiim range 2^=a+-|7r, we have 
sin 2^=cos OL, cos2^“-|-(l — sin a). 

Hence, after reduction, the last equation becomes 

(1 -sinfx)= — — — ^ — o rj 

g cos'^oL ' ^ ^ l+sin p cos cp 

which is the polar equation of an ellipse of eccentricity sin /3 and 
Himii-labns rectum as stated above. The major axis is plainly 

along the line of greatest slope (f/) = 0), and the range in the hori- 
x.oiital direction (</) = |7r) is F%, the maximum horizontal range if, 
as it evidently ought to be. 

The range along the line of greatest slope is thus 7^(1 + sin /5)(7, 
upwards, and B^/(] — sin downwards. The total length of the 
major axis is thus 2 7^(1 -sin^/^)^^. 

Ex. 13. The curve r=f{0) is in a vertical plane, and particles 
slide fi-om the curve to the origin along radii- vectores, and then 
pursue free paths under gravity with the velocities so acquired as 
velocities of projecticm : to find the locus of the foci of the paths. 

We suppose the angle 6 measured from the horizontal through the 
origin. The speed of projection is then given for a particle by the 
ccpiation K-^^^^'rsin ^ — sin The cooi’dinates of the focus 

of the path are, taken ])(>sitive, x— 7^siii2^/2^, y= 7^cos2^/2y. The 
ratlins- vector to the fucns has length 7^2^, and the angle which it 
makes with the axis of x is 2^. Calling this <j6, we have for the 
equation of the locus, p— 772y = sin Of {9)^ that is 

Ex. 14. Find the locus in Ex. 13 if the curve is a circle and the 
radii-vectores be chords drawn to tlic lowest point. 

Tlie equation of the circle is r — 2a sin ^ if a be the radius. Hence 
the locus of the foci of the path is 

p = 2a sin^ — = a(l ~ cos cjb), 

that is a cardioid. 

Ex. 15. A tennis ball is projected from a point A with speed 7 
at elevation 6^, and rebounds from a vertical wall B at horizontal 
distance a, then from a fioor at distance h below B. If the normal 
component of speed of rebound from the wall be e times that of 


the vertical tbrou^irh ^-1, [The ball is supposed to have oo rotation.] 
Before the l)a]l impinges on B its horizontal speed is Kcos 
Hence the time from projection to the first impact is aj l^'cos 0- 

After the rebound the horizontal speed is -cTcos and as this is 
not afi'ected by tlie impact with the floor the time of returning to the 
vertical through A is a/e F cos d, and hence the whole time from 
projection is a(l + e)le Fcos 9. 

The time, ifg say, from the instant of projection to that of reaching 
blie floor is (since the impact on B does not aliect the vertical speed) 
given by Tsin 9 — - A, that is by 

h — ^ sin^S + 29 ^A, 

for the negative root given by the .solution of the quadratic refers 
to the case of the ball arriving with upward vertical speed Fsin 9 at 
A from the floor, and gives previoits instant at which the hall Avas 
at the floor. 

Ex. 16. It is required to find the condition that the ball in tlie. 
last example may return to on the sujjposition that the vertical 
component of the speed of rebound is e' times that of the speed of 
approach. 

The vertical speed of the ball after leaving the floor is 
d ( F sin 6 ~ — e’\I sin‘‘^ 9 + 

and the horizontal speed is f’Fcosf^. The time, say, required to 
rise from the floor to the height A is tlierefore given by 

e'jJgN/ F^shi^S 4- 2^ A - \gt\ ~ A, 

that is F^sin''^ 9 + 2^A dt \/F^( F^sin^ 9 + %///,) - 2g7i}. 

Tins interval of time added to must just make up the whole time of 
flight. Hence the required condition is 

g = Fsin ^ -h (I + e) sj Fusin'- 9 + ^gh ± \/e'^( F-sih '^ 9 + 2gh) - 2gk 


26. Motion under Acceleration varying inversely as Square 
of Distance from Fixed Point. If the equations of accelera- 
tion, or, as we say, of motion, are 


AJ = 


fXX 


y 




0 ) 


where is a constant, we have the case of a point moving 
under an acceleration fx/r^ directed towards tlic origin 0 
of coordinates, and varying inversely as the second ^oower 



yji. uiJ-V/ V f , WJL uiAVj ixjv^ V uiit; X V-;i. 

if WC3 donote the angle between the line OP and the axis of 
. 7 ; by 0, we have cos0 = .t/'/‘j «in6 = 7//'r, and therefore the 
coinponents are as stated in (1). It is supposed that i = 0, 
so tliat the motion is in tlie plane of x, y. If we multiply 
the fii'st c{|uation by ?/, the second by x, and subtract the 
hrst product from the second, we obtain 

xy-yx = 0, 

which gives b}^ integration 

xy-yx=:h, (2) 

where k is a constant. This last equation expresses the 
so-called “law of conservation of areas,” that is the fact 
that the radius- vector (of length T^sJx^+yO> drawn from 
the origin to the moving point, sweeps over equal areas in 
equal times in the plane of motion. For if Q be the angle 
which the radius- vector makes with a fixed straight line in 
the plane of the path, the equation may be written 

= (3) 

wliicli renders it obvious that h is twice the rate of descrip- 
tion of area. It is interesting to notice that the angular 
speed 6 with which the radius-vector is turning varies 
inversely as is, in fact, hlr^. 

We shall see later that the equation expresses the 
dynamical fact that the angular momentum, about the 
origin, of a particle moving in the path remains constant 
throughout the motion. 


27. First Integral of Equations of Motion. Equation of 
Hodograph. Now by means of (2), the equations of motion 
(1) of last section can be transformed to 


h dt\rJ’ 


, fi d fx: 


( 1 ) 


or, as we may write them, if the axis of x be taken along 
the fixed line from which 6 is measured, 


( 2 ) 


or 


^=_'^®0=_^co,s0.0 
!i V h 




fi d 

h dt 


(.sill 0)== - 


JLL (t 

li d t 


Similady, we obtain 


fx d fx\ 
h di\v)' 


( 3 ) 

(4) 


From the relation ]/r2= 0/A, we see also that tlie resultant 
acceleration Avliicli by tlie equations of motion is along 



the radius-vector toAvards the origin, is //0/A, and is there- 
fore proportional to the angular speed of the radius-vector. 

Integrating (3) and (4<) and putting f, for x, y, 
obtain 




// X 


+ h, 


.( 6 ) 


fxjtb, iWKi coorcuiuiteH oi cciiLrc (t, u, me uoaugrapii ih 
therefore a circle (see IG, where an elliptic orbit and 
tlie cori’GHpondin^’ liodograpli are wliown separately). That 
the velocities of an iindisturhed planet at the different 
points in its orbit arc represented in magnitude and 
direction by lines drawn from a chosen fixed point to a 
circle, is a very remarkable and interesting result, and an 
elementary geometrical proof of it will be given later, 
ill Cliapter V. 

28. Eauation of Path. From equations (3) and (4) of last 
section, we can easily find the path and the relation to it of 
the hodograph. For (5), derived from them, can be written 
in the form 

^ ^ sin 6 + c(f, Gos 0-+h' (1) 

(where a\ h' are put for a, h to avoid confusion in what 
follows): multiplying the first by y = rBuiQ, the second by 
a; = 7^ cos 0, and subtracting the first product from the 
second, we obtain 

/t = ^ r — {a' sin 0 — V sin 0)r, 


that is 


A" T h 


(ct'sin 0 — cos 0), 


( 2 ) 


the polar equation of a curve of the second degree, or 
a conic section, as it is commonly called. 

If we write b'^A cos oc, —a' = A sin a, we get 


1 

^^,+^cos(0-a) 

For 9-a = 0, r = lC^j{fj. + Ah), 
anil for 0 - a = tt, r = /r/( fi- A It). 


.( 3 ) 


Calling the hrst or these ct(l — e), anti the second 
where a and e ai'e constants, we find 

ju//t2= l/a(l -e"), Alh = eja{\ -(?). 

Hence tire equation of the path can be written in the form 


( 4 ) 

l + (iico<s(0 — a) 

which is the equation o£ a conic section of parameter 
2(6(1— e-), of length of major axis 2(6, and of eccentricity <\ 
For ( 3<1 the curve is an ellipse. For 1 the curve is 
a hyperbola, and we then change the sign of C6 and write 
the eejuation as 

^ l+ecos(0 — (x) ^ 

For the limiting intermediate case (^=1, the curve is a 
parabola. 


29. Speed at Different Points of Path. I’lie liodognipliiH origin 
has so far been taken coincident with the origin for th(3 path, but 
this is nob necessary, and it is more convenient to give a sc^parato 
diagram of the hodograph as in Fig. 10, wliere also an elliptic f>rbit is 
shown for comparison of directions. Now by (1) of last section, wo 
obtain 

0: dx + y dy — - (a' cos 6? -f // si n 61) dO, (1 ) 

and this vanishes wlien the speed in the imth is a nuixiimim 

or a minimum. Hence, when this i.s the case, .sin 0/c<)y> 0~ - a' I//, and 
two values of 9 clitFeriiig by tt, for one of which sin 0 is negative and 
cos 9 positive, and for the other sin 9 is positive and cos 9 negative, 
satisfy this condition. A second diHereiibiation shows that in the 
former case the speed is a maximum, in the latter a minimum. 

But (2) of last section gives 

^rf)' = l(,/coH0 + ?/siii e)d0, (:>) 

and we have the same condition, sin 0/cos6^= before, but in 

this case for a maximum or minimum of r. Bub the sign on the I’ight 
of (2) is different in this case; and we see that the speed is a maximum 
when the length of tlie radius-vector is a minimum, and vice rmvc 
Now let ns measure 9 from the minimum radius-vector (O.I„ in 
Fig. 15). If we do this we have initially a’ = ?- = 0, a-nd so we must 
putct' = 0. Thus we have 


cr= - sin 9, fi ~ cos 6* + //, (3) 

which, if 7j be put for fj and 9 be eliminated, give again the 
hodograph (6), § 27, but with «=0, 6 = 6'. 



Amount. Path Deduced from Hodograph. Equations (3), 29, 

show tluit tlio velocity of wliicli the components are x, y — h' is 
])crpendiciilar to the radius-vector, the direction of which is defined 
Ijy the angle 0. Thus when ^=0, the speed for this is /x/A-1-6'. The 
velocity thus consists of the constant part 1/ in the direction of the 
y-axis, and a part of constant amount filh^ always at right angles 
to the radius-vector. This is shown in Fig, 16, where oCq represents 
b\ find Cofi, Offi, etc., each the velocity of amount /x/A, according to the 
position of the point in the path. 

Multiplying in (3), § 29, x by .v and y by y, and adding, we get 


XX -(-yy == sin ^ = - h'-rx ( 1 ) 

Therefore r=c — h'—x 




Tlm.s the distance r of any point on the path from the origin is 
equal to the distance Cfilhb'~x of the point from a fixed straight line 
])iLrallei to the y-axis, multiplied by hh’lfji. This is the focus and 
directrix condition fulfilled by the conic sections, and hence again we 
see that the path is one of these curves. 

The same thing is obvious from (1), for r, the rate of growth of r, 
hoar.s a constant ratio to x, the i*ate of increase of the distance of the 
point on the curve from a fixed line perpendicular to the axis of x. 
This can be seen also from the hodograph. Draw a line from o 
|H!r])endicular to any of the lines etc., say produced bach- 

M'ard from and let the lines meet in e. Then oe is that component 
of the velocity op which is at right angles to c^p, that is parallel to the 
tangent at p, and therefore parallel to the resultant acceleration at 
r in the path, that is parallel to r. It therefore represents r. Again, 
the perpendicular pd let fall from p on the axis of y in the hodograph 
represents x. Now, since the triangles oecQfpcQd are similar, we have 
vejpd=:ocJc^p^ a constant ratio. 

The nature of the path may also be deduced frbm the circular 
hodogi’aph thus : L(3t op produced backward from o meet the circle 
again in q. Then qo,op is constant, since o is fixed and p^ q lie on 
a circle. Now if p be tlie length of the perpendicular let fall from 
the origin 0 of the path (the point to which the acceleration is directed) 
oil the tangent drawn to the path at the point P, where the speed is r, 
we have vp — h. But qo . op~v .qo^ and thus v.qo also is constant. 
Hence qo is proportional in length to p. The locus therefore of the 
feet of the perpendiculars let-* fall from the origin 0 on tangents 
drawm to the path at different points is a circle. This is a geometrical 
property of the conic sections, and of no other class of curves. Hence 
again we see that the path is a conic section. 


DU 




1. 


31. Polar Coordinates : Differential Equation of Path of 
Particle under Central Acceleration. The equations of motion 
in polar coordinates may be written down at once from the values of 
the accelerations along and at right angles to the radius- vector found 
in § 13 above. They are 


r — rd‘^= — 

r^0=li, 


“2> 


0 ) 


since the second of these equcitioiis is e(|\nvalent to the equation 
2r(uH-wr=0, which must hold in the present case since tliere is no 
acceleration transvei’se to the rad ins- vector. The iirst of tliese may, 
by the second, be written 


r = — hj. 


( 2 ) 


It i.s convenient to eliminate the time from this equation. This can 
be done remembering that since r and 0 vary together, r is a 
function of (9, and that 0=/ilri We have 


’'~w~7-de' 


Hence 


,.'I J.5 \d(^) ' 


Thus we obtain, instead of (2), 



.(3) 


It is convenient to write l/u instead of r. When this substitution i.y 
made the equation becomes, as the reader may veiify, 


a 




This only ludds in the case of acceleration =/A/r- ; but in the general 
case in winch the acceleration is along the radius- vector and has 
value Ry the equation is 


d'hi _ R 


.(») 


Here R is taken as positive when towards the origin : the outward 
acceleration is —R. 

This equation will be established in a totally different manner in 
Chapter Y., where many examples will be found. 
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tlic particle from a fixed point in the plane are respectively /(?•) and 
ji7’\ where r is tlie length of the radius-vector. Prove that if the 


particle move once round a closed curve, the square of its speed is 
increased by 4//, times tlie area of the curve. 


AVe are here given r - =/(?•), d{r-0)ldt = (see §13). The 

H(iuare of the speed at any point is Now we have, since 

dr A h dr t .. h dr 




Thus we obtain, since r—{hjr‘^)drjdQ^ and drjdQ=f{r)r'^jli\hjr^ 
d /-.ox or/ A dr dr 




Again, by the problem, d{r^d)ldt = that is 
h dh , dh r^ 
de~^ h' 

But d{r^)ldQ = d dhlde + hd{hlr'^)jde. 

This gives, with the result already obtained for d(r^)jd6, 

d /.o I 9 /j‘>\ Ci-tf \ d'^ . f\ dJh Ih dlh 


= 2/(»-)J + 2/.r2 


Thus 


Integrating this expression round the closed curve, we get zero for 

the first term of the integral, and for the second 2fxjr^d6=4:ixA, 

where A is the area swept over by the radius-vector, 
increases by 4/x/l. 

32. Simple Harmonic Motion. 

We now pass to the considera- 
tion of simple harmonic motion 
of a particle, that is to the 
liinematical study of vibra- 
tions, a species of motion of 
which we have examples in 
all parts of physics. 

To flp/finA flip mntinn Ipf. 




the direction o£ motion at any point, but has everywhere 
acceleration toward the centre. Tlie time T, in which 
the particle describes the circle once, is ^Trrjv, Hence also 

4<7r^ .T . 

( 1 ) 


But 2'n-/T is the uniform angular speed, 01 say, with which 
the radius drawn from the centre of the circle to the 
particle turns round as the particle moves, and therefore 
we have also .,2 

( 2 ) 

Now let Pq be the position of the particle at the zero of 
reckoning of time, and P its position after the lapse of an 
interval t Let fall a perpendicular from each position of 
the particle to the diameter AB, and let Pp, 2 ^ be the feet 
of these perpendiculars for the positions P^, P, As the 
particle moves round the circle the perpendicular p moves to 
and fro along the diameter AB. The motion of p is called 
simple harmonic. 


33. S. H. M. Velocity and Acceleration. Integral Equation. 
Tlie velocity and acceleration of p are the components, 
along the line of motion of j??, of the velocity and ac- 
celeration of the particle in tlie circular motion. Now 
taking the position of P in the diagram, and denoting tlie 
displacement of p from tlie centre by x, we have, by the 
diagram, for the displacement, velocity, and acceleration of p>, 

aj = rcosPOd, x^—v^inPOA, cos POA. ...(1) 

The values of ib, x can of course be got from that of x by 
difterentiation. If further we denote the angle PfiA by e, 
we get POA — nt — e, and therefore 

x= — 

x~ — ~ cos (nt — f?) = — cos (nt — e) (2) 

Thus wo have x + n'^x = 0 (8) 

The last eauation shows thn.t tliR n,ccp.lcTvn.tion of n is 



uuwcMu uiit; utjiiuiu ujl unt; rtnigti ui mution, ana 
iw proportional to the distance Op from that point. It is 


to be noted that n^ = 4b7r^/T\ 

Now, for X itself we have 

X — r cos (nt — e) (4) 

or, as we may write it if we put A =rco.s<?, 5=rsine, 

x = A cos nt+H sin nt, (5) 


and this is the complete integral equation corresponding 
to the dilferential e(|nation (3). 

The two constants and e in (2) or A and B in (5) are 
called arbitrary constants, for the reason that their values 
are iniinaterial so far as the satisfaction of the differential 
e<] nation is concerned. They must he determined to suit 
the circumstances of any given case of motion. For ex- 
ample, the displacement Xq and speed Vq of p, when t — O, 
may be given, and from these we can determine A and B. 


When ^ = 0, (5) gives x-==A\ therefore A^x^. Again, 

i- = — nA sin nt -f nB (G) 

and therefore v^—niB or B^vjn, Hence (5) becomes 

x — Xq cos nt-\ — ' sin oit (*7) 


Thus the value of x at time t is made up of two parts, 
one depending on the initial displacement, the other on 
the initial speed of the point. This analysis of the motion 
at time ^ is of importance in the theory of waves. 

34. S.H.M. Amplitude, Period and Phase. The two con- 
stants r and e of (4) of § 33 are called respectively the 
amplitude and the epoch of the simple harmonic motion. 
Tlie epoch is sometimes referred to as the time in the 
circular motion from to A ; it is then ejn. This is also 
tlie time in the s.i-i.M. from p^ to ^1. The period P of 
revolution of the particle in the auxiliary circle is also 
called the period of the motion. 

The 2 ^hase of a simple liarmonic motion at any instant 
is the fraction of the period T winch has elapsed since the 
last passage of the moving point through the middle of its 
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range of motion in tlie direction regarded as positive. For 
example, in the motion along AB the phase at time t is 

j5/r-(e-~7r/2)/27r or 

For this is the ratio of the angle BOP to 27r, and therefore 
also the ratio to T of the time taken by the radius of the 
auxiliary circle to turn through that angle. The difference 
of phase of two motions of epochs is 

It is convenient to remember that —xlx = 4i7r^lT^y which 
brings out the fact that tlie ratio of the'ipositive value, —rr, 
of the acceleration, to the displacement x, has always, in a 
simple harmonic motion, the value W^IT\ This enables 
the period to be readily calcula|ad iil^^Iffiental work. 

The reader should notice thatedielift|||lEplacement has 
its greatest value +r or — '^ ijth'fe speed of j> is zero, and 
the acceleration < is 4/7r^7;/ 2^. tQ.^ 0 , and is 

thus a maxhnuini. . ' When the point ^p^fe^at the centre 0 
the speed of p is v and tfe..e acceleration 

35. A Uniform Circular Motion the Resultant of Two 
S.H.M.S. Now let iair. a ' perpendicuUh P on the 
diameter GB, and let q be its foot. Then the point moving 
in the circle may be regarded as having at P the two 
displacements Op, Oq at the same instant. As it moves 
round the circle from P towards 0, its displacement Op 
diminishes and the other Oq increases, and clearly the 
motion of q is also simple harmonic with the same period 
and the same maximum and minimum magnitude>s of 
velocities and accelerations as for p. We take as the 
epoch for the motion of q the angle PqOG, which we denote 
by /. Obviously we have here c=/— 7 r/ 2 . Denoting Oq 
by 2/, we get 

2 / = r cos L GOP — r cos (^nt — e — = r sin('7z^^ - c) (1 ) 

FTeneft 'u ■=z'n.T0.nK{'}ii — ^ 


uy xiiii uiiitjrtJiiuu ui pucistj ifs ii*±, 

Tliiw propo.sition, that two equal simple harmonic motions, 
of the same period, and differing in phase by 1/4, give by 
composition uniform circular motion, has many applications 
in the theories of sound and ligiit. 

If the diagram (Fig. IG) be projected by lines perpen- 
dicular to its plane on a second plane inclined to the 
former at any angle between zero and 7r/2, the projection of 
the circle will be an ellipse and the projections of the lines 
of the two simple harmonic motions will be two conjugate 
diameters of the ePlfpe^»., The projections of th^v’mGHons 
are cleai’ly also simpfoi' ^afih^h^|aotions. Thus the 

important theoreih that'iW motions,; in 

two linos inclined to;jopj 5 ;^i^ther 

ing in phase by 1/4, give T);^o^too^on an Sft^^^^tion. 

Ex. A particle moves in a plaice ^prve, with speeds 

w/{a ^ - -j- ^ ^ 0 

along axes (h, Oy, at right angles to one and turning with 

iniiforni angular speed oj : to find the path relative^to the axes. 

Here we have ^2 __ /;2 

a- 

and tlierefore x = 2w?/ . , 7 / = - Sw-o; — j -. , 


so that 

Thus, integrating, we get 


dy _ 


d,'^' 


y 


a- 


where 0 is a constant. Hence the equation of the relative path is 


tliat is an ellipse. 

In reality we have here relative to the revolving axes two simple- 
harmonic motions pai’allel to these axes. For difiei’entiating a’, y 
again, we find 




(d^+b^y 


r^,V = Oy ?/ + 4(u‘‘^ 


(aU-Py-^'' 


= 0 . 


Tlie periods of these simple-harmonic motions have the same value 
7r(d^-{-b'^)/(.oah. They diifei’ in phase by a quarter of a period, for x 
vanishes with y and y with .r. 


G.D. 


E 


gives iigain, coiisiaer lwo uiuionu muuiuxi^j 

in equal circles (radius a) (Fig. 18) and in tlie same period 
but in opposite directions. Let a point move with the sum 
of the displacements of the points and along the 

diameters in the two circles. Its 
displacement x is the sum of the 
displacements of the iih, 

and its displacement y (taken 
downward in Fig. 18 as it is 
drawn) is the sum of the dis- 
placements j/g of the q's. 

The line of motion is obviously 
equally inclined to the radii 
drawn from the centre of the 
circles to the positions of the 
points in the circular motions at 
any time. Tlie motion of the 
point in this line is simple liarinonic, and its amplitude is 
twice the radius of either circle. 

The result is obvious at once by analysis. One circular 
motion is equivalent to the two co-existing simple harmonic 
motions . 

= a oos(nt — e), cos — 



or = a cos {nt — c), y^ = •— cc sin {nt ~ e) (1 ) 

The other circular motion has components which can be 
obtained from this by changing the sign of n. They are 

^2 = cos('5ii + c), j /2 = a sin {nt + e) (2) 

Hence we have 


x—a{ cos {nt — e) + cos -h e)} ; ) ^ 

y — a{--sm{nt--e) + sm{nt + e)}] 

or X ^ 2a cose cos nt, y = 2a sine cos nt, (4) 

and the resultant displacement is given by 

Jx^ + y^ — 2a cos nt, (5) 

the inclination of which to the axis of x is e. But ^ve 
see from (1) that at time t the radius to tlie particle in the 



IJXOL Jin 111V^1J.1JL0V,1 UVJ UllC Cl-(Vln Ui. \JU Clu Clili Odl^it; 

0 — nt, and Itoiii (2) that tlie radius to the pax’ticle in 
tlie second motion is inclined to the axis of x at an 
angle Tlie line bisecting the angle between these 

directions is inclined to the axis of x at an angle e. It is 
slK)^Yn dotted in Fig. 17, and is perpendicular to P-^F^, The 
amplitude of tlie tnotioii compounded of the two circular 
motions is thus 2a, and it has the direction specified. 
This result is of importance in the theory of polarised 
light. It sliows tluit wliat is called plane polarisation 
may be regarded as produced by two equal and opposite 
ci rc u 1 ar pol arisations. 

It is to bo noticed tliat we luxve proved incidentally tliat 
the two motions 


x~ oc.cos7i/. = 2f^cosccosox/;, y = /3cos'?it = 2asmeoosnt, . . .(6) 

that is two simple liarmonic motions at right angles to 
one another, and of different amplitudes, but of the same 
phase, compound into a single harmonic motion in a line 
inclined to tliat of the former at the angle tan"^/3/a. 


37. Composition of Two S.H.M.s in Same Line. We now 
consider some other eases. First let a point move so that 
it lias the sum of the displacements from the middle 
position of two points describing simple harmonic motions 
in the same line and in the 
same period, but with different 
amplitudes and phases. 

Draw tlie auxiliary circles 
for the two motions ITom the 
same centre 0, and let the 
points Pj, Po be in tlie posi- 
tions shown ill the diagram 
(Fig. 19) at time t. Describe 
on OP-^, OPg as adjacent sides 
a parallelogram, and draw the 
diagonal OQ. Then are 

the positions of the harmoni- 
cally moving points at the same 
instant. As Pj, P^ describe their circles, with uniform 
speed, the point Q also describes a circle with uniform 



Fig. 19. 
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speed, tliat is the auxiliary circle for q, which clearly has 
displacement equal to the sum of the displacements of P3 
and Pg. The motion of q is thus simple harmonic, of 
amplitude equal to OQ, in tlie line AB coinciding with 
and AJ3^ in direction and position. The period is 
clearly that of the component motions. 

The result of the composition of the two motions is clear 
from the construction in the diagram, but the analytical 


solution may be stated. We write 

X = + a2COs(9?7; — (1) 

where on the right we have the two simple liarmonic dis- 
placements. We can write this 

x = AQ>Qs{nt — e), (2) 

if A — {al-\-al+ 2 a;^c 62 COs(e^ — 

, a. sin c, -t-UnSin (3) 

tan e = !- — =^. 


UL^JJL ly . ■ 

(61 COS 4- C62 cos ^2 ) 

It will be seen from the diagram tliat the value of A as 
given by (2) is OQ, and that nt — a is the angle QOq. 

38. Composition of any Number of S.H.M.s in Parallel 
Lines. Tide-Predicter. From this it follows that if we have 
any number of simple harmonic motions in parallel lines, 
of any amplitudes and phases, but of the same period, and 
a point p be made to move in a straight line in such a way 
that its displacement from a fixed point is the sum of 
the displacements in the different motions fi’om tlie middle 
points of the different ranges, the motion of j) is itself 
simple harmonic. The values of A and e given in (3), §37, 
may be easily generalised for this case. 

A simple mechanism, the elements of which are shown 
in the diagram (Fig. 20) is used to impart to the writing 
style of Lord Kelvin’s Tide-Predicting Machine, a vertical 
displacement equal at each instant to the sum of the 
displacements of a numher of points describing simple 


I»ivt)fc at the other end. Tlie pin works in the slot, and 
iattiral motion of any part of tlie T-piece is prevented by 
m lidos properly placed. Each T-piece carries a pulley at 
ih(‘, upper end, and over these pulleys passes a thin chain, 
which is fixed at one end and carries the marking pen at 
(lie other. It is clear that the rise or fall of the pen in 
any time is twice the sum of 
1 lit*, vortical displacements of 
all tlie T“pieces in that time. 

'Flys mode of adding to- 
gt'ther displacements is 
np])licable to anysystem of 
Niniple harmonic motions 
vlio.ther of the same period 
“ 1 * not. The various revolv- 
ing arms may be geared 
tngother so as to have any 
rt‘{juired relation of periods. 

As a matter of fact it is 
applied to the Tide-Predicter 
fo add together the displace- 
ments ill a largo number of 
tiilal motions whicli are of 
widely different periods not 
nil connected by any simple 
relatioiisliip. The use of the pulleys and chain, or cord, 
bu* this summation was suggested to Lord Kelvin by Mr. 
lh‘auchamp Tower; but the arrangement seems to have 
biHUi previously used for purposes of integration. 

39. Composition of S.H.M.s in One Line but of Different 
Periods. If the two motions in the same line which are to be com- 
pounded are not of the same period, we can write their resultant 

= 0^1 cos {oit -ei)-{-a, 2 COs{{n-)rv)t-e.^} ( 1 ) 

in the same form as before ; but now the amplitude A and the epoch 
j’ vary with the time. The periods are here ^irln and 27r/(?i + r). 
'The frequencies are nj^Tr and (?i + v)/27r, so that the difference of 
fre(juency is vj^Tv. 

T'y (2) and (3) of § 37, we have 

x—A co^(}it - e) (2') 
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tan0= 
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.( 3 ) 


COS ei + a2Cos(r^ — e.,)' 


I'll us the amplitude oscillates in the period ^irjv from tlie value 
ai-hf »2 (at an instant when vt-€ 2 -\-ei~ 2 mTrj where 7n is any integer) 
to the value «i-n 2 0^^ instant when v^-e 2 + ei = (:2?a+l)7r). At 
each of these instants tane=tancj. 



An excellent example of this is afforded by the solar and lunar 
tides at any place. The amplitude of the lunar equilibrium tide is 
about 2T times that of the solar. Thus (on the “ equilibrium theory ”) 
spring tides are about 3Tj neap tides about TI, times the solar tide. 

Again, when two musical notes which differ slightly in frequency 
are sounded together the ear perceives an alternate swelling out and 
dying away of the sound : the notes are said to heat. If the frequency 
of either note is known, tlic frequency of the other can be inferred by 
counting the beats in a given time. The slower the beats the more 
nearly the notes are in unison. 

Fig. 21 shows s.ii.M.s (ordinates = displacements, abscissae = times, 
periods in the ratio 1 : 2, Cj -^ 2 — 0) compounded. 


40. Oomnosition of S.H.M.s in Pernendicular Lines and of 



ej zTr exiftta oeween tlie motions, buostitutiiig yjb tor cos?ic anci 
— for in the expression for x expanded, we get 


.•t.-=a.(2|^- l^cose + 2|v/'>y/l sin e. (2) 

If now cose=0, so that i 7 r/ 2 , we get 

,,= ±2|//Vl-g (3) 

or for either sign 

(4) 


Clearly this curve is represented at the origin by the two straight 
lines ?/= ±x, hj^a, that is it has there the form of a St. Andrew Gross 
of vertical angle tvi,n~^{4ab/{h--4:a^)}. Any line pai’allel to the axis 
of V/ on either side of the origin at a less distance than a cuts it in 
four j)oints, and the pairs of "lines y= ±h and x—±a are tangents. 




Each of the latter lines touches the curve at two points for which the 
values of ?y are equal but of opposite sign. The curve is thus a “ figure 
of eight,” as shown in the diagram [Eig. 22 (i)]. 

Again, if sine = 0, so that «= ^tt, we obtain 

a.'=rl- ^2p?/-aj, (5) 

which represents a parabola with its axis in the direction of and its 
vertex to the left or the right of the origin, according as the plus or 
the minus sign is taken [Fig. 22 (2)]. 

If the periods are not exactly in the ratio 1 : 2, that is, if we have 

x—aGO^\'^{n+v)t — e}^ ;^ = ^cos7ii, (fi) 

where v is small compared with ?;, we may take as the epoch in the 
expression for .r, and we see that the difierence gradually alters 
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with the time and the resultant curve passes through all the varieties 
of form shown in Fig. 23, and back again, in the rovepe order, with 
reversal also of the direction of motion in the intermediate curves. 



Other cases, say the case of periods in the ratio 2 : 3 or 1 : 3, may be 
worked out and considered by the student. The resultant curves are 
shown in works on Acoustics. 


41. Composition of S.H.M.s in Different Lines hut of Equal 
Period. We can find a motion that combines disi^lacements for any 
number of simple harmonic motions of any amplitudes and epochs in 
different lines if they are all of the same period. Let izj, 

4 , Wy, ••• direction cosines of the dilierent lines of motion, 

and the disjjlacements in these lines be 

ri = ai cos(7i^ — Cl), ... ; (1) 

then resolving along rectangular axes of x\ y, we get 


.v=A cos ?ii + A'sin 1 

'j/ = B cofi nt+B' sin nt, > •••(2) 

2 = (7 cos ?zj{+ C sin j 


where A — cos c), A ' = sin c), B ~ cos e), . . . , (3) 


and the summations are taken for all the motions. Then taking the 
first terms on the right of these equations we obtain a simple harmonic 

motion, ^ /-rn — rri — 7 ^, , , 

+ cos?i^ (4) 


The second terms on the right give in the same way a simple harmonic 
r}=\/ A- .sin OLt (5) 

The displacement $ has the direction-cosines (A, B, C)jjA^T~B^^C‘\ 
and the disjAacement rj has the cosines (A', A>', C') / \/ A'‘^ + B'''^ A- C''\ 
These two harmonic motio?is are equivalent to the original system 
in the .sense that they give the same sum of component displacements 
in ipy direction as the system gives. They differ in epoch by 7 r/ 2 , and 

linoo of flia 


thiB is the motion of a particle of the medium in a beam of 
oiliptically polarised light. 

The two diaplacements A the directions of which have been found, 
are, as we see at once by tlie projection of the circular motion, parallel 
to conjugate axes of the ellipse, and the lengths of these axes are the 
am])libiKles of Denoting these by 6, the angle between them 

by </), and referring to rectangular axes, taking for simplicity the line 
of y as the axis of y, we get 


sin 0 cos nt, y — h sin nt-\-aGO^ (j) cob nt (6) 

Solving for sin nt^ cos?^^f, S(piaring and adding, we get for the equation 
of the ellipse 



sin-c/i ■ si n (/) cos c/) 

“P“- -p 




( 7 ) 


It will he observed that, if in this equation we put ^acoBcj) for ?/, 

it reduces to z ^ • /n» a /q\ 

{:v-TaBincjiy — 0; ( 8 ) 

and that, if we put d-a^sin^^cos0/\//r + a^cos‘'^(/jfor it reduces to 

y = i \/ (r + cos'*^ cj) (9) 

riius the ellipse touches each of t-he lines ,r=asinc/), .v— -aBiu (jy 

ami also each of the lines — >///--ho.“Cos"c/>, y— -VS^+^t^cos-t/), so that 
it is circuniscribed by tlie rectangle formed by the two pairs of lines. 
To find the axes of the curve we notice that if a, fS be the lengths 

of the semi-axes .» , i.i , 02 .7 ; o 

cr H- Ir ~ (x^ -h /i“, no sin </; = oc/j, 

so tliat (L± — ^ ct" + 6‘*^ ± 2tt6 sin (10) 

from whicli (x and /5 can be found. 

Again, if 0 be the angle which either of the rectangular axes used 
in (6) makes with a principal axis of the curve, say that between 
the two axes of Or/^ 

tan2^=--v--^'f^, (11) 

a^cos 2c/)-f 

Thus the axes may be regarded as determined. 


42. S.H.M.s in Perpendicular Lines, but not of the Same 
Period. Now consider shortly the case in wliicli two given simple 
harmonic motions parallel to .v and y are not of the same period. 
IVe may take as their equations 

,v = a cos 7itf y = h cos { (a -i- v) ^ — e } (1 ) 

The part bcoB(vt~e)coB7ii of ?/, compounded with .v, gives the 
sinqile harmonic motion 

u — •} a‘^ -f cos^( - e) 5 ‘■^c os 7?t. 


( 2 ) 


gives, jor the instant c, an eiiiptic motion, or wnicn tlie clirectiuus 

of the comjDonents and tlieir amplitudes, namely, {a“-|-/y^cos‘'^(v^-e)}- 
and 6sin(i/^-6»), are the directions and lengths of a pair of conjugate 
axes ; and the angle between the axes is 

7r/2 + sin'i-1 h cos(rif - e) }/{ ct^ 4- — c) 

Since the difference of phase vt — e varies with the time, tlie ellipse 
continually changes in form and position. 

The axes of the ellipse, and tlieir position at time can be found 
easily. Solving equations (1) for cos7i^, sin?i^, squaring and adding, 
we get 


{ mb cos (r - e) - ya } “ , , 

~r\ ^ !•' 


( 3 ) 


cWsin‘‘^(ri{ - e) 

The curve evidently touches the lines 

,v=±a, y~±h, 

and is therefore circumscribed by the rectangle formed by these lines. 

The coefficient of in (3) is l/«^sin-(r^- tf), that of ?/- is 
l/&-sin"(v^ - e), and that of xy is - 2 cos(i/^ - c )/{ ah siii“(ri5 - c) }. Hence, 
as in § 41, if 0 he the angle which the axis of x as liere taken malces 
with the principal axis taken as that of a, we have as before, by the 
properties of conjugate axes, 

tan 20= cos(r^ - c) (4) 

rpi • • \ dO • / \ 

This gives (,,(!_ a) (S) 

cos^20 dt a^~lr ^ n \ / 

so that dOjdt vanishes and changes sign when.W -- c=?n. 7 r, Avhere m is 
any integer. Thus, as vt-e increases continually, 0 oscillates be- 
tween values corresponding to tan20= i 2a?;/(a“-6“X that is from 
0 = tan~VVcfc bo 0=^ -tan"U;/(^, and liack again. 

To determine the lengths ol, p of the semi-axes, we have 

/ -7.3 — TT/ ♦ / V f . , /;cos(j'i-r) "1 ^ 

V ct- -h o-cos- (riJ — e) a sin (vt-e) cos < sin~i t-xt - • —a.H 

^ ^ I \/a^4-6=^cos-(W-r)i 

or ah sin ( r i - c) = a/3 ; 

an d + 02 cos- ( — (3) -k sin- {vt~ r) = a- -f 



Thus we obtain 

2cc = { -f -f- 2ab sin ( vt - e) -f { - 2ah sin (vt-e) pi \ 

2/3 = { d-^ -t- -k 2ah sin (vt — e) 9>ah sin ( vt - e) }i. ^ . 

When vt-'e — inir^ that is at the turning points of 0, 

OL = \/(/.“ -k P ~0 

These results are easily verified by means of a Blackburn double 
pendulum [Gray’s Treatise on Physics, §88]. The two periods are 
made nearly equal, and a and h widely different, when it is found 


,.( 6 ) 

..(7) 

..( 8 ) 



thilt a slowly vaj'yin*^ but always narrow ellipse is described. The 
major axis oscillales in direction from 0 — t'MV ^bja to - tan”^i^/a, 
IIS staled above. 


43. Resisted S.H.M. defined by Equiangular Spiral. Another 
very important cusii of vibrational motion is tliat of a point 
the motion of whieJi is (bvlined by a radius revolving about 
the ])olo of a logarithmic (or e(|uiangular) spiral vdtli 
uniform angular spetid, Just as ordinary simple harmonic 
motion is delined by a radius revolving uniformly about the 
centre of a circle. The latter motion may be regarded as a 
particular case of tlie fonmu', inasmuch as a logarithmic 
ypiriil is at every point inclined at the same angle to a 
radius drawn from the pole 
to the point, and a circle 
may l)o regarded as a log- 
aritlimic spiral foi* whicli / 

tliis angle is 7r/2. Let the — / C — — J t—j-rk 

radius OP (lengtli r) re- 1 V ! j/ 

volve with constant angular y \V 

velocity 0 in the direction \ 
of V diminishing, and con- 

sider the motion along the 

line AO of the foot p of y 

the perpendicular let fall xnc. 24. 

from P on that line. Then 

if x-Op, y=pl\ r = R initially, 6{-6t) be the angle 
turned througli, from the initial position OPq of the 
turning line to the position OP at time t, and a be the 
epoch, that is the angle FfiA, we have 

r = x = r cos{dt — a), y^Tsm(6t — CL) (1 ) 

Hence, by differentiation, denoting log^c^- by X, we get 

x=z^(Xx + y)6 or —y9=^x + \xd (2) 

Also y=^-{\y-x)Qy yQ=^ -(\y-x)Q'^ 

= i.{\^ + l)6^x + \ex (3) 

But differentiating (2) again with respect to t, we get 

- XxQ-^yO 

or. bv f Y 4- 9 Y 4- A 2 -L. n = 0 (4^) 


li' we wiite k==XO and 7^.2 = (V- + l)0^ the la«b ecpation 
becomes - 2 /.^. ^ 0 ( 5 ) 


Similarly we obtain 

y + 2ki) + oihj = 0 ((>) 

Now we have a = e\ Jc = X9, = and therefore the 

values of x and y in (1) are 

X = Rg~^^ COB {J'i}? — Jc^ . t — Oi),] K. 

7y = i^6-^■'sin(V'7^^1^^•~a>J ^ ^ 

and the motions compounded of the motions specilied by 
tliese equations is that of the point F in the spiral, 
E({uations (7) are the complete integrals of (5) and (G), 
which they will be found to satisfy on trial. Tire two 
necessary arbitrary constants, that is constants the values 
of which are immaterial as regards the satisfaction of (5) 
and (6), are R and a. 

It will be noticed that for every half-turn of the re- 
volving radius about the pole, the amplitude is diminished 
in the ratio of to unity. The quantity Xtt is some- 
times called the lorjarithmic decrement of the motion. 
It is the difference of the logarithms of successive maxima 
of displacement for intervals of time each equal to 

The motion here discussed is, as we sliall see later, 
harmonic motion as modified by resistance in tlic direction 
of motion proportional to the speed. The bob of a pen- 
dulum is thus resisted by the air, if the penduhnn moves 
but slowl}?'. The period is increased beyond its value for 
/i; = 0, in the ratio to 1, if kjn be small. As we 

shall see in the discussion of resisted motion, if tlic value 
of k were great enough, the pendulum, if deffected to any 
angle from the^ middle position and then left to itself, 
would only arriAm at tlie middle position again after an 
infinite time. In the case considered above, in which the 
pendulum swings past that position, it will be instructive 
for the student to consider liow it happens that while the 
direct action of the resistance is obviously to delay arrival 
at tlie middle position, and to ston the i^iAnrlnlnin 


XU Uixtxu juv/nx uxv^ii, uxxc UX Uill UcLlVCO JJLt; Vcl UiltJ- 

IcHs the same time in each swing from one end of the range 
to the other. 

Ex. 1. By supposing i{ = 0 when ^=0, and t — when next a=0, 
prove that ia equal to the smallest positive root of the equation 

tan {\ln- - k'^ , t) - — ~ 0. 

Ex. 2. Show that the time from a turning point to the next 
zero of .r, is (taking the smallest positive root of the equation in Ex. 1) 

- k / 

44. Differential Equations of Exponential Motion and S.H.M. 
Exponential Motion represented Graphically. In the foregoing 
32-42, the subject of simple harmonic mobion lias been discussed, 
and all contained in these sections may be regarded as illustrative of 
the properties of the complete integral of the differential equation of 
the form (1) 

The other differential equation which we obtain when the acceleration 
x is in the direction of x increasing, 

T,—n\v=0^ (2) 

has as its complete integral 

+ (3) 

where A and B are constants, the value of which, so far as the 
differential equation is concerned, may be chosen at pleasui-e. Take 
for example the first term and write x=Ae"K If, as we suppose, n be 
positive, the motion may be supposed produced in the following 
manner. Consider an equiangular spiral of which the equation is, 
for n positive, ,, ^ ^4^ 

Here nt is the angle which the radius-vector r makes with a fixed line 
in the plane of the curve, and n is the cotangent of the angle which 
the curve makes at each point with the radius-vector. Now suppose 
the axis of x to coincide with this radius-vector, and to remain fixed 
in space while the spiral revolves witli constant angular speed n 
filioLit the pole. If the spiral turns so that the point of intersection 
of the curve with tlie axis of x moves outward, we have x varying 
exactly as expressed in (4). The (outward) speed of the point of 
i n terseotion is ^ gW ^ 

and the acceleration, also outward — the distance between two suc- 
cessive convolutions of the spiral increases witli distance fi‘om the 
pole is :v~n^Aey^ — n\v. 

In order to represent the motion expressed by 

x = 


,(5) 


where n is positive, we must suppose a spiral drawn witli for 

t~0 and .r=0 for in fact a spiral the radii-vectores of which 

are the reciprocals of those of the curve Then, if we suppose 

the axis of ..r to coincide with the initial direction of the radius- vector, 
and imagiiie the spiral to revolve with angular speed n in its own 
plane about the pole, in the direction to cause the jjoint of intersection 
to move in towards the pole, the speed will be 

and the acceleration, which must be positive, will have the value 
■c = n^Be" = nKv. 

The sum of these two motions is that represented by the equation (.3), 

Examples of Exponential and Vihratory Motions. 

1. Prove that the hodograph of the motion of the point P (Pig. 24) 

is a logarithmic spiral of the same angle as the path, and that, if </> 
denote the constant angle between the radius- vector and the tangejit 
to the curve, the acceleration along OA is -f ?'^'^cos(2</j- 0/siir f/>. 
Derive the differential equation (5), 43. [Here r diminishes as 

6 increases.] 

2. Prove that if the differential equation 

x-{~2/cx-\-n‘^x = 0 

reduces to ^ -h { 71 ^ - h^) f = 0, 

and show that 

X = ( A cos s/n^- .t-\'B sin V —~lc ^ . 
x^e-^''^{AQ''^' • ' -f % 

according as n^ is greatei* or less than 

3. Prove that if the equation of a logarithmic spiral be written 

and the radius turn in the direction of r increasing, cot (/j— logccr, 
[Ex, 1] and that the curvature at any point P, to which the radius is r, 
is sin Prove also that the components of acceleration towards 
the centre of curvature and along the tangent are respective!}" 
Oh'/mnef) and rO^oon 

4. Prom Ex. 3 find the accelerations along and at right angles to 0/1 

(Pig. 24), and also those along and at right angles to OP. Prove that 
these are equivalent to a component along PO and a 

component 2r^^cos </)/siii2(jf) in the direction of motion. 

5. A radius revolves about one extremity 0, with constant angular 

speed 71, and alters in length while revolving, so that the other 
extremity traces out the spiral of Archimedes, o' = a0, where 0~7it. 
Prove that the displacements from 0, taken along and at right angles 
to the initial position of the turning radius, satisfy the differential 
equations ^ - n^x = 0, ij — '2,nx — 7 ih/ = 0. 


JL. 


1. A bout on a river is distant 300 feet fi-oni the shore and 400 feet 
from a -water-fal] directly down-stream. If the speed of the- stream be 
I miles an hour, iind the least velocity with which the boat must be 
propel led in order to avoid the fall. Show also how to find the direction 
ill which the boat will liave the least distance to travel to reach the 
bank, sup])OHiiig its speed sufficiently greater than this minimum. 

2. A railway passengei* seated in one corner of a carriage looks 
ftut of the windows on the far side and observes that a star near the 
liorizon is tra.versing these windows in the direction of the train’s 
motion, and that it is oliscured by the partition between the corner 
window at liis end of the carriage and the middle window while 
the train is moving through tlie seventh part of a mile. Prove that 
the train is on a curve, tlie concavity of wliich is directed towards the 
f^tar, and which, if it be circular, bas a radius of nearly 3 miles, 
the lireadth of the carriage being 7 feet and the breadth of the 
|>arfcitioii 4 ins. 

3. Two points descrilie concentric circles uniformly, the time of 
[Icscribing the outer being m times that taken to describe the inner. 
If V is the speed in tlie former circle and it that in the latter, show 
that if the angular velocity of the one point relatively to the other is 
i^.ero, the actual velocity of the one relatively to the other is 



4. In one of Basliforth’s experiments three screens, equally spaced 
iijiarb at a distance of 150 feet, were penetrated by a projectile 
O'unGO, 0'634 and 0'7069 seconds respectively after projection. Assum- 
ing that the motion of the shot may be represented by the equation 

where s is the distance of the shot from the middle screen at time ?, 
prove that the resistance to the motion at the middle screen is about 
eleven times the weight of tlie shot. 

5. In certain experiments on the resistance of the air to the motion 

of cannon balls it was found that the number s of feet travelled l.>y 
the shot ill t seconds was given by the equation — where 

0 and h are constants. Find the relation between the velocity and the 
tangential retardation. 

6. A crank OA rotates uniformly about an axis through 0 ; the 
end A is pivoted to a rigid rod which slides in an oscillating cylinder. 
The axis about which the cylinder turns passes through its centre O' 
and is parallel to the axis of the crank. Show that tlie angular 
speed of the rod and cylinder is given by 

(0 = - (i)r(r — d cos 0)l{r‘^~\-d^ — 2rd cos 0), 


where a> is the angular speed of the crank, r the length of the 
crank, d the distance between the two lixed axes, and }) the angle 
between the crank and the line 00'. 


7. A crank OP of length a rotates with uniform angular velocity 
0 ) about an axle through a fixed point 0 ; a connecting rod of length 
h joins P to the end Z) of a crosshead which is constrained to move in 
a straight line through 0 at right angles to the axle. If h is so large 
compared with a that all powers of d^jh above the first may be 
neglected, sliow that the acceleration of J) when tlie angle JJOP is 
equal to ^ is — cos d - cos 201b. 


8. A particle describes the circle r—2acos0j the component of 
acceleration towards the origin being always zero. Show that the 
transversal component varies as cosec" 0. 


9. A is a fixed point on a x^lane curve, B is the position at time t 
of a point which is moving along the curve, and on the tangent at B 
a point C is taken. If the arc ^(^ = 5, BC—r., and 6 be the angle 
through which the tangent revolves as the point passes from A to 
show that the accelerations of G in the direction BC and in the 
direction perpendicular to BC (in the sense in wliich 0 increases) are 
respectively . i . 

syr-rd^ ~'UrW)-^se. 

r at 


10. Prove that in the case of a particle moving in a groove which 
is made to rotate in its own plane about a fixed point iii the plane, 
the motion of tlie particle relative to the groove can be obtained by 
superposing on the exteimal forces on the particle the following 
.system : muih' along the radius- vector outwards, -mn\) perpendiculai* 
to the radius- vector, and 2mv'o} perpendicular to the groove, where is 
the velocity of the particle relative to the groove. Indicate by a figui'e 
the directions of the forces. [If r be the radius- vector from the origin 
to the particle, 8 the angular speed of?’ with refei’ence to a given point 
of the groove, (jb the angle between the forward tangent and ?’, and R 
the inward normal reaction of the tube, tlie equations of motion are 

m{r -~r {9 + uyf} ^ — R sin ~ ~ cos c/>. 

Along the tangent and normal these give 

dv „ , 9 • J , ^ -T 

'y-T- = u)‘‘r cos <p, — = - urr si n 0 + — 2(05. | 

as ■ ^ ’ p ^ w, 

A groove in the form of a parabola (latiis rectum 4a) is initially at 
rest with a x)article at the vertex. It is .suddenly made to rotate 
about the focirs witli con.stant angular velocity w ; prove that the re- 
action liotween the particle and the groove when the particle reaches 
the extroniity of the latiis rectum is wa<o^(ZU2 — 4). [There is no foive 

nn rTits f.liiif. in'll ilinrl f.np rn’nrivp T 


11. A Hinoolili oonic^al cup, whoHo .stiini-vei'tical angle is ol, revolves 
with angular velocity o) al)()ut a vortical a>:is parallel to the axis of 
the (toiio and at a distances o from it ; show that if a particle he 
uujviug on tlio Hui'faco of the cu]), the component of its acceleration 
iilong Uh^ g(moratiiig lino is '/•-?’sin-a(c/i + ct})“4-ca)2cos f/>sin a, where r 
is tlu? distance of the particle from the vertex and </> the angle between 
a )jl;in(5 througli the two axes and a plane through the particle and the 
axis <»f the cone. 

12. If the position of a point moving in a plane be determined by 
Lh(5 cooi'diiiatos r and c/j, wliere r is measured from a lixed circle 
(radius <() along a tangemt which has revolved throngli an angle (/) 
from a lixod tangent, show that if a and fj are the accelerations 
along and perpendicular to r respectively, 

(X. = f - r<l>^ + a<p, /i = ,7 ^ +atjA 

13. Show that, in the case of three dimensional motion (p. 34), if v 
he th(i \Mdocity of the moving particle, the radial acceleration is 
^nvon by r 4- (/•“ - y“)/r. 

14. A cirt^lc rolls without slip])ing along a horizontal straight line 
with angular Nudotnty w and angular acceleration lo. Derive ex|)res- 
sions for the horizontal and vertical components of acceleration for 
any point on the circumference of the circle. (Sec p. 128.) 

Supposing the velocity of the centre of the circle to be v and its 
iicucleration /jl, find th(‘ horizontal and vertical components of velocity 
and acceleration for the highest and lowest points of the circle. 

15. A heavy particle is projected with velocity u so as to reach a 
point on the same horizontal ])lano at a distance 2/l Sliow that the 
angle fx. which the direction of projection makes with the horizontal 
must satisfy the relation 

sin OL ct)s 

16. A smooth tube AC By fixed in a vertical plane, is a portion of a 
circular tube of radius a from which the upper part, subtending an 
angle 2oL(<!7r) at the centre, has been removed. The line d 7/ joining 
the o]jen ends of the tube is horizontal. Prove that a j)article will 
perform complete revolutions in a vertical jdane if its speed v at the 
lowest ]}oint satisfies tlie relation 

?/“ ag ^sec a + 4 cos'-^ 

17. A particle is to he projected so as just to pass through three 
equal rings, of diameter (/, ])la,ced in parallel vertical planes at 
distances a apart, with tlmir highest points in a horizontal straight 
line at a height h a.h()Vo the jjniut of projection. Prove that the 


of projection is {g{h-]rsfWVdP‘)Y P- '^^1- that if the stone 

be always projected with this same velocity T^, the area of the wall 
that can be struck is bounded by a parabola of latus rectum 2 V^jg. 

19. A man travelling at speed v in a circular path of radius <t 
throws a ball from his hand at a height h from the ground witli a 
I’elative velocity F, so that it alights at the centre of tlie circle. 
Prove that the least possible value of is given by 

= -yS + -}- ~Ji^ - /i). 


20. The speed v of a point P is given by the relation = 
where x is the distance of P from a fixed ])oint on the path, and 
a and b are constants. Show that the motion of Pis sini])le-har]uoinc, 
and determine the amplitude and period in terms of a and h. 


21. A simple pendulum of length I is drawn aside from tlie vertical 
through an angle a. and is then let go. Show that when the thread 
makes an angle 6 with the vertical, tlie velocity v of the bob is given 
by , . ,u. . .j\ 

V = 4^6 [ SllF ^ - SI Ip ) . 

Hence show Aat for small oscillations the motion is sim]>le-harmonic 
in period ^Tr^lljg. 


22. A particle of mass M rests on a smooth horizontal ]ilane and is 
attached to one end of a light elastic string, the other end of wbieli 
is fastened to the plane. The unstretched length of the string being 
show that if the particle be moved along the plane until its distance 
from the point of attachment is and is tlieii let go, it will 

pass the point of attachment after a time given by 



if X be the force required to produce unit extension of tlie string, and 
force vary as extension. 


23. Ilescvibe^ the rectilinear motion of a jiai’ticle whose distance 
from a fixed point in its line of motion is given by .r = a cos co?. 

A and B are two points at a distance d apart. A particle moves in 
the line ABy its speed at time t being given by (csinojOAA fo 

being constants. Prove that if the particle start from A it will never 
reach P if a? is greater than \/2^. 

Piove that in the conical pendulum tlie peiiod is given by 

fijgy where h is the vertical prelection of the suspending thread. 
Hence show that if n he the frequency of the pendulum, hii^ is con- 
stant and dhjdn varies inversely as ?d. 

Explain how this result shows that tlie sensitiveness of the pendulum, 
used as a go\einor, increases with diminishing speed and vice vevsci. 


CHAPTER IL 


DYNAMICAL PRINCIPLES. 

45. The Laws of Motion. Momentum and Rate of Change 
of Momentum (B.C.M.). The laws of motion and the com- 
))arisou of masses and forces will be found treated in detail 
ill eni* book on Elementary Dynamics, to which also we 
r(.)r a short discussion of relativity of motion.* We 
hvro, repeat, however, some definitions and restate in 
inatlieinatical language some observations on the laws of 
mutiou. 

First, a- particle is a portion of matter wliich contains 
so large a number of molecules (or ultimate particles) that 
tlie molecular motions, w'hich, taken over a large aggregate 
of molecules, are equally distributed over all directions, 
give no momentum to the particle in any direction, and 
wliich is yet so small that in indicating its position by 
coordinates we may regard it as a point. 

J^^'or a particle, therefore, we consider only motion of 
translation. Hence its momentum in any direction is the 
])radnct of its mass nn and its component velocity in that 
direction. Tims, if v be tlie resultant velocity of the 
particle its momentum is mv, and if x, y, z be its component 
vcdocities parallel to rectangular axes Ox, Oy, Oz drawn 
horn an origin (7, the momenta of the particle in these 
directions are mx, nny, mz. 

If instead of a particle w^e have an extended body, that 
is an aggregate of particles (of mass or weight M),^ and the 
body have no motion of rotation, that is if, at the instant 
under consideration, no straight line of particles in the body 
*,See also Gray’s Treatise on Physics, vol. i. chap. iii. 
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is changing its direction (relatively to any cliosen systtnn {)!' 
axes assumed to be at rest), then at tlio instant tln^ yidocU-y 
of each particle is the same. If v be this velocity and 
d\ V/, i its components, the body has a resultant nionumtnni 
Mv at the instant, and its components of nionumtuin ari' 
Md\ Mif, ML If p be the density at any point of tin*, body, 
and rfo be a small element of volume there, W(‘ liaAa^ 

ilf=|pc?uT, where the integral is taken througliout tb(‘ 

whole space occupied by the body. 

The rate of change of momentum of a parti('.le under 
acceleration oc in any direction is 'jua in that direction, 
if the mass remains unchanged. For example, if in Fig. r> 
p, q were close points on the hodograph of a partichs su(*.li 
that the velocity changed from op to oq in time di, ot. would 
be the limiting value of the ratio 'jxjldt, where dt ’was 
made infinitely small, and tlie direction of ])q would lu’ 
that of the tangent to the hodograph at p\ Tlu^ rate of 
change of momentum moL would be also along tlui huigcid 
at p. 

If X, y, z be the components of a parallel to tlu^ a»xcs, 
the components of rate of change of momentum are 'nri*, 

my,mL The resultant is + or and has 

the direction of a, as already stated. 

For a particle we may substitute a body, or any eolhH'tion 
of particles, every one of which has the same accehu'a.tion — 
the same, that is, both in direction and magnitudes, ddiis 
condition is fulfilled by a body, or a colh^ction of disf'.roti' 
particles, the velocities of winch are a,t rimry instant tlu^ 
same, for then the rate of change mnst be t1u'. sanu* for 
all at every instant. The rate of cliango of monu'ntvini 
of the system is then Mol, and, though \i cannot now ho. 
localised along a particular line, as in the cast', of n, particle, 


oT a, to^()t]uu* with n cowponevh Mvsin(f) at 
{inch's to in tho piano of v and a, or a component 
J/p-i' Jl/fX.(U)s f/) in tlu^ (liroction v and a component ilfasin</> 
at rii^'ht anj^los to a in tlio plane of v and a. The resultant 
of clianfi;o of nioinentinn R is 

( M -n- + 71/ -a^ + 2/If Mvol cos 0)^', 

and nifik(\s an ani^'le tln^ cosine of whicli is (3fv+jMoL cos 
with the direction of v. 

I^hese results ar(‘, easily verified by means of tlie com- 
])oneuts parallel to the. axes of x, y, pj, which arc 

AIx + M X, My + My , ilf^ + Mz. 

Thm th(^ rt'.snltant rate of cliangc of momentum is 
( ( Mx + MxY + (ilf y + Myf + {Mz + 
wliich e.xpanded gives at once 

+ /l/“a‘*^ +- 2AIMv(jl cos (j)f\ 

I'lio loss or gain of nioincntuin, through loss or gain of 
mass, is an important consideration in various cases of 
motion; and care must be exercised in taking it into 
account. For example, tlie rapid burning away of the 
powder charge of a rocket propels the rocket forward and 
upward. Again, a tank on wheels may lose mass in a jet 
of water from a hole in one end of the tank, and a reaction 
\Yill bo exei’ted on the tank by the jet, either aiding or 
liindering the motion of tlie former. But tlie tank may 
lose matter by a jet through a hole in the bottom, in which 
case only a vertical reaction exists. [See § 52 below.] 

47. R.O.M. in Curvilinear Motion. Force. From the results 
stated in 8-11 above for accelerations, we see that a 
moving particle of constant mass has, at each instant, rate 
of change of momentum mv-jR towards the centre^ of 
curvature of its path, and ms in the direction of motion. 
We notice that if tlie curvature of tlie j)ath at any point 


be very great, that is if tlie radius be very suian, the 
■ rate of change of niomentiiin mv^/R is very great. In Ine.l, 
a particle cannot be made to turn a perfectly shai-p e.o)-n(n- 
in its motion. 

Again, the rate of change of momentum may Ix^ resolved 
along the radius- vector drawn from a chosen origin, and 
at right angles to the radius-vector in the plane (jf motion. 
In the general case the components arc 

m('/' - uy^r), 'in{'2ur + wr ) ; 
in the case of motion in a plane curve tliey are 
m{r-6h-), m{2r9 + 'Br). 

For brevity we sliall now call the rate of cliange. of 
momentum in any direction the fcyivr. in tliat diriHdion, in 
the case for the most part in which the nuiss is not snlijeet 
to chanve. Each more general case will be considcussl as 
it arises. 

48. Kinetic Energy. E.C.M. as Space-Rate of Variation of 
K.E. For a particle moving with a velocity v), the. 

is called iho kinetic energy of the particle', l^’or tin 
aggregate of particles (of total mass M), all of which h.-ive 
the same velocity v, the product whe.re J\I is tlu‘. 

mass, is called the kinetic energy. 

In the case of a system of particles, of masses 
the speeds of which are v^, v.y,... in ditferejit dirc'i'tion.s, 
the kinetic energy is defined to bo the sum 

usually written of the products obtaiiu'd hy nml- 

tiplying half the mass of each particle by Llu'. scjilnrc' of 
its speed. This case will he considercid later. 

It will be seen that the rate of change of moiiu'iitnm of 
a particle in the direction of motion may bo Avi'ittc'ii in i.lu'. 
form mv dvjds, for this is simply m.s. Ihit it is a.lso 
the rate of variation of the kinetic energy linn- in ih(^ 
direction of motion. Thus the time-rate of chang<*. of 
momentum, or force, in the direction of motion is e(]n!il to 
the space-rate of change of the kinetic energy in tlu^ 
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II. Ls convenieiiL wnen a space integration is required 
< » write V dv/(h for dv/dt or s, and use v when a time 
lit i‘gi‘ation is convenient. For example, take the case of a 
ilitjt, wliicli is resisted according to the cube of its speed, 
if! Ill at v = v dvld8= —Icv'K We can at once integrate over 
i l ime or a space as may be required. 


49. Potential Energy. Equation of Motion for Particle under 
Joiitral Force derived from Energy. For a material system 
M motion, each part of wliich is acted on only by otlier 
)aids of the system, and is not affected in its motion by 
h’ud.ional resistances, we have 

F== const., (1) 

^vhtiro F is a single- valued function of the masses and the 
*i H irdinates of the parts of the system. Thus if we put T 
\ »!' file kinetic energy we have 


y+F= const (2) 

F is wliat is called the poteniticd energy of the system, and 
t i.M such that the total rate of change of momentum of the 
^sl.r'in in any dmection, that of x say, is — 3F/3rr; that 
(,lic, total force on the system, in the direction of x, is the 
■i] );voc-rate of diminution of the potential energy in that 
lirt'ction. But by (2), if the vs are supposed to be ex~ 
pr<‘Hsed as functions of the coordinates, 

dx dx 

riid HO the foi’ce in the direction of x is the space-rate 
ii\(u*ease of the kinetic energy in that dii’ection. [See 
ilso^bO.] 

As an example, take the equation for in the case 
)!* ;i particle under a central acceleration (§11 above). F is 
a function of the distance of the particle from the 
litre 0, towards which the acceleration is directed. 
Assuming that in this case the equation (2) holds, and 
[;.*tlving the mass of the particle as unity, we have 
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(4) 

(5) 


treated as a function of u only.^ Now, by {^^X'dlj'dr is the 
outward force along r. If, as in above, R denote the 
inward acceleration" (here the force dF/dr) along r, we liave 
again the result 

+ = ^ 

We shall return to the subject of energy in Chapter VII. 


50. Discussion of First Law of Motion. The lirst law 
of motion — Every body continues in its state oj rest or 
of nniform motion in a straight line, except in so far 
as it is compelled to clumge that state by forces impressed 
upon —affirms (1) that no body has its momentum changed 
except by the action of other bodies, and (2) that every 
particle in a non-rotating body unacted on by other matter 
continues to move uniformly in a straight line. Thus if 
such a body can be found, and its motion be traced by 
means of a reference system, the times in which each of 
its particles describes equal times are equal. [We shall 
see later that in a rotating body a point can be found in it, 
whicli, if tlie body be unacted on by other matter, moves 
uniformly in a straight line.] Moreover, dilferent bodies, 
moving in this way, used for the measurement of time will 
give consistent results. 

In strictness, no such body can be found ; but it is 
possible, by considering tlie changes of configuration of a 
system such as the sun, moon, and earth, which is aflected 
by other bodies only to a slight extent capable of being 
approximately allowed for, to test the going of our 
terrestrial time-keeper, the rotating earth. This wc 
suppose to turn through equal angles in equal times ; and 
there is no doubt that the actions which tend to change 
the eartli’s rotation — and there are such actions — are such 
as to produce no perceptible effect in any ordinary interval 
of time, such as an interval of several years. But laaving 
observed the relative positions of tlie members of this 
system of three bodies at different epoclis of past time, 
we can l*oi*m tables of the positions of the moon for future 


U11H3, on LHC HupposiLion uniXj external action is allowed tor, 
an(l tlien coiepare tliese lunar tables with the observed 
positions of tJie moon at times given by the terrestrial tiine- 
keL‘|)er. If a discrepance is found to disclose itself after 
a long interval, then either the original observations, the 
tluujry or mode of calculation, or the terrestrial time- 
keeper must be at fault; and from various considerations 
it may he possible to ascribe the discrepance to the last 
mentioned cause. Thus the “ apparent acceleration of the 
moons motion’’ has led to the conclusion tliat the earth, 
in consecjuence of tidal friction, rotates slower and slower 
as time advances, to such an extent that, in a hundred 
yi.'ars it falls about 22 seconds behind a true djmamical 
time-keeper witli wliose going the rotation of the earth 
agreed at tlie beginning of that interval 

61. Second Law of Motion. Example. The second law 
of motion — Chavfje of motion is 'proportional to the 
'inovivg force innpressed, and takes place in the direction 
in 'udiieh that force acts — is sometimes alleged to amount 
only to a statement that force is proportional to i*ate of 
chang(‘. of momentum. And, apparently, if force be defined, 
as above, to mean rate of change of momentum, the propor- 
ti(.)nality is involved in tlie definition, and the law seems to 
l)e com[)leteIy uiijiecessary. But, as Newton explained, the 
law means mucli more : when a body is placed under 
difiVu’ent actions each has its full etiect in producing rate 
of cliange of momentum, just as if the other actions did 
not exist, so that the efiects are to be simply added together, 
witli tlieir proper signs, if tliey are in tlie same line, or 
compounded, tliat is geometrically added, if they are in 
lines inclined to one another. 

For example, a mass hung by a spiral spring is acted on 
by the downward pull duo to tlie earth’s attraction, and if 
the mass is in e(|uilibrium, is pulled upward equally by the 
spring, so tliat tliore is no rate of change of momentum 
produced by tins system of two opposite actions. Now we 
are here to imagine each action as producing the rate of 
c]iang(‘. of momentum which it would produce if it acted 
alone on tlie suspended body, as we see at once if we 


consider the case in whicli equilibrunii does not exist. 
Let the spring be extended beyond the e(juilil)riuin length, 
and assume, what can be verilied by loading the spring 
to equilibrium with different weights and measuring tlu'. 
elongations, that the u]Dward action exerted by the spring 
is proportional to its elongation. Denote now the mass oi' 
the body .suspended by m, and let the wliole extension V)o 
S'i'Xy where denotes the equilibrium extension, li’ // ))e 
tlie downward acceleration ol‘ a body falling freely, th(3 
downward rate of change of momentum due to gravity — 
the force of gravity on tlie body — is mg. The upward rat(i 
of change of momentum due to the spring — the forve dut^. 
to the spring — is mg{s+x)ls. Thus tliere is an upward 
rate of change of momentum mgxjs, which we denote l)y 
— The equation of motion is therefore 

d3 + "rr = 0, 

and the mass moves up and down in simple liarmoiiic 
motion in the period 2ir^Hlg. 

52. Meaning of Equations of Motion. Tlie second L‘uv of 
motion enables us to write for each moving particle wliat 
are called equations of motion. Thus if U l.)o tlie accelera- 
tion of any particle of mass m, we have 

ms = S, (1 ) 

where S is the force acting on the particle in the directi (ni 
of s. Or, more usually, we have three equations of motion, 
one for each rectangular coordinate of the particle, namely 

mx = X, onjj=Y, mz~Z. ( 2 ) 

Tliose are more than mere statements tliat the I’ates of 
change of momentum 7H.V, mx, . . . are denoted by 8y .... 
They mean that the various actions on tlie particle, arising 
from the circumstances in wliich it is placed, are by meaiis 
of our knowledge and experience to he evaluated, and the 
forms of Sy Xy ... , as depending on the coordinates of tlic 
particle or other known conditions controlling the actions, 
are to be made explicit in the solution of the problem to 
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dctennine the motion. WJien this has been done, the 
diiiovential etjiuitions may, it our mathematical processes 
arc ado(juate, bo integrated, and the solution obtained as 
a relation, or relations, trom wliich each coordinate can be 
expressed as a i'unction of the time and the initial coordi- 
nates and velocities. 

^ Tlie equations of motion of systems of particles will be 
discussed later, 

53. Non-Rotational Motion of Extended Body. Systems of 
Varying Mass. An extended body may be regarded as a 
particle, and liave ecpiations of the form (2), § 52, if at 
each instant the acceleration of each particle of tlie body 
is the same in direction and magnitude. This will be 
the case if tlic body move without rotation, that is, if 
at each instant all the particles have the same velocity, 
tliat is, are moving in the same direction with the same 
speed. This, of course, does not mean that the body does 
not revolve, but it means that the body does not rotate, 
'JI 1 US tlie side-rods of a locomotive connecting the cranks 
attached to the driving wheels with parallel cranks on 
other wlicels, to increase the weight giving “bite” on 
the rails, revolve but do not rotate. Every point of the 
rod moves in a patli which is compounded of a circular 
and a rectilineal motion, but if the locomotive is running 
on a straiglit road, every straight line of particles in the 
rod remains throughout in the same direction. The crank- 
pins, however, to which the rod is attached, revolve, and 
at the same time rotate with the wheels wliich carry 
them, so as to turn always the same side of the pin towards 
tlie centre about which tlie crank turns. 

VVe may tlierefore apply (1), as in the following examples, 
to such diverse arrangements of particles as a rain-drop, 
a tank of w^ater, or a falling chain. The problems are 

S(dp.o.t('d HA fn illnKf.T'nf.p vn.Ti’nns -nnints a.nfl n.t thp Rfl.me 



10 eacii 01 tnese we muni oquai-e uie lorci; in l-ju*. nnui:ujuii 
of the component, increaHecl by a coinpoiuiiit of K.o.TVi. 
denoted by Ry, Rzt due to, as tlie case may be, Jijno 
of OIK titer to or from the body, or to any iH^action (3xcrt(‘-(l 
at the same time on tlie body in consequence ol tliat 
flow. Thu>s the equations are 

Mx-\-m=X + R,,,^ 

My + My^V+Ry. - (I) 

Mz+m==Z^Rz.^ 

If, for example, matter be deposited on the l)ody, as 
cosmic dust deposited on tiie earth may l)t3 svqiposed to 
be, without bringing with it any momentum, we liav(3 

R^=:Ily = Rz—0, 

and the equations are 

Mx+Md):=X ( 2 ) 

On tlie other liand, if the witlidrawal of matter 1)0 accom- 
panied by witlidrawal of a corresponding amount of 
momentum, and there be no reaction in the direction of 
the component of momentum concerned, tlie e(| nation foi* 
the component is of the form 

= Z GO 

simply, since Xlx=Ra-. 

The following examples will serve to illustrate the 
application of equations (1). 


Ex. 1. A rain -drop falls tlirougli an a,tuiospliorc of aqueous vapn\ir, 
which coiicltinses on the surface so that the radius, initially rq iucreasi's 
at uniform rate c. Show that after time i, when the radius is r, the 
drop is falling at speed 


V — 



9’“~^ rv' 


[Stokes?, Smith’s Prize Examination, 18^;^,] 

Here the moisture deposited brings no momentum aud (exerts no 
reaction, except that which arises in consecjuonco of the starting of 
each infinitely thin layer deposited at tlie speed with wliidi tlu^ (iroj) 
is then moving. This must bo oven^ome ])y the gravity due to th(‘ 
weight of the drop, wliich, besides, gives the downwaid 'acceleration, 
clearly in this case leas than y. 
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TIio inoiiionfcuni of the drop at time t is and therefore the 

rate of (diaiif^c of niouieiitnm is 47r/)r%’"^y-{-;|7rprV The first of these 
terins^ is the foree r(upnrcd in consequence of tlie addition, at rate 
‘irrprh\ of inattei' whi(3]i must he made to take up the speed v, while 
tlu3 second term is the force required to give acceleration v to the drop 
as it (‘.xists at the instant. These two forces must equal since 

no inoinentum is brought with the water deposited. Hence 


is tlio e(|uation of motion, which can he written also in tlie form 

dr 




r c 

since r.~r. 

MAilti]jIying this equation by and integrating, we get 
= ^((,4 - «^)=l<7«(,- + a)(j-2 + a-!), 
si nc(i r - a — nt. Division by gives 

1 / a ft2 


Ex. 2. A. tank is mounted on a truck and water issues horizontally 
from an orilicc. in one end. If the truck he moving with speed v in 
one direction and the water leave the truck, from an orifice in the 
hinder (uul, with speed v' in the opposite direction, and the elective 
inertia of the truck he If, find the erpiation of motion. 

TJie jet exerts a reaction on the truck. Since the momentum of the 
truck and its contents is d/r, the r.c.m. is Mv + 3Iv, where, if m he 
the mass of water which issues ])er second, -M=m. Momentum is 
given to the jet h}^ the truck at rate m(v+d), and the reaction due to 
tlie jet has this value. Tim r.c.m. Mv-i-jVv is due to the net forwaixl 
horizontal tractive force F ap]}lied from without, the reaction of the 
jet, and the rate of flow of momentum, conjointly. Hence we get 


or, since 3f= - wi, 


Mv + Mv = F+ m {v + v') - 'inv, 
3fv-F+ ')n{v-{-v'). 


Ex. 3. A light open carriage runs on horizontal rails. A heavy 
uniform vertical rain falls, aiul water is received hy the truck on a 
liorizontal area .1 : lind the effect of the deposition of water on the 


iiddil inii of iniiMH niiiy liikt' ii|) (lie Mpi'i'd 'I'huH, if A' Ik* iho halmn’t* 
of trao.tlvn ovl^^ wo. luivcj 

Mr\‘Atfnf F. 

If w;if(*r alf wann^ litno Hows tail, tlu'ou^li an oialioo in lln* 
bol.lnm at i’a,to Ibo u.o.m. is Mh yAmv //a, ainl this in tlin* (n Hu- 
foroo. A’ and l.ln^ llnw of inotnoiiliiin oonjoini ly, dial io, 

AFv hAuir /ir F ///■ 

(»!• J/a l-Jy/n’ A' 

HO t.lial. dio oqiia-l.ioii of inolioii in not allboliMl. 'riiiri in nf outti’f.o on 
dios suiipoHifioM I ha, I. all tlur wal or whioli oiiIim-m (mKos up tlio unit inn. 

If F 0 , \v(‘ ^ol, vji> ■ AmjMy and M in a, fiiiii'linn of /. If \vo 
(,|iis oaH(*, wo liiLVo Hf yl/„ ( (J/// p)/, if p Ik» ojinnlanl, so (haf 

■a Am Am Am ft 

a /1/„ k(d/a //,)/ Am ft d/„ j /O/ 

I aioL^nil inL,^ wo (ind 

I m ' I 

dill, wIkmi / 0 , V a„, and l.ln'ri'foro 

I (■„ Am I .l/„ l (.I//! /,)/ 

" >’ Am I,. ■" . 1 /,, 

If ft, 1)0 /.oro, l.lial, is, if Ihi^ oaso ho Mio lirsl, stall'd ahovo, 

I a,, , ,1/,, \ A tnt 

I‘»i; ,r 
a d/„ 

dwit is, j)/„a„ (J/„ I Amt)i\ 

as «)r ooursii oonld Iiavo lioon slaiod at onoo, sinoo (lio lolal nionn'iilnin 
at t.inio / must ho o(|nal to tho initial inoinontuni. 

1. A tliin unifoiau lloxihlo ohain of small rndsM is Imti'C 
viu’tioally fi’om its two onds. Ono of iho <‘nds is ihon lot i^n : {<» find 
tho tonsilo fni'oi' at tho. h i-rh t wdio ro tho 4‘hain passos ovo'r frnm tin* 
fn‘o sido tt) I, In' stationary sido. 

In tho lii-st phu'o, tluM-o is no tonsih* fnpoo in tlio ohain on lln* siih* 
tliat is lot jn’o, fo!- every poi’tion is at each instant fallin.u’ froidv nndim 
^O’avity, and lias tluM'ofnro the same downward speed and aocoloral imj. 
In (imo / tho Iroi* end has dosoondod a. distanoo and aotpnrod a 
s|)0(kI r( ///), which is also die s|)ootl of I'aoli pari t»f t In- chain hoi ween 
dm fire <«nd and tlio hicht. If ho the wlmlo loncih 4if dn* chain, 
da* failin'^ side has length / Lv, wldlo Ihi' part (»n tln' odnu’ sid.'i 
which is stationary, has lonirtir/ |- .l.v, and is Ihorohna' inoroasiii'i' iii 
loii'd.li at rat,<' \r. 
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'JlniH niJiHK U ])aHHin^r uci-ohh from the falling to the stationary side 
at rat(! ^(rr, where, rr is (he mass of the chain per unit length, and 
each elenumt as it passes acToss has its downward speed destroyed. 
Jo eh(3(‘t (his upwai'd u.c.m., an npwai’d pull must be exerted by the 
I«>wer end of the lixcal ]jart of tlie chain of amount ocrr^, since this is 
th(3 nionumtmn produced ])or second. Thus (see §57) on the fixed 
side the tensile force ,'i,t tlie biglit is 

downward pull P of the (jhain on the sup))ort of the fixed end 
is A^r7 Y“H-//(r(/+ bs’)r-r/(7M- which goes on increasing with t 
until tli(3 whole chain lias luaui ti’aiisferred to the stationary side. 
rJust before this transference has lieen completed, .s’ is veiy nearly 
etpial to *J/, and P- ho that is now almost The tensile 

loree at the higlit is now and becomes suddenly zero as the last 

clement jiasses across, wlien at the same instant suddenly sinks 

to 

(’erbaiii cuoi’gy changes take place, but these we shall discuss later. 

K.x. f). A chain of tlui sort described in Ex. 4 is piled in a small 
lii'ap close to the edge of a table. One end is carried vertically up 
from the. table, over a smooth lioi'izontal rod at a distance r^, and down 
again until the fi’eo end hangs sliglitly below the edge of the table : 
to (ind tlm motion and the bmsile force in the chain at the rod. 

L(;t tlu^ lowei’ end bo at a distance x below the. edge of the table at 
time. the rate x of d(?scent of the end is the .speed downward of all 
the chain on that side of the rod. The momentum is therefore 
and tlie h.o.m. is ir{a-\-x)h}-^crx^. Tl)e lirst of these terms 
is the H.c.M. for the pait of tlm chain already on that side^ the second 
term (r.r- is the. r.o.m. whicli arises from the addition of mass which is 
continmiily taking jjlace in tliat part in consequence of passage of the 
chain from the upward to tlu^ downward moving side. 

Th(3 vertical part on tlie other side B of the rod remains of length a, 
for, as successive elements pass the rod, equal lengths are taken from 
tlie hea]) and set it into upward motion of speed numerically equal to 
;r ; for tlie cluiin being inextensilile must have the .same speed upward 
on one side tliat it lias downward on the other. Hence the lower end 
of the part B wliere it joins the heap is (g 57) under tensile force orxK 

Now let 7’j, 7^ be the tensile force at the upper ends of yJ, B 
respectively. Tlicn the ])art .1 is pulled upward at the upper end by 
7\ and dowinvard by tlie weiglit g(T{a+x). Momentum is added to 
A at rate tri‘^ becaiise of tlie addition, at rate crx, of matter moving 
downwards at s])ced x. The upward motion of each element at tlie 
upper end of B is changed to downward motion at the same speed by 
the combined downward action of and and the upward reaction 



niiinitesunai, and cnere ne nn riiciiuii, y ^ and / o lu w vmj nwu j,y Lujuai. 
The equation of motion of A i« 


or 


dt 


{(T{a-\-xyi'] =,( 70 * (rt H- .r) - 1\ + (ri'^ 


a’(a —g{r{a + ,v) ~ . 


The equation of motion of B iw 


cra.»= 7^0 — (Ti:“ — r/frro 

Now, as lias been stated, if tlio leugtli of chain on the rotl very 
short and tliere be no friciion, may l)e taken as cxjual to Vo, and 
then we get by addition of tlie two ecj nations 


(T (2« + .r) h) -h (rJr = //o-.r. 


Tlie left-hand side is the tiino-rato of change of (r(2fH-.r):/‘. If tlum 
we multiply both sides by ('2a-\-.v)Xj and drop tlio common factor (r, 
we get by integration 


A ( 2 a 4- ~ .< 7 {.^’“( 3 a -H.r) - .rj5(3tr. 4 .r,,) j-, 


where .r^ is the initial value of .v. 


54 . Units of Force. Dimensions. In wliafc follows, variinis 
units of force will be employed -wlien nunnwie.'il n^snlts arc 
to be obtained. Tlie deliniii(;n.s of tlieso will bo asHnnuMl to 
be known to the student. If necessary, he may consult 
CJliapter I. of our ELementary Dj/iKtmirs, In nuimn’ical 
work, rjm. Gomjsec- placed after a number will mean that the 
number expresses a force, whicli luis l)ecn evaluated in the 
course of the work, in dynes; Ih.ft.jmr similarly will mean 
that the number after which it is placed express(‘.s a. Ibrce 
in poundals. The number expressiiu; the foi-ce can tlum 
be converted into tliat for any otluir systmn of units ))y 
multiplication by the ratio obtained by substituting in this 
expression the numerical value of (^acli old unit in terms oi‘ 
the corresponding new unit. Or, putting L, M, T for the 
units of length, mass, and time, wliatcvo]- tJiese may be, we 
may write the force as E .LMjT-, is called the 

dimensional formula of force. Tlius, to transform from 
dynes to ponndals we write for c?a., /7./:^0‘4.S ; for ijm., 
Z/a/ 453*6; and obtain, if N bo the numhei- of dyinss, 
iVx *00007283 for the nnmher of ponndals; and tina.lly 
express tlie force as iVx *00007288 x Ih.ft.lsrc-. 





lyx x xujjux uiuuc^x ou i/utJii xnorT/ias or 

Masses. 'J"lic fact t])at bodies, except so far as they are 
resisted by tlio aii*, fall with the same acceleration, proves 
that the forceps of attraction at a given place on different 
bodicis are proportional to the masses of the bodies. For 
if^ 1 / be the common acceleration, ... the masses 

(if the bodies, and F. 2 ^, ... the forces of gravity upon 
tlicm, we have F F. F. 

'The same tiling is proved by Newton’s pendulum experi- 
ment, in which bobs of different masses, supported side by 
side by thnauls of the same length, keep pace with one 
anotluw when vibrating as simple pendulums. [See Ele- 
'iiiantitry Dymmiicf^.] 


56. Third Law of Motion. Discussion. The third law of 
motion states that : To every action there w an eqiud and 
contrary reactum, or the nmtual actions of two bodies are 
c(lU(d avd lypposlte. 

To this law Newton added an explanatory statement, a 
translation of which will be found in our Elementary 
Dynamics; but in spite of this statement, which is quite 
clear and definite, the law has been often misunderstood. 
Wliat tlie law asserts is, that between any two bodies A 
and By which act on one another, there exists a stress, as 
it has been called, which has two aspects, one of which is a 
force on /I, the other which is an equal and opposite force 
on B. In other words, if a body B produce a rate of 
change of momentum of A, there is at the same time an 
C(iual but apposite production of momentum of B due to A, 

The common mistake has been to suppose that because 
the reaction is equal and opposite to the reaction, one 
should cancel the other. This they would do if they were 
forces applied to the same thing, but they are not. The 
force applied to A produces its effect without interference 
from the equal and opposite force which exists along with 
it, and is applied — not to A — but to B. For a system 
ivcludiny both A and B, the rate of change of momentum 
of is balanced by that of B when the effect on the 


OJftiUM'lil AAO \JJ \AJfV\rvy‘ J r^V4.u uittuu X.. » X..** w 

the nioinenfcurn of A from being iucroased and tiuit oT 
B diminiyhed by equal amounts. Money passes from oiu‘. 
person to another in a community, a person A r(iC(‘.ive,s 
money from a person B, let us say. dliere is a ti'ansaction 
which alfects every two persons betwe(ui whom niomy 
passes, and that transaction has two aspcicts — one r(*ceiv(^s, 
tlie other parts with money. Those aspects ar('. (Mpnil and 
opposite, but for neither A nor B is th(‘. ti’ansaetion 
cancelled by the fact that one liands (jver and tlie otlnn' 
receives. (3n the otlier hand, wlion the community is 
considered n.s* a ^vlioLe, and wliether or iiot tlusx', \n\ trn.ns- 
actions of a Hiiancial kind between tlie community com 
siderod and another, the totality of the (mtirely internal 
transactions is zero, since there must he For them within 
the system exactly as much handing over as tlun’ci is of 
receiving. 

This is an exact parallel to the actions of tlu‘, dilTerent 
bodies of a material system upon one. another, '’riu^ 
momenta of some bodies are increased, those of otlua* 
bodies are diminished, and for th(‘. individual bodices theses 
changes are perfectly real, though th(‘ total inonK'.ntum, 
2(/a.r) say, of the system in any direction rmnaiiis nn- 
affected. To change that, there must be action (^x(',3*tcMl 
on tlie bodies of tlie system by those of vsome otlun* syst.ein, 
and there again there is ecjuality of action and action, 
and tlie momentum of a system including these sysUn ns 
is not affected by their mutual actions. 

57. Action and Reaction across a Surface of Contact or 
across an Interface. Action and reaction are best considiive.d 
as exerted across a surface in which tin.', two bodies ai’(,^ 
in contact, as for example the surface of contact oF Uyo 
adjacent links in a stretched chain. One link is pulled 
towards one end of the chain, the oiher is pulled towards 
the other end, as is clearly shown by the mode of laipture 
when a link gives way. 

Again, consider a cross -section in a carriage-coupling or 
trace, or in that member of a stnictnro called a i l.<\ wliich 
is undei- stretch. Let AB (Fig. 25 (1)) be the section. 


TIh^ portion G of tlio trace or tie is drawn by D in the 
direction shown by tlie arrows on the 0 side of A£, the 
{H)rtio)i J) is di*awn ])y 0 as shown by the arrows on the D 
of A.]^, Ilie pnils are equal and opposite, but they do 
3iot (*.aiuud out, since one acts on the matter (7, the other 
on th(^ luatttii* J), wliicli are on opposite sides of AB. 
Similarly, at tlio ci’oss-section JUF a similar pair of sets 
(;1 pulls exist, wliich are e(|ual and opiDOsite. Thus the 
portion of inatbn* J), 


betwemi AB and KF, is 
pu!l(‘(I at its (‘lids and 
is uiulnr stretcli. 

A j)illar, or that mem- 
ber of a stnictnrt^ wliicli 
is calh^d a sti’ut, is under 
tlirnst, and tlu'. foi’cevS at 
the cross-sections ar(‘, as 
shouMi in Fio-. 25 (2). 
At A B, for example, 1) 
is puslicd by C, as sliowir 




by tile arrows on the JJ riG. 25 (1), Fig- 25 (2). 


side of AB, and 0 is 

|)us]ied l)y D, as sliown by the arrows on the C side of AB, 
Similai’ly, tlirnst of e(|ual and opposite amount is exerted 
across BF, and thus the matter between AB and EF is 


under compressing' forces applied at its ends. 

If the Force on .1), in either case, is greater at one end 
than at tlie otlier, motion of the matter B will take place 
unless the difference is balanced by external forces, those 
due to gravity for example. Equality of action and reaction 
does not provide that the force on D at one cross-section shall 
be the same as that on I) at the other ; it makes certain, 
however, that the two avSpects of the stress at each cross- 
section shall be ecjual and opposite. The forces at different 
cross-sections are all equal, if the matter between is unacted 
on by external forces and does not suffer change of motion. 

The agreement of the results which flow from the third 
law of motion with those of experience over a wide range 
of physical phenomena, is the best proof of the validit}' oi 





58. Action and Reaction between Bodies at a Distance 
apart. In the case of bodies wliieli cannot be regarded as 
being in contact, such for example as the sun and the eartli, 
to say tliat the pull exerted by the sun on the earth is 
equal to the pull exerted by the earth on the sun is the 
only way of expressing the law ; and the validity of 
tlie law is liere again to be regarded as established by 
tlie agreement of theoretical results with observation and 
experience. That the force on tlie earth and the equal and 
opposite force on tlie sun are here referred to as 'pulU 
is not material ; the earth may, in consequence of tlie 
presence of the sun in the gravitational held (wliatever 
may be the cause of gravitation), be pusked toward tlie 
sun, and in the same way the sun pushed toward the earth. 
The material fact, which is beyond cavil, is that eacli 
body experiences a force toward the other, and that 
these forces are equal and opposite, and that fact re- 
mains whatever mode of speecli is adopted regarding it. 


59. Centre of Mass (or Centroid) of a Body or System. It 

will be convenient to dehne here the centre of inertia or 
centre of mass (or shortly, the centroid) of a system of 
particles, and deduce some of its properties. Let the posi- 
tions of the particles be referred to rectangular coordinates, 
and denote the coordinates of the first, of mass by aq, 
7/p of the second, of mass by t/.,, and so on. 
Then the centroid of the system is the point whose co- 
ordinates are given by the equations 


... ’ ^ ' 

+ i n./lh + • • • ^ -('>»-?/) .9. 

m,+TO. + ... 2(m)’ 

. ■_ + ^ 2 ^ 2 + • • ■ 

-f- 777/2 4“ ■ • • 2777/ ’ ^ 

that is the ir-coordinate is equal to the sum of the products 
obtained by multiplying each mass by its 
distance from the plane of yz, dividefl b}^ tlie sum of the 
masses, and similarly for the y- and .'S^-coordiimtes. Tlius 



mi cooi’dinate ih the mean, wJien account is taken oi the 
lasses, ()[• tlio corresponding coordinates of tlie particles. 
The student may easily satisfy himself, by changing the 
rigin and turning the axes of coordinates round through 
ny angle, fcliat tlie centroid as thus determined is a definite 
oiiit in space, tlie position of which depends only on the 
ositions of tlie particles and not at all on the choice of 
xes. Tlie ecpiations therefore enable us to define tlie 
eiitroid as that point the distance of which from any 
lane whatever fixed in space is the average distance of tlie 
■articles from that plane. 

We do not here devote space to the calculation of the 
positions of centroids for different bodies : such calculations 
orm properly a chapter of the Integral Calculus. The 
tudeiit is referred to Gibson’s Calmlus, § 137, and to 
5x. 7, Exercises XXX., of the same work. 

60. Properties of Centroid. External and Internal Forces. 
)ifierentiating the equations (1), (2), (3) of last section, 
)y wliich X, y, z are dolined, we get, using the abridged 
lotation tliere indicated, 


2m' ’ 


y= 


S(my ) 
2m ’ 


Sm ' 


( 1 ) 


md putting M for Em, 

My — 2(my), Mz=2{mz) (2) 

Now, on the right in each case we have the total mo- 
mentum of the system of particles in the direction of the 
axivS referred to, and on the left the momentum in that 
direction which a particle of mass equal to the total mass 
of the system would have if it moved with the centroid. 
Hence, if the momentum of the system in any direction is 
^ero, the centroid has no motion in that direction. 

Again differentiating, we obtain 

Mx = 'Z(mx\ My — ^{my)j Mz = '2(mz), (3) 

which asserts that the rate of change of momentum of the 
particle just referred to as moving with the centre of mass, 
is for every direction equal to the total rate of change 



or momenuum oi one sysbem. lyuw, uauiv lu uuc 

equations of motion of a particle (§ 53), and writing for 
X, F, Z in the equations of any particle Xf + X'i, Fe+F^, 
Ze-i-Zi, where Xc denotes the force on the particle, in the 
direction of x, produced by matter external to the system; 
and Xi the corresponding force on the same particle pro- 
duced by the other particles of the system, we have for 
the equations of motion, 

mx=^Xe + Xi, mij^ inz = Zc+Zi ..(4) 

Writing the equations for all the particles in this way 
and equating the sum of the left-hand sides of tire 
.^-equations to the sum of the right-hand sides, and doing 
the same for the other axes, we get 

2(mx) = 2X„ 2{my) - 2 F^, 2(mz) = 2F„ (5) 

for the sums '2Xi, 27^, 'EZi must each vanish, since the 
contribution to each of the forces Xi, Yi, Zi, on the particle 
considered, made by any other particle, is accompanied 
by an equal and opposite force on the latter, whicli comes 
into tlie account when the equations of motion are added. 

Hence we have the very important result that if no 
forces from without act on the particles of the system, 


that is if 2Xc==0, 2Fc = 0, 2Fc = 0, we have 

^ = 0, ^ = 0, i = 0; (6) 

and therefore we get by integT*ation 

x = at + e, y — ht-^f, z = ct+g, (7) 


where a, b, o, e, /, g are constants ; that is the centroid 
moves with constant component velocities a, b, c in a 
straight line. 

We see moreover that if external forces do act on the 
system of particles, the internal forces cannot affect the 
motion of the centroid. Thus if, for example, a shell 
bursts in the air, the motion of the centroid is sensibly 
the same just after the explosion as before, except so far as 
the gas into which the powder is changed has been affected 
by the resistance of the air. The motion of the centroid 
of the solid casing which contained the powder sustains 


I 


J 


VX JTVOl-l JI:j AUii ViJ. i.li/«. 


lUd 


oo 

liit](j or ]]o cliange in its motion, since the increased action 
oi; the air on the matter now in fragments is practically 
iiog'ligil)le. We shall hnd many other examples in what 
folloWH. 

61. NiBWton’s Law of Equal and Opposite Activities. In a 
^('h.()L't/n/)n, appended to the third law of motion New ton 
g'iyesMnother view of action and reaction. To understand 
this it is neciossary to go back to the forces exerted in 
opposite directions across a cross- section of a tie or strut 
(S '“iV). Let JT denote the force exerted by the matter C, 
which is on one side of the section A£, on the matter 
J) on the other side; then —F is the force exerted by D 
on 0 across the same .section. Let now the cross-section 
b(.^ in motion with speed v in the direction of a line drawn 
fruiu C to JX Then wo may call the product Fv the 
action oF G on D. The reaction of D on (7 is now --Fv, 
iind is equal and opposite to Fv. The product Fv is what 
we shall call in future a rate of ivorklng, ov an activity] 
i(/ is the note at which work is being done by 0. On 
tlie other hand, wliile 0 advances at the section AB, D 
til ere I’ecedi.ss, and work Fv is done on D, tliat is D does 
work —Fv on G. 

In the sahie way, when a piece of matter is acted on 
by Force tlio matter reacts on the agent. The reaction 
may be duo only to the inertia of the body; and the 
reaction on hlie agent, when the acceleration produced is 
wliat it i.s agreed shall be the unit of acceleration, and 
tluire arc no resi.stances such as friction to be overcome, is 
the proper measure of tlie inertia of the body. It may 
therefore be, as it is sometimes, called the mertia-resistaoice 
of the body. 

And everywhere, when matter has force applied to it, 
there is an oijual and opposite force applied to tlie agent; 
and therefore, if we regard the acting forces on any system 
as one group, and the reacting forces as another group, 
tliese two groups of forces if applied together to the 
same body or .system would give zero rate of change of 


(or nw (t Iv/njo, on ilu' earl'li in conH(M|\irn<Mi 

of Mi(‘. oT t/hn Him in ilio /j^ravilational fit'.ld, or 

wliali'.vi'.r l.li(i cauHi'. oT ilii^ action may he) Uh‘i*(‘. in work 
<loni‘. on (Jn^ i^ari-h whr.n ilu'. i^arUi inoves in {.lu^ dirootion oT 
Mh'. attraction ; tlic attrac.tiijn then doi^H ponitivt^ work; i.lio 
t'arlih, by tlic rcHiMtancur which its iiu'.rtia odeVH, and whicli 
i.M ovi'i'cnincs, dot's ju^j^ativt^ work, dir*, two rates ol* woi-k- 
in^, tliat by thes forct*. and Unit by th(^ rtssistant'c, art', t^tpial 
and o|)])oHit<^ And so Tor any complex of forct'H a-pplit'.d to 
a material systt'.m, 

62. Theory of Work. Units of Work. ''Phi' work dont' by 
a Torco in any displact'.mcnt ol: a kody at'.it'd on, tn' ns wo 
may put it, in any dis])la(‘,onumt ol* tluj })oini. or jiinc.t' ol* 
.•ip|)lication oT a forc-t^ to a Ixxly (e-toit'rally sonu'. ])a.rii(*](' oi* 
part ol* tlu^ systt'in), is nit^asin'tul ])y Uit* ])rotlu(d, of Uit' forct* 
into Uu^ ctjmpontmt of tlu^ displacxmu'id, in tlu^ dirm’l.ion oT 
tht'. i’orct*.. dims, it tho dis]>lactMn(‘.nt is Troiu A to li, and 
tlic Torct', su])|)os(m 1 oi‘ constant amonnt tlurin^ Mm dis- 
plac.tnmmt, act in tht'. dirtuddon AiK Urn- work tlont' Mit' 
force in tht', (lisplac.tmumt is F , A IhM)H l.HA(’ — F^{'a)>\{), 
if h^AF and In any iinil.t* dis[)la(M‘mimt, 

nntler a variahlt^ forct'., tlu^ woi’k tlont^ is lA'cns d . wlit'i’t', 

0 is Urn ann’lc! Imtwt'.tm the tlirtad-ions of ds a-nd F wlit'n 
Uu', stt'p of tlisjilacmntmt tAs* is Ix'in^ taki'in a.nd tln^ intt'^ral 
is taken alon<>* tlu; wlioli^ disjilactmit'nl.. It is not lUM't'ssa.ry 
that tlu'sti tlirt'ctlons sht)ultl rt'iuain Uit' saint', tlirouolioui. 
tln^ displact'.nu'nt. dims tht' woi’k doin' in a. disjila.t't'int'nt 
altm*;' any cuvvt', ahin;;' Avliich thi^ force acts at eacli stt'p, 

is 

[f /, m, be the direction-cosiiu's, a.ud A^, F, Mm 
comjiontmts of F, and //, '///.\ y/ tlie dirt't'tion-cosint's, anti 
(/,r, (Ijj, (Iz tlie ctnnponents of r/s, tlien (st'o S h) 

.^b'os fl . tfs = F(/l'+ '^■v }/') (/.S' ~ X (/.r -|- Y(/// + Z dz. 


H once J cos 0 . ( Is = ^{Xdx+Y dy ‘i-Zds), ( 1 ) 

wliere the integrals are taken for the whole finite dis- 
placement. 

When the chosen unit of force acts over a displacement 
of unit distance in its owm direction unit of work is done. 
Thus a force of 1 dyne in a displacement of 1 centimetre 
does the c.G.s. unit of work, the erg. A force equal to 
that of gravity on a pound of matter does work of amount 
1 foot-pound in a displacement of 1 foot; and so on for 
otlier units. [For furtlier particulars as to units of work 
see Elementary Dynamics^ 

Again, if s be the rate of displacement at any instant, 
tlie product FIs* cos 0 is the time-rate of working, or, as it 
is often called, the activity. For this we may write also 
Xx-\'Yy '^rZz. The wlaole work done in any interval of 
time t is, if A be the activity, 

Ja dt = Yy -j- Zz') dty (2) 

where the integral is taken over the interval of time t 

The unit of activity is that rate of working in which 
unit of work is done per unit of time, e.g. one erg per 
second is the C.G.s. unit of activity. Another is one foot- 
pound per second (f.p.s.), still another is 550 foot-pounds per 
second, or, which is tlie same, 33,000 foot-pounds per minute. 
This last unit is called a horse-power, and is based on 
estimates made by James Watt for use in deciding the 
power of steam-engines required for difierent practical 
purposes. 

The dimensional formula for work and energy is that of 
force X displacement, or The dimensional formula 

for activity is tliat of work/time, or ML^T~'\ The mode of 
using such formulae for change of units has been explained 
in § 54. 

63. Active and Inactive Forces. Now consider any 
system of forces acting on a material system ; the forces 
are partly internal forces between the different parts of 
the system, and partly forces exerted on its parts by matter 



outside the system. For the system as a wliole the former 
forces constitute wliat has sometimes been called, not 
quite properly, an equilibrating system : they produce no 
change of the total momentum in any direction, but they 
produce relative displacements of the parts. Hence, in 
estimating the effects of the forces in changing the momen- 
tum of the system, we may disregard the whole group 
of internal forces. Not so, however, when we consider the 
ivork done by the different individual forces. The works 
done by the equal and opposite forces between a j)air of 
particles do not necessarily give a zero sum. For example, 
consider two particles united by a stretched band of india- 
rubber. Neglecting any force necessary to set the matter 
of the band in motion, or to change its motion, we see that 
there are equal and opposite forces applied by the band 
to the particles, on which act also in general other forces. 
Let each particle be displaced towards the other, one 
particle, A, a distance a, and the other, JS, a distance h. 
If F be the force on A, — F is the force on B. The dis- 
placement a is in the direction of F, the other, b, in the 
opposite direction, and therefore ought to be reckoned a 
negative displacement. Whatever the other forces do, F 
does work F/., —F does work {—F)x{ — h) = Fh, and the 
whole work done by these two forces is F{a + h); and so, 
even if the displacements were equal, which they are not 
necessarily, the work of these forces would not be zero, 
but 2Fcl Or, to talce an example from the dynamics of 
extended bodies, two carriages of a train are in contact by 
their buffers. If one carriage is urged against tlie other, 
as for example in stopping the train, the buffer springs 
are compressed in opposite directions, but the woi'k done 
in compressing one spring lias the same sign as the work 
done in compressing tlie other, and the two quantities of 
work must be added together. 

If, however, instead of an elastic band between two 
paiTicles, we had a connection of invariable lengtli, then 
whatever small displacement parallel to the length of the 
link one end sustained, would have to be accompanied 
by an equal displacement of the other end in the same 
direction. Hence, if eaual and onnosite forces were annlied 


Dy tne link along its length to the particles, work would 
be done on the particle at one end by the bar, and by the 
particle at the other end on the bar, and these works, 
having opposite signs and the same numerical value, would 
cancel one another. 

We have therefore to distinguish in considering work 
done, not between internal and external forces, but between 
forces which do work and those which do none — between 
active forces and inactive forces. Denoting the components, 
parallel to the axes, of the force F acting on a particle 
of the system by X, F, Z, and supposing the particle to 
sustain any small displacement of components See, Sy, Sz 
parallel to the axes, then the work done by F in the 
displacement is XSx+YSy+ZSz. If, similarly, all the 
particles are displaced, the work SW done is the sum of 
all such expressions as that just found, that is 

SW=X{XSx+YSy^ZSz). 

In the sum on the right no component of the inactive 
forces appears, since each of these must appear twice in 
equal and opposite contributions to S W, 

64. Constant and Varying Constraints. The displacement 
(&, Sy, Sz) of the specimen must be such a disiolacement as 
the conditions of the system, as they exist at time t, permit. 
With this restriction it may be any displacement that can 
be imagined. It is therefore . called an arbitrary displace- 
ment In their motions the particles may fulfil conditions 
of constraint, which may or may not be expressed by 
equations. For example, the particles may constitute what 
is called a rigid body, that is they may fulfil the condition 
of invariability of their relative positions and distances, 
however the body which they compose may be displaced 
or turned. This condition is not directly expressed by 
equations, but only, as we shall see later, gives a certain 
form to the equations of motion. 

It is to be noticed that the system may be under varying 
conditions of constraint, so that at the time t + dt, the 
conditions may have changed from those which held at 
time t Thus the arbitrary divsplacement Sx, Sy, Sz, though 
possible under the conditions which hold at the instant t, 
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sustain in its motion. 

Whatever the conditions of constraint may be, their 
fulfilment involves the application to each particle of forces 
of constraint, over and above the forces which are applied 
by external bodies, or by particles of tlie system so distant 
from any particle considered as not to have any influence 
on its constraint. We shall return to this point in the 
chapter on General Dynannios. 

65. General Variational Ectuation of Work. Theory of Energy. 
The equations of motion of a particle give 

2 {m (.r Sx + y 8y 5:^)] ^'Z{X Sx+Y Sy + Z Sz) ( 1 ) 

This is not a mere identity, for it is to be observed that 
the components of acceleration of every particle appear on 
the left, while all the corresponding forces for each particle 
do not appear on the right. The inactive forces have 
disappeared, those applied from the outside, each hy itself, 
on account of its zero amount of work, and those mutual 
actions Avithin the system which do no work, in pairs. 
But it is not to be forgotten that when we have to 
find the motion of a particular particle, all the force on tliat 
particle, whether of external origin or arising from the 
constraints to which the system is subjected, must be taken 
accomit of. 

So far we have considered only an arbitrary displacement 
((Jx, Sy, Sz ) ; now let the displacement considered be the 
actual displacement sustained in the interval dt by the 
specimen particle in the motion. Thus, instead of Sx, Sy, 
' Sz, we have components of displacement, wliich we shall 
usually denote by dx, dy, dz (reserving the symbol <5 for 
arbitrary changes) an^^ whicli have the values xdt, y dt, 
zdt respectively. Then (1) becomes, if we denote active 
forces by Xa, etc., 

i:{m{d)x+yy+zz)] = Yay + Z^z) 

\ = Y^y-^Z.z) (2) 

The expression J 2 { m{x^ + -b } , 
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hand side of the last equation, is called the kinetic energy 
of the .system. We shall usually denote it by T. In 
conse(|uence of possessing kinetic energy, the system can 
do work on other bodies, losing, in whole or in part, its 
motion in doing so, and the work so done will, as can 
be seen by (2), be equal to the work done on the system 
in building up the kinetic energy ; so that the kinetic 
energy is a real and useful equivalent of the work done in 
creating it. 

In a c<msiderable number of cases, indeed in almost all 
those with which we have to deal in nature, the expression 
on the right of (2) is derivable from a function V of the 
coordinates of the particles in the following manner. Let 
V be such a function, if one exists, that 

« — —ll{Xadx+ Yady + Zadx) (3) 

Here —dV is understood to be n; perfect differential of a 
single- valued function of the coordinates of the particles, or 
of a sufficient number of them for the speciti cation of the 
work done in tlie displacements considered. The meaning 
of a perfect differential is explained in Gibson’s Calculus, 
§§ 94, 165 ; but it is important to remark that, for all 
displacements for which V thus exists, the work done by 
tlie forces Za> in the transference of the system 

from one given configuration to another, is independent of 
the paths followed by the particles in the passage, tliat is 
the excess of the initial value of V above the final vahie 
depends only on the initial and final coordinates. 

From (3) we obtain 

-^=E(AV’+F„y+^„0), (4) 

so that (2) becomes, when T is written for the kinetic energy, 

w 

or 

where h is a constant. 

V is usually called the potential energy of the system 
and T-\- V its total energy. Here the system is supposed 



acting, so that tlie forces concerned are only internal forces ; 
the kinetic energy is also in stidctness that of all the bodies 
of tlie system. In some cases, for example that of a stone 
falling to tl\e earth or a planet moving under the sun's 
attraction, the clianges of motion of the larger body — the 
earth in the former case, the sun in tlie latter — are so small 
that the corresponding variations of the kinetic energy is 
left out of account, and we refer to the Icinetic and potential 
energies as of the stone or tlie planet ; but this reference to 
only one of the bodies is nob quite just, and the results, 
though accurate in a high degree, are not absolutely correct. 

If the system is not uniniluenced by other systems, and 
also if all the forces are not related to the potential energy, 
we may be able to refer part of the sum on the right of (4) 
to the potential energy of the system under coiisideratign, 
while leaving tlie remainder under the sign of summation as 
above. Thus we may write 

y.{X^dx+ + ^dV+2{X'dx+ Y\ly^Z\h) 

+ Y,dv^Z,iU), ....( 6 ) 

where X', F', Z' are the components of an active force which 
exists witliin the system, but has no relation to the potential 
energy, and X^, Y^,, are components of force on a specimen 
particle exei^cd by matter outside the system. We obtain 

~{T+ V) = '2{Xx+ F'y + >?'i)+i:(Z.*+ + (7) 

where T and V on the left refei‘ to the limited system under 
consideration. Thus we see that the rate of increase of the 
energy of the system is equal to the rate at which work is 
done on the system by the forces whicli arise from matter 
outside the system, by external forces as we call them, and 
by the forces, if such there be, which exist witliin the system 
and are unrelated to any energy-function. As a rule, no 
forces of the latter kind, except frictional forces at 

present excluded, ]\ave to be taken account of. A system 
on wliich external forces do not act we sliall call a self- 
contained system. 


will be found dealt with in § 67 below. They always resist 
the relative motions of the parts of the system, and so 
diminish the energy. 


66. Forces as Derivatives of Potential Energy. The expres- 
sion for V as a rule will not contain the coordinates of all 
the particlcvS of the vsystem, but as Uvsually known will 
suffice only to enable the forces on certain jmrts, into which 
the system is divided, to be found. For such parts of the 
system the forces which are derivable from the function V 
will be found by the relations 
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and in tlie most general case we shall have 
37 37 
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Fa=-^+F'+F,. 

oz 

This is to be regarded as a specimen set of forces acting 
at a point x, y, z. A similar set is to be regarded as existing 
for each part of the body, and the coordinates in each case 
are those of the point at which the forces are regarded as 
applied — the •point of application of the force. 

The differential coefficients — 37/3x, ... ave partial, that 
is the differentiations are carried out in each case with 
reference to the variable (x, say) indicated, supposed appear- 
ing in the expression for V either explicitly or through 
given functions of the coordinates, while the other variables 
(y and z) are kept unvaried. If he has any difficulty, the 
student should here read 89-91 of Gibson’s Calculus, 


It will be noticed that if we write T in the form 
we have for any coordinates x, y, z, when there are no 
external forces and none underivable from V, 



Here the v of each part of the equation is regarded as a 


winch, if tlie variables were made explicit, we should have T 
equal to the function - V of the coordinates together with 
the constant h. It is to be remembered that the forces thus 
obtained are those only of the field of force in which the 
part considered is placed, and have nothing to do with the 
reactions of fixed guides or with other inactive forces. 

The following are examples of partial differentiation : 


Ex. 1. TIiIk is the case of a repulsive force 

directed from the origin towards tlie p oint .?•, //, and varying 
inversely as the square of the distance We have 

_ 3 y _ _ 5 Z— &l — V-J - ^ ~ 

Sr S?/ 'dz r"’ 


so that 


ST" 


dV 




ST^ 




as might have been written down at once from 
[Clib.son’s Calculus, § 158, 2]. 


Euler’s theorem 


Again, 
so that 


5!Z_ S-T^_ 

S.r^ ^ ’ S?/'^ ’ 


^ ^ 
S.r''^ Sy^ S-s^ 


=0. 
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Ex. 2. T=:h}i(r^-hr^&^y Tliis is the kinetic energy of a planet of 
mass m, when at a point in its orbit for winch the judius-vector is r 
and the vectorial angle 0. The speed along the radius-vector is r, and 
the speed at right angles to the radius- vector is (see § 11 above). 
We have 

dr A, dr , dr 

dr dr 3^ 

The coordinate 0 is in this case absent from the expression for the 
kinetic energy, but if it had been present tlie fact that r for every 
point of tlie path is a function of ^ would not have ahected the 
differentiation with respect to r. 

The student should notice that here 


d dr dr 


rn 


that is the rate of change of momentum in tlie direction outwards 
along the radius-vector. The expression on the left belongs to a 
theory whieli we shall explain and illustrate later. Again, to illus- 


d{mr^O) j dt. We have 


d 

dt 


{inr'O) — ^mrrd + mrW. 


This is the I’ate of change of angular momentum of the planet about 
the origin, which must vanish if no force transverse to the ludius- 
vector act upon the body. 


67. Work spent in overcoming Friction. Dissipative Forces. 

So far we have supposed that frictional resistances to the 
motion of the system do not exist; and the theory of energy 
explained above is not applicable without correction to 
systems in which friction is present — dissipative system.^ as 
tliey are often called. For a long time it was supposed 
that work done against friction — unlike that done against 
inertia-resistance — was without equivalent ; but the experi- 
ments of Joule have shown that when work is so done an 
amount of heat proportional to the work expended is 
generated; and the dynamical theory of heat, which was 
worked out mainly during the latter half of the nineteenth 
century, proves that under certain ideal conditions the heat 
so generated can be made to do an amount of work equal 
to that expended. Thus the heat generated is the energy- 
equivalent of the work done in overcoming friction. The 
laws of friction are stated in § 201. 

The equations written above can be modified so as to 
include frictional or dissipative forces. Let, as before, 
Xa, Ya> Za be the component forces actually applied to the 
particle chosen for consideration, and Yf, Zp be the 
frictional or dissipative parts of these, and so for other 
particles. Then, for the system, we have 

2 \ vi{v & “1- y &)} = 2(Xa fo--!- Y^ Sy + Sz) 

^^{X^Sx+Y,Sy + Z,Szl ...( 1 ) 

where only the active non-frictional forces are included in 
the first expression on the right. If, now, we can write, 
as before, 

'ZiXadx ^Yady + Zadz) ^-d F+ i:{Xedx+ Yedy + Z,dz), 

where dx, dy, dz are the components of the actual displace- 
ment of the system in the element of time dt, and —dV is 

T-T 


|(y+ F)=2(X,*+ Y,y + Z,z)--Z{^fA+ Y/i/ + Zj-z). . . .{2) 

On the right we liave hr.st the rate at wliich tlie energj;^ 
o£ the syvsteui is being increased by the action of external 
systems, and in the second line the rate at which the sum 
of tlie kinetic and potential energies of the system is being 
diminished by tlie dissipative forces. If forces of the sort 
referred to in §65, and denoted there by accented letters, 
exist, a term must bo included, as there explained, to 
represent their activity. The differentiation on the left 
witli respect to t i.s total, that is it includes tlie rate of change 
of the <|uantity differentiated, arising through the rates of 
change of the coordinates, as well as the rate of change 
(if such there be) due to the explicit appearance of t in 
the expression of the quantity. 

68. Meaning of Solution of a Dynamical Problem. It is to 
be remembered tliat the solution of a dynamical problem 
consists in expressing the coordinates which determine the 
conffguration of tlie system at any time as explicit functions 
of the time and of tlie initial coordinates and the initial 
velocities. The simple result expressed in (7), §60, is an 
example in point. 

Tlie function V has been assumed to be an explicit 
function of the coordinates only ; but it may also be an 
explicit function of the time f, as well as of the coordinates 
for that time. This more general case will be dealt with 
later. (See Chapter XL, wliere tlie integration of the 
equations of motion of a material system is more fully 
considered.) 

69. Angular Momentum. Rotational Motion. It is con- 
venient to consider here another application of the laws of 
motion, namely to the motions of the particles of a system 
about a straiglit line, or axis as we shall call it, given in 
position. In the first place, let a single particle P of mass m 
be moving at the instant considered along the lino PQ in the 
plane of the paper witli speed v, and let 0 be the point in 


wincJi an axis ai: rig’nt angles to that plane intersects it. it 
f be tlie length of the perpendicular let fall from 0 on PQ, 
the product mvp is called the moment of momentum or 
the atujular momenfAtm of the particle about tlie axis. 
Taking first the speed v and the perpendicular p as both 
positive, wo attach the positive or negative sign to tlie 
product according as the rad ins- vector OP appears to an 
observer, regarding the motion 
as here shown to be turning 
as in the diagram (Fig. 26) 
with the motion of P in the 
direction in wliich the liands 
of a watch appear to turn, or 
in the contrary direction. 

The product mvp is twice 
the rate of description of area 
by the radius-vector just refer- 
red to multiplied by m. For 
let tlie particle go from P to 
Q in time di, then the radius- 
vector sweeps over the area of the- small triangle POQ, 
which is clearly h'pvdt by the diagram. Hence vp is twice 
the rate of description of area. 

Now at P resolve the velocity into two components in 
the plane of tlie paper — we suppose for the present that 
tliere is no component perpendicular to the paper. Let the 
f?;-component be i*, the ^/-component y. The student can 
easily convince himself from the diagram that by the con- 
struction tliere given, 

area POP — area PO;S^=area POQ, 
that is th at m{yx--xy) = mvp. 

Now myx is the angular momentum about the axis 
through 0 at right angles to the plane xOy and due to 
the component velocity y, while mxy is that due to the 
component rr, and tlie signs are chosen according to the 
convention stated above. 

If the axis be not, as it is taken here, at right angles 
to the direction of motion, we resolve the momentum into 
two components in a plane containing the line of motion 





at tne instant ana parallel to tiie given axis, taxing one 
component parallel to tlie axis, the other perpendicular 
to it. The angular momentum of the particle about the 
axis is now defined as the product of the latter component 
of momentum into the distance of the axis from the plane 
just defined. 

70. Components of Angular Momentum (A.M.). Let a, h, c 
be the direction-cosines of the axis, which we suppose as 
above to pass through tlie origin, and x, y, z be the 
components of v parallel to the axes Ox, Oy, Oz. Then 
the direction-cosines of a normal to the plane parallel to 
the axis and containing the line of motion at the instant 

{oy — hz, az — ox, bd)-—ay)/v sin9, 

where 6 is the angle between the directions of the axis 
and the line of motion. If x, y, z denote the coordinates 
oi* P (or indeed of any point in the plane just referred to), 
the distance of the origin from the plane is 

{{cy — hz)xp{(fjZ Cib)y + { Inb — ay) z] jv si n 0. 

But the component of momentum at right angles to the 
axis is m'ysind, and hence the angular momentum, as 
defined above, 

m {{cy — hP)x + {az — cx)y + (hx — (iy)z}, 
wliich may be written as 

a {m{zy — yz)] + h {m(xz — zx)} -f c {m(yx — xy ) }. 

Clearly this may be regarded as the result of resolving 
along the given axis (direction-cosines a, h, c) three com- 
ponents, m{zy — yz), ..., of angular momentum associated 
with the axes Ox, Oy, Oz respectively. In point of fact 
they are, as the student will see from §69, the angular 
momenta of the particle about tliese axes. We shall denote 
them by F, G, H. 

If we measure, from 0 along Ox, Oy, Oz, distances 
representing F, G, H, and project these upon the given 
axis through 0, we obtain a distance along it which 
represents "tlie angular momentum about it. The distance 
for each component is drawn in the positive or negative 
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dii-ection from the origin, according as to an observer, 
looking towards the origin from a point on the positively 
drawn axis, the turning of the radius OP, drawn from tlie 
origin to the projection P^ of P on the plane at right angles 
to the . axis considered (in the diagram the axis 0x\ is 
against or with the turning of the hands of a watch held 
in the plane with its face towards the observer. Thus we 
obtain a vector through 0 representing the angular 
momentum about the given axis by its direction and its 
length. 

The resultant angular momentum of the particle is 
and the direction-cosines of the axis are 

(P, G, The axis of resultant angular 

momentum, K say, for the chosen origin, passes of course 
through the origin, and the angle it makes with the 
given axis is 

<j> = cos-maF+hG+cH)!(F^-+G‘^+H'^f-} = cos-^K'IK, ( 1 ) 

if K' denote aF+hG + cH, the angular momentum about 
the given axis. Thus 

]r = K cos (j) (2) 

71. Angular Momenta about Parallel Axes. Now consider 
how K and K' are affected by a change of origin to a fixed 
point 0' of coordinates h, k, 1. The old x, y, z are to be 
replaced by their values in terms of the new, namely 
y + k, while x, y, z remain unchanged. We 

have now for the given axis through the old origin, 

lC = (i {m{zy — yz)} + h {m(xz — zx)} + c {m{yx — xy)] 

+ (6 { m {zk — yl)} + b {m {xl — zh ) } -p c { m(yA — xk)] . . . . ( 1 ) 

The expression in the first line is the angular momentum 
about .a parallel axis through the new origin, the expression 

in f.Ln Konnnrl linn i« fLp n.nornla.r mmnpntnm a.Lmit flip. 


taxis the expression in the secoucl imo Kicntically vanishes. 

For any system of particles in motion in any inanner 
the angular inoinentum is obtained by snumiing for all tlie 
particles of the systoni expressions of tlie fonri just obtained 
for a single particle. We have, simply, 

F=^ 2{m(iy - !j^}, a == ^ ia;)}, 

I-I==:^{Qii{i/x-wy)}y (2) 

witli [see (2), §70] 

K=(FHG'^+IP)^, K' = aF+bG+oE. (3) 

Equation (1) sliows tliat if, instead of tlie axes drawn 
from the fixed origin U, we take parallel axes drawn from 
another fixed origin 0\ the coordinates of which are h, k, I, 
and Xy 9/, 0 now denote tlie coordinates of a representative 
particle with refer(3nce to the now axes, 

K' = a[2{'>?!,(iy - yz)]] + h [Z{m,{xz - zx)Y\ 

+a{/i;w(mi) — l'L{my)} -I- h{L^(mx) — /(.S(mi)} 

. . .(4) 

Tlie lirst part on the right is tlie angular monientum of 
the system about a parallel axis througli the new origin 0\ 
the second part represents tlio angular momentum whicli tlie 
system would have about the" given axis through 0, if 
all the particles could be, and were, transferred without 
alteration of tlieir component velocities to the new origin 
O'; or, wliicli is equivalent, it is tlie angular momontum, 
about the given axis, of a single particle situated at (/, 
and moving so that its component momenta are equal to 
X{7)i{bX 2{o7it/)y S(9ai). 

If z be the component velocities of the centroid and 
M denote the total mass of the system, we have (§ GO) 
i¥5 = S(ma;), if?/ = S( 7 ny), = Hence, whatever 

point 0' may be, if vm suppose jilaced there a single 
particle of mass equal to the total mass of the system, and 


Having- bJie componenir veiociues oi wie cenx-roia, tiie anguiar 
mouientum of this particle about tlie given axis added to 
that of the system about the parallel axis through O', 
makes up the angular momentum of the system about the 
given axis. 

Tlie point 0' here considered is, like 0, at rest; if it is 
in motion, then li, k, I are variable as well as x, y, z, and 
Ike component speeds for a particle are no longer x, y, i, 
Imt + y + h, z + t Equations (1) and (4') must then 
liave terms added depending on li, k, 1. These are 

a\i2 {my) - k2 {mz) + M{lk - Id)} + . . . . 

1 r 0' coincide then with the centroid, ll{mx), 'E{my), ^{mz) 
n-ro now the momenta relative to axes through the centroid, 
jind vanish by g GO ; so that all tlie terms in the second line 
nl' (4) disappear, and the angular momentum is rejDresented 
by the lirst line and the additional terms just indicated. 
I Icnce, since h, k, I are then x, y, z, and 

S(ma;) = ^iony) = 2 (m 0 ) = 0. 
we get for an origin at and moving with the centroid, 

K' = a'Llviizy - yz)} + • . • + aM (zy - + (o) 

and (6) 

72. Rate of Change of A.M. Since, when there is no 
alteration of tlie mass of the system, 

^^-S{m(i7/-ys)} = 2(m(%-'M. (1) 

we have for the rates of change of angular momentum 
relatively to the axes with fixed origin 0, 

= E{to(s 2 / - ijz) }, = S{m(,r3 - sx)}, 

( 2 ) 

TE we transfer to another fixed origin O', as before, we get 
for the old axes, if x, y, z be now the coordinates of a 



- p)] 

= 2{m(.'>J0 + sa;)} + E(mai) — /t2(m5), • 
ciit 

= S{7?i(^’ci? ~ aJj/)} + hll{my) — ; 


( 3 ) 


and finally, when the origin 0' is the centroid and moves 
with it, the values of the components of angular momentum 
about axes at 0, which has now the coordinates 

(h, k 0 =(^> 

relatively to the centroid, are, 


dF •• •• ^ 

^ = 'Z{m{zy - ijz)} + M (ty - yz), 

cin 

^ = S{77i(aj2: — 'ix)] — 5cc), } 

dH 

2t = - %) } + 



since the terms in A, fc, 1, arising from the motion of the 
centroid, are identically zero by the property of that point. 


73. Rate of Change of A.M. when Effective Inertia different 
in Different Directions. The cancelling in dFjdt of the 
term (Sv^iy) by the term 2{inyz) in the differentiation 
01 Z{mz)y -^p)} is worthy of a little attention. '2(nnzy) 
IS the angular momentum of the system about the axis Orr, 
arising from the motions of the particles parallel to the 
axis Oz, and ^(pnzij) is the rate of growth of this angular 
momentum arising ^ from the rates of change of the 
//-coordinates. Similarly, —^{myz) is the angular mo- 
mentum about Ox, arising from tlie motions of the particles 
parallel to Oy, and is the rate of growth of this 

aiising rroin the rates of change of the s- coordinates. 

In ordinary circumstances these two rates of growth 
cancel one another, but there are cases of motion in which 
It 18 convenient to ascribe different inertias in different 


directions to the body, or bodies, composing the system. 
The motion of a medium in wJiich a body is immersed 
resulting from the displacement of the body may thus be 
taken account of. For example, we may, in explaining 
certain effects of the motion of the water, conveniently 
consider a ship as having a larger inertia for displacements 
at right angles to its length than it has for displacements 
along the fore and aft direction. An example of this kind 
is considered in detail in § .91 below. Thus, if the system 
consist of a single body moving without rotation in a 
medium, with component speeds d), y, i, it may be con- 
venient to regard it as having momenta M^y, 

parallel to 0^, Oy, Oz. In this case we should have for the 
rate of growth of angular momentum about Ox,- 

■^s% - - M^)zy, 

with similar expressions for the other two axes. 

74. Rate of Change of A.M. when Body Gains or Loses Mass. 

It may be that the system is gaining or losing mass. Thus 
the earth is constantly receiving meteoric matter from space, 
and (if we distinguish here between the earth and the 
atmosphere) gaining matter also by condensation of water- 
vapour from the atmosphere, and losing matter by evapora- 
tion from the surface of the sea, lakes, and rivers as well as 
from the surface of the land. Thus, if dmjdthe the rate of 
growth of mass at any point, and if the mass gained there 
takes up speeds x, y, z, the total rates of gain of angular 
momentum from this cause are 

where of course dmjdt may be either positive or negative, 
or positive at some places, negative at others. Taking these 
into account, we have 

-^= Z{m{zy - ijz )} + 2 (1) 

with similar expressions for dGjdt, dHfdt 

A case in point is that of a chain wound on a horizontal 



to the windlass so that the chain which is not on the barrel 
hangs clown in two vertical parts connected by a short bight 
at the lowest point. Every element of the vertical part 
attached to the barrel is moving downward with speed v, 
and if we suppose all the moving chain on the barrel and 
attached to it to be at distance r from tlie axis, M to be its 
mass, and S the angular speed of the barrel at any instant, 
the angular momentum of the chain about the axis is at 
that instant But claain is continually being unwound 

and successive elements pass from the side attached to the 
barrel to that attached to the fixed point, and as each 
element passes across the biglit from the moving side to 
the other, it is brought to rest. The r^ate of transfer of 
mass is half tlie rate at which it is unwound from the 
barrel, namely l-virO, if m be the mass of the chain per unit 
length. Hence the rate of loss of angular momentum from 
the moving chain, in consequence of the transfer, is 
being the rate of loss of mass multiplied by the 

moment about tlie axis of the speed rd of the chain. This 
problem will be found fully solved in § 77 below. 

If the matter added to the system brings with it angular 
momentum, or if matter on being added or removed acts on 
the system (as, for example, does a jet thrown from a 
reaction turbine or from a hose or fire-engine), the rate of 
addition of angular momentum brouglit witli the matter, 
and the moments of the reactions, must wliere necessary be 
entered on the other side of the account, that on which the 
actions producing rate of angular momentum appear. 
These we now go on to consider. 

75. Bates of Change of A.M. ecLual to Moments of Forces. 
Independence of Motions of Translation and Rotation. Going 
back to the equations of motion of a specimen particle 
referred to any rectangular axes, say those through 0, 

TTZ/Ct' = A ed" (1) 

where the suffixes distinguish, as before, the internal forces 
of the system from the external forces on the particles, we 
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subtract the second equation from the first. We get 

m{zy-yz)=Zcy-Y,z+Ziy-YiZ ( 2 ) 

Doing this for all the particles and adding, we obtain 

'E{m(zy-yz)} = i:{Zey~ Y,z)+Y,{Ziy- YiZ). ...( 3 ) 

The products on the right are moments of forces about the 
axis of X. We suppose now that the equal and opposite 
internal forces between the two particles of every distinct 
pair in the system act along the line joining the particles. 
Then the pair of forces obtained by the projection of such 
a line, with the forces acting along it, on any plane, must 
obviously be a pair of e(|ual and opposite forces. Thus, 
projecting all the pairs of forces on the coordinate plane yOz, 
we see that HiZiy— Yiz) = 0. For the Yi and Zi obtained 
at the particle at one extremity of such a line have, taken 
together, the same moment about the axis of x as the force 
F, of which they are components, along the line, and in 
the same sense the forces — Fi, —Zi at the other end are 
equivalent to the force —F in the same. line which acts on 
the other particle. Hence, extending this process to all 
three coordinate planes, we obtain 

S {m(% - ijz)} = 2(F;// - Yz\ ^ 

2 {m(xz - zx)} = 2(Xz-Zx),\ (4) 

2 { m ( j/x — xy)) = 2 ( Yx — Xy)} 

where the suffixes are dropped on the rigJit on the under- 
standing that only external forces are there included. 
AVitli these are the equations of motion of the centroid 

i¥S=2A", il/7y = 2F, il/# = 2^. (5) 

Now (§ 60) it has been seen that 
Y,{mx) — Mx—l^X, 2(m7/) = il'/y = 2 F, 2(m^) = iiy0 = 22. 
Hence, ilf(0^ — y^) = y22— 02F, (6) 

with two other exactly similar equations for the axes of 
y and 0. These show that the moments about any axis of 
Mx, My, Mz, or the sums 2(m.r)> '2{mz) transferred 

without change to the centroid, of what are often called 


to tae sum oi tiie moments iiDout tne same axis or tne 
externally applied forces, supposed all similarly transferred 
to the same point. 

In (4) X, y, z denote the coordinates of a specimen 
particle relative to axes drawn from any fixed origin 0. 
If parallel axes be set up from the centroid as origin, 
and x\ y\ z' denote the coordinates of a particle relative to 
these axes, we have x — x + x\ y = y + y',z = z + z, and the 
left-hand sides of (4) reduce to 

2 {miz'y' - y'z')} + M (zy - ljz\ . . . ; 

for all terms of the form l!j{inzy), 2 (m 0 y'), ... are zero, 
since 2;(ms') = 0, 2(7n7/') = 0, — Thus, by (6) we get, 
dropping accents on the understandinc) that the axes are 
at tihe centroid, equations of 'precisely the same foroii as (4), 
%oheTe, hoivever, x, y, z now stand for x!, y\ z'. 

On the left in these are the sums of moments, relative to 
axes through the centroid and carried with it, of the rates 
of change of momentum of the particles of the system 
relative to these axes, and on the right are the sums of 
moments about the same axes, of the external forces, taken 
exactly as they are applied. These equations are of great 
importance, as they enable the rotations of bodies, or 
systems of bodies, about axes through the centroid of the 
body or system, to he dealt with as if the centroid were 
at rest. This property is peculiar to the centroid because 
of the vanishing of X{mx), ... when x, ?/, 5 ; 

refer to the centroid as origin. 

Again, equations (5) are the equations of motion of a 
particle, the mass of whicli is equal to the total mass of 
the system, to which are applied all the external forces 
without change of magnitude and direction. The motion 
of the centroid is thus reduced to tliat of *a single particle, 
and may be discussed without reference to the relative 
motions. 

The two properties, stated in the last two paragraphs, 
are sometimes referred to as the principle of the inde- 
pendence of the motions of translation and rotation. 

To take account of the change of mass of the system 


mxiHi UHO {^) tor the given axes (at tlie chosen origin 
lot UH suppose), with the modifications referred to above: 
tluit is, we should write 

{ 'in.(rjy ~ Hz)} + 2 - yz^j = 'Z{Zy~ Yz) + BF, . . .(7) 

with two Hiinilar e(]uations. Here DF, DG, DH denote 
tln^ ratii of change of angular momentum produced in eacli 
by the matter added or removed. 

76. Rigid Body, Rolling Motion of. A rigid body is 
(hvlimul at the beginning of Chapter VI., to which the 
slaident may refer. It is an aggregate of particles so 
c.oiuu'.cted tliat the line joining any two remains unaltered 
in haigth, and the angle between every pair of such lines 
rcunains unchanged as the body moves. But this definition 
is violated continually by bodies which we class as rigid: 
f.lu'y expand and shrink with heat and cold; in some cases 
ik(‘y gafn and lose mass, and so we obtain the idea of a 
body wliicli moves at a given instcmt as a rigid body, but 
wliifdi is clianging in some respect or other as time passes. 

For many problems regarding sucli bodies it is convenient 
to (iX])ress e( [nations of the form (7), § 75, in another way, 
t]m.t in fact sliown in (4) below. Thus, let the body be 
turning about the axis of x, for example, and 6 be tlie 
angle whicli a line fixed in the body, through the centroid, 
fo}’ example, and at the instant parallel to the plane of yz, 
makes with the axis of y. All the perpendiculars from the 
points of tlie body to the axis of x turn at the same 
angular speed Q at the same instant in the same direction 
alK)iit that axis. If 0^ be the angle which the perpendicu- 
ln,r, of length from a particle on, the coordinates of 
which are x, y, z, makes with the axis of y, we have 


' y = o\cos6^, z = r^sm6-^, ( 1 ) 

iu id tl 1 eref ore zy -yz= 

ddiereforc, for the whole body, 

2{m(% -p)} = e2(onr^) (2) 


The (luantity is called the onoment of inertia of 


of inertia and tlieir calculation are discussed in Cliapter VI. ; 
tlie values of for the bodies referred to in the 

examples will be stated. They will be expressed in the 
form Mk?, where M is the wliole mass, and is such a 
(juantity tliat = 

'lire kinetic energy of the motion of rotation about Ox 
is and by (1) can tlierefore be expressed by 

the equation Ji9«S(mr2) (;J) 

Now, in calculating tlie rate of change of KM. about a 
given axis, w'e liave, as a general rule, cases to consider 
in which X{mT^) is constant, so that the a.m. only varies 
through 0, and not at all through variations of mass or 
its distribution. But in the general case we have, for the 
rate of change of AM., 

= fe(mr^) + 0 {S(mr2)}. 

This we have to equate to tlie sum of the moments of the 
external forces about the axis, togetlier with any rate of 
increase (or diminution) of a.m. directly due to action 
between tlie body and external matter, such as the inter- 
change of mass bringing or carrying with it A.M. We get, 
for the moment of the forces, X(Zy -- Yz)^'2{Pp), where 
F is the resultant of Y, Z, and p is the perpendicular 
distance from its lino of action to the axis of x. Hence 
we liave /7 . 

|{02(mr")}=2:(Pp) + DF. (4) 

Similar e(|uations hold for the other two axes. 

As examples of the value of DF in different cases, we may 
take the following : (1) a cylindei’ rolling on a horizontal or 
inclined plane, and expanding or contracting without varia- 
tion of mass, so that DF^O ; (2) a cylinder of ribbon (Exs. 3 
and 4, § 77) rolling along a liorizontal or down an inclined 
plane. 

The “ rolling motion ” referred to in some of the following 
examples is that combination of turning and translatory 
motion which enables a wheel to move along a rail with- 
out anj^ slipping at the contact. Wlien the axle of a wheel 
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is at rest, tlie top of the wheel moves forward, and the 
bottom backward with the same speed v. If now the axle 
be caiTicd forward witli speed v as the wheel turns, the 
forward speed of the part which is the top at the instant 
in H])ace will bo 2?;, while the speed of the part which is 
at th(i bottom at the instant will be zero. This is the 
motion oi the wheel in space when it rolls without vslipping 
ilong the rail. If the radius of the wheel be the centre 
moves forward a distance 7^0, when the wheel turns through 
an angle 0, and tlie forward speed v is r0. 

77. Examples on A.M. of Bodies of Varying Mass. Energy- 
Changes. 

Ex. L If tlio vfuliiiB of the earth is diminishing as time advances, 
(incl tlie (‘Ihutt <vf tJie contraction on the length of the day. 

The radius at time t will be ?’„(1 -at\ if we assume that the 
contraction is jn'ojiortional to the time. Hence, since tlie A.M. then 
most he c(|\uil to the a.m. at time t — 0^ we have 

Hence, if a be small, we have 

n(^'lr]y. The day is therefore shortened in the ratio of 1 to l+2ai. 

E.\. % A layer of cosmic dust of thickness /i, small compared with 
Mm radins is deposited on the earth's surface ; show that if the dust 
brings witli ifc no a.m. about the earth's axis, the change in the length 
of Mm dny is nearly b/zp/dci) of a day, where p and D are the densities 
of tho dust and the earth respectively. 

H( 3 i'e we innst have, since there is no moment of forces changing the 
(Mirth's A.M., exert( 3 d by the dust, and no a.m. brought with it, 

(ij + 47ro.^///J oj = 

sincm the moments of inei’tiu, of a niii form sphere of mass^Jl/, and a 
uniform .sjduu’ical shell of mass m are and (§175, Ex. 6). 

'^riiis is eqnivakmt to d{Mk\)) f dt = DF—0^ and give.s 


Ex, 3, A roll of cloth of ania.ll tliickneaa /<, lying at rest on a 
horizontal table with the edge of the cloth along the line of contact, 
is propelled with initial angular speed 12, so that the cloth unrolls. 
If friction brings the cloth to rest as it conies into contact with the 
table, show, on the supposition that no work is done by the rolling 
cloth against friction, or against cohesion of the folds or stiffness of the 
cloth, that the radius of the roll will diminish from a to r in tlie time 

where 4(c^— [Math. Tripos, 1878.] 

If we take the roll as of unit breadth and unit density, as we may 
do without loss of generality, and as very approximately a circular 
cylinder (iindeformed as it rests on the table under its own weight) 
of radius r, its a.m. about the line of contact at time t is :]7rr'oj. Hence 
the rate of change of a.m. is :] 7 rr^co + 67r?’¥cu. This is the expression on 
the left of (7), 75. But in consequence of loss of matter from the 

roll, we have bF~'^mod(r'^)ldt==G7r9'^ru}^ and since, as will be shown 
below, the centroid" of the roll is at a distance 3///27r in front of 
the line of contact with blie table, gravity forces have a moment 
7r?'^f/3kl27r about tliat line. 

We hnd next the acceleration of the centroid G of the roll regarded 
as an unchanging body. Take a section S perpendicular to the length 
()f the roll through G and consider any point P of Take a point // 
of tile section at the same distance r from the table as G^ but on the 
normal to the table through the line of contact. Let }IP=p^ and 
make an angle 6 with the upward vertical. P has coordinates ?; 
with reference to a fixed origin on the table in the plane of S 
at distance behind the line of contact, given by ^ = .i^H-psin 6*, 
=r-f p cos 0. Hence ^ + pw cos d ~ pw^sin 0, ij = - pto sin 6^ - paf'^cos 0, 
since ^ = But .r=?‘w, and if F be coincident with G, p = 3/^/27r. 

But, as will be seen presently, /i.= -27r?7(o, and therefore 
for G ^ = r(o + 3'/’w, ij — The r.c.a.m. is tlierefore 

■hTTpw 4- 7 rr^(?’(b 4- 3?* co)r (iTrr'hij 4- 37r?’'V(i;, 
since ij has moment “9//%/47r-, which may be neglected. Tlie equation 
of motion (7) of 75 is therefore 

4- 37rrh’o) = §^’7///, 

which can be written 

(r-rn) — = - 2TTg?'-i\ 

since — ^Trrjh — (si. Integrating and assigning the constant of integra- 
tion to suit the initial cii’ciinistaiices, we get 

= ^^7ra‘^i2^4- 7rp(a’^ - r^). 

We can verify this e(|uation by the method of energy, which, on the 
supposition made aliove, is liere applicable. The potential energy of 


The kinetic energy is at starting and at time t. Hence, 

equating the gain of kinetic energy to the loss of potential, we get 

the e.qnation to be verified. 

Now, if s be the length unrolled at time we have 6*= ~^ 7 rrjh~u). 
Tlum the equation found above becomes 

1 2 + Ac, {a? - r^), 

and therefore 

■[^^0-=)}^=9a''!:22+ i2g(a:! _,-3)= \ig{(?-r\ 

if 4(^'^ — <7^),(f7 = 3fi“ak Hence, since r is negative, 

TT dr'^ldt = - lisJZg {c^ ~ r^), 

which gives by integration the result to be established, 
t\l 3g — ('J — a^). 

To prove the statement made above as to the position of the centroid 
of the roll, we observe first that the cross-section of the spires of cloth 
'iH an equiangular spiral of angle a very nearly 7 r/ 2 . Hence, as the 
distance of the normal at any point to which the radius- vector from the 
pole ia of length r is r cos ol , and the radius increases by M in eacli half 
turn, -we have by tlie equation of the spiral, -^/i^Trr cota, 

that is /i/27r = r cos OL, nearly. 

Again, if the roll were kept at rest and the cloth unwound from it, 
each lialf turn, at radius r, would shift the centroid a distance S/i/Tr, 
since the distance of the centroid of a semicircle of radius r from its 
conti’e is S'/’/tt. Hence the centroid would oscillate from a distance 
A/tt fi’oni the pole on one side to an equal distance on the other side. 
Therefore the centroid of the bale of cloth when the radius is r is at a 
distance A/tt in front of the pole of the spiral, and, as shown above, 
the line of contact with the table is at a distance /j/Stt, on the other 
side. The gi’avity rrr^g of the cloth has therefore a moment . 

irr^g (A/tt + h /Stt) = 37rr^^A/27r, 

as stated above. 

It is noteworthy that the solution by the method of energy would 
enable the position of the centroid of the spiral to he inferi-ed from 
a comparison of the equation of motion with that obtained by 
differentiating the equation of energy. 

If the I'oll is allowed to run completely out, a question arises as to 
what becomes of the energy. The potential energy has been exhausted, 
and there is no kinetic energy. The last part of the roll running very 
fast will bring the free end round on the table like a whip, and there 


-Ex. 4. A rihhon of vory Hinall uniform thiolcinwH h is (’oiIcmI u]) 
fciglitly in ii cylindrical form, and ]}la(;f}(l with it-s mirv(*d Hurfaco in 
contact with a piano inclined to the horizion at an angle (l. 'Phn axis 
of tlio cylinder is parallel to the interK(Jctioii of the ])lam? wiiJi t.hc 
liori/.on, and the outer end of the ribbon is along th(‘. line of (’onlact. 
Find tlio time in which the cylinder will unroll from rmlins (o 
radius r, comj)aral)le with The ribbon is ])rev(ml,(‘d by frii-tiim 
from sliding on the plane. 

The ofiuation of motion is, l)y tlie last oxani])le, 

d' ^5 

since it will he seen, partly from th(^ last examph^ that tlm nnnuont 
of forces, about the line of o<mtact of th(', roll with l\\v plaim, hns llu* 
value 7r?*“9f(r sinoL+3// cosa/27r). The ccpuition can 1)(‘. writttui 

37 r(fl’^(u -!- 2(t)7’r) — 27rr/ sin (jl H- cos 

that is, multiplying l)y 7’“(o, 

(r“(i)) — 27r//7’“(f) sin (a-|- cos 

From this we get, 1)}^ integration (iirst substituting - ^rri'jh for (o), 

:]7r7‘h(r = - - () ^4.7*'* sin aH- ?*'‘cos a j p ('• 

But when <f=0, w— 0, ?•=«, and tluu’cfore wo obtain 

:j7r?*'hir =7r“'J(a'^ — ?■*) sin a-p 27r//(fr* - r‘‘) (m>h a. 

Tins divided by 2 is the efpuition of energy. 

We can v(3rify the solution of the ])ro*l)Iem, so far as it has Ikmui 
carried, by calculating the (mergy at tinu^ t dirt'ctly. TIu'. polenl.ial 
energy, relative to the point of contact at tinu‘. /!, is 

7 rtv^(f(s sin a + a cos rx.) - irrgr cos a - - r^)(/s sin tx., 

where .s*~7r(«“-?'-)/A is the length of ribbon unrolhul along fho 
plane. This expression for the ])otential energy can b(^ writUm ' 

(o.'' 7*'^) sin aH- Trtj{(t^ — cos (x.. 

The ecpiation of enei’gy is tliereforo 

J7r7‘'*w‘‘^ — (<r‘' ” 7’'*) sin a-p 7rr/(o'' - /••*) cos rx,, 

as found above. 

■5<-TIiiM is a modified statement of a prefificun s(‘t in the Mathenmlical 
Tripos of 18(10, in wliich it was rmpuivd to ])rov(‘, that tli(‘ tiiuo in whicP 
the whole, would be unrolled was ^Tr\l{Wj<)h siiff/., where d is l.ln* dijuju'tj'i’ 
of the original coil. The solution given in th(‘ Uoilvvtiou of Prohfnn.'t for 


fMibsti tilting now tor co^ its value we obtain 

9 ^ rV’2 ~ ^ ~ «- + 6(7 {a^ - r^J cos aj- , 

that is, ^ (r^) =\l--[ Stt % {(& — r'^) sin a. + 6(/ (a^ — r^') cos cl\ , 

U(H V k ^ ‘ j ’ 

that is, ^ 


/l 


Vl{37r|(a^- sin Gc + (yg{(V' ~ r'^) cos a.| 


which gives the time in which the roll diminishes in radius from (( 
to r. If we put sin«, = 0, cosa=l, we fall back on the solution of 
the problem of Ex. 3. 

Ex. f). The ])roblem of the windlass referred to in § 74. Chain 
is wound on a windlass, in a single layer, and has the free tmcl 
attached to a fixed point near the windlass and on a level with its 
axis, so that the chain hangs down in two nearly vertical parts. Find 
the motion. 

Let the moment of inertia of the windlass without the chain be 
MJc-. If 2/ be the length of the chain, .r the length of each of the 
vertical parts, a the mass of tlie chain per unit length, and r the 
radius of the layer in which the chain is wound, the moment of inertin 
of the chain is (r(2l — The equation of motion is therefore 

~ [im-^ + n-(2l- .vy] o>] = Pr+r^b> {cr(2^ - .r)}, 

where I^r is the moment of applied force on the barrel and cbain 
attached to it. Now, the wlioie of the chain with the exception of the 
stationaiy part is included in the length and the force applied 

is therefoi'e gmc. The ecpiation of motion can therefore be written 

{ MV^ + (7 (2^ — 0) = 

But (i; = 2u:/7’j and therefore Sul)stituting in the equation 

of motion, then multiplying by 2(i; and integrating, we get 

2 -j yI/'/l - + <r{2l - A’)?*-} =:g<T(.v^ - .^’J) - 2 <nc^dt, 

which, since X‘^y-^ = (j)^l4:y is the equation of energy. On the left is 
the expression of the kinetic energy ; on the right — is the 

loss of potential enei’gy ; and the term remaining, 2 1 (rPdt, which 

‘'O 

. is subtracted, is the energy dissipated at the bight. For the tensile 
force at the bight, on the side of the stationaiy part of the chain, 
brings an element of length o)dt to rest in time dt^ thus annulling 
momentum crxdi.^x. The tensile force is therefore 2o'l'^, and it 
works at rate 2a.r'^. The kinetic energy is thus equal to the excess 


li IS A- IS.v 


This gives, by integration, 

= - ij (•»' - •’ o) + 7.0 ,, _ jt :7 i 


and therefore t — 


d.v 


Jxi) 

is the time of motion. 




Ex. 6. To examine the energy changes in Ex. 4, S5 '*>3. It is there 
shown that on the stationary side the tensile force at the bight is 
The work done by it in time dt is 
F'or an element of length -hvdt, moving with speed ?;, and therefore 
having kinetic energy lirvdt .v-, is reduced to rest in that time. 

The whole time of motion is as shown in the example. The 

whole energy dissipated at the hight is therefore 

rVufg 

Tlie change of potential energy consists in the transferenco of a 
lengtli I of the chain through a difierence of level 1. The exhaustion 
of potential energy is ther'efore (jgV^, the amovint of kinetic energy 
destroyed at the bight. Since the chain is left fin ally at rest, the 
energy is completely accounted for. The energy dissipated is con- 
verted into heat. 

Ex. 7. Examine in a similar manner the energy changes involved 
in the motion described in Ex. 5, 53. 

78. Kinetic Energies of Motions of Translation and Eotation. 

The kinetic energy of a system can be separated into two 
parts, (1) the kinetic energy of a particle equal in mass to 
the system moving with the velocity of the centroid, and 
(2) the kinetic energy of the motion of the system with 
respect to axes drawn from the centroid and moving with 
it. Denoting as usual the kinetic energy by T, we have 

7= I { (5 + ,ry- + (;^ + yf + (I + zf}], ( 1) 


‘elative to parallel axes drawn irom the centroid as origin, 
thus we have 

T = i-.2 {m{j? + v?*' + P)} + 2 + ^2 + ^ 2 )} 

+x2 {mx) + y ^{viy) + ^ 2 (mi) (2) 

But since x, y, .'S? are the coordinates of a particle relative 
:o the centroid E(mi‘) = S(my)= 2(mi) = 0, and we have 

r= + + (B) 

the theorem stated above. 

In §15 we have dealt with the motion of a particle with 
reference to ^axes revolving as there specified. Let the 
axes be Oxyz and be fixed in a rigid body, turning about 
the fixed point 0. Then the angular speeds about the 
axes O'xyz are co^, Wg, and x, y, ^ a.re zero, since there is 
no motion of the body relative to the axes. We have 
for the speeds relative to fixed axes coinciding with the 
moving axes at the instant 

u — 002 ^ — o)-{y , V = oo^x — - oy^z, iv^wiy — ^ 2 ^” 

The kinetic energy is + and 

i S { ?7^ ( -\-v^ + 'W^) } 

= \ [0)1 S { m {y ^ + } + o)*^ 2{ 77^ ( 3^ + cr-) } + 0)2 E { m {x^ + 2/‘0 } 

— 2o)2C03E(m7/3) — 2co3WiE(m3fr) — 2o)ico2 2(mx2/)]. . ..(4) 

For axes that are called ^nncipal axes (see Chapter IV.), 
2{viyz) = ^(mzx) = '2{mxy) = 0 ; and therefore writing 

rl = y^+z^ rl = z^+x\ Tl=^x^ + y\ 

we have 

i’E { m{u^ + + ^o 2 ) } = H E (mrp + o>2 E (7717*2) + 0)3 S ( 77 i 7 '’ 2 ) } . ( 5 ) 

If the origin 0 be in motion with the body wdth speeds 
Uq, 1 ) 0 , Wq along the fixed axes, we have to increase the 
values of lo, v, %o given above by Uq, v^y %Vq respectively. 
The .student will easily make out what the kinetic energy 
becomes, and verify that if 0 be the centroid of the body, 



(jnjinliiy i ^/( ///;+ /?“ -I- 7 /’“), I.Ik* kiiu^tic (‘-nor^L^y of a particle of 
injiss (M|ual U) tliat of 11 m‘. body and uioving witli the 
(‘.eni^roid. is (;h(^ kin(‘i-ie (Miei'gy of the motion of 

(-ranslatiuii. E(|iiati<)ii (-f) gives the kinetic energy of 
I'otatioiL 

79. Ooiiplos. Eauivaleiice of Couples. Tlie subject of 
(lonples will be fully coiisidiuv^d in tlie chapter on Statics. 
r>ut it is tuu*.e.Hsary t(.) introduce the notion here. If two 
Toriu's he {Mjual in amount but opposite in direction, tiie 
systi'in is cal hid a ron/plr. It possesses the property of 
])r()(lucing about any s))ecifie(l axis a moment which depends 
oil (be diriiction of tlie axis, not on its position in space. 
A c.()n[)l(i lias no lifKict on tli<i acceleration of the centroid 
of a body on wbicli it acts ; it bus no single force resultant, 
and can only bt.i (Mjuililu'attid by tlic action of an equal and 
()j)p()sil;e coujihi, as we sliall now prove. Consider axes of 
■r, //, (hrougb tlui (‘mitiTiid. Lot .r-, 7 /, .c; be the coordinates 
of a ])()int A on tlui liiui of a(*,tion of the force P of the couple 
wliicb is in tlui diriiction giviui by the cosines fx, /3, y, and 
. 1 ;', y\ :/ l)(i a point B on tlui line of action of the other 
Torco. '^riui inonuiiil- ol’ tlui cou])i(i about tlie axis of x is 

lba.t is — — 

l leiKio, only tlui <litr(U'(*.nc(i of (coordinates y y , — z are 

involvcid, not tluiir aJ)Solute vabicis. Similar expressions 
hold for tlie otlnn* two axes, so tliat we have the three 
component luoiiuMits 

i <i.{c-z')-y{x-x'), P{x-x)-CL{v-y')]. 

'I'Ik'ho tii'c to tlic single moment 

+ {r;c(.C - z') - y (.'C-aO}"+ ~ y 

iibout an axis tlie direction-cosines of which are proportional 
to the component moments jnst written, that is about an 
axis at riglit angles to the plane containing the Voices. 
Tlie multiplier of P in this expression for the resultant 


moment is simply the distance between tlie lines in winch 
tlie forces act. F or it can be written 

- {(x{x-x')+ ^{y -y') + y{z-z')Yf, 

where the first term in the brackets is the square of the 
distance AB (Fig. 27), and the second is the square of Bh, 
Tlie component moments are the moments of the couples 
obtained by projecting the two forces in succession on the 
coordinate planes of yz, zx, xy. 

We may therefore regard a couple as a vector defined by 
its moment the product of either force into the 
distance p between the lines of 
action, (2) its “ axis,’’ that is any 
line at right angles to the plane 
of the forces, and drawn towards 
tliat side of the plane on which an 
eye must be situated to see the 
direction of turning positive, that 
is counter clockwise. It thus indi- 
cates the aspect or orientation of 
the plane in which the forces are 
situated. When the axis taken in 
this direction is made as many 
units in length as there are units 
of moment F'p, it represents the 
moment as well as the orientation and direction of turning, 
and thus represents the couple in all respects. 

The moment of a couple about any axis, as already 
noticed, is independent of the actual plane in which the 
forces act; it is also independent of the magnitude of 
the forces, and of their direction, provided the orientation 
of the plane in which they act is given and the moment. 
Thus a couple can be changed from any plane to a parallel 
plane without change of its moment about any axis. 

The rule for finding the resultant of two parallel forces 
gives for a couple a zero resultant, but at the same time 
prescribes for it a line of action at an infinite distance from 
either of the forces. The interpretation of this is the fact, 
already noticed, that a couj)le cannot be balanced except 
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by the action ot a couple oi’ ocpial and opposite luoineiit iu 
the same or in a parallel plane. In fact couples I’epresentecl 
by their axes can be conipounded like forces, as the analysis 
just given indicates. 

Tliis rule can bo experimentally illustrated by a iloating 
stand, on which act couples in dilferent planes, applied by 
strings passing over pulleys and sui^porting weights. 

80. Effective Inertia different in Different Directions. Case 
of a Ship. Consider a rigid body of mass M moving witlioiit rotation 
parallel to a fixed plane. Take axes Oi/ from any origin in that 
])lane, and let rf;, y be the speeds of tbe body parallel to these axes. 
The mornenba of the body in these directioms are Mi., My., and the 
body has angular monienbiiin M{yx — x(j) about an axis of z through 
the origin, since we may regard the body as replaced by a particle of 
mass M situated at the centroid (coordinates .-F, Jj) and moving with 
the velocity (.t, ;//). The time rate of change of this angular momentum 
is M{})r.-x}j), which for the present we shall suppose to be zero, 
through the vanishing of F, j/. 

Now let there be matter set in motion by tlie bod}^ so that the total 
momentum in the direction of Ox is and that in the direction of 
Oif i.s M.^y. Then if we associate these com})oiieiits of momentum with 
the body, we regard it as having inertia in the direction of Ox., and 
a different inertia M.^ in the direction of Oy. The angular momentum 
about the origin is now — where r/ are the coordinates of 

a point, moving with the body, the position of which it is not neces.sary 
for our present purpose to specify. The rate of change of this angular 
momentum (since .r=?y = 0) is = M^^iy., since ^=^5 

y)—y^ and therefore does not depend on rf. 

Or, to put the matter in another way, consider a point A of space 
with which a point B of the body, or moving with the body, coincides 
at time t. By tlie displacement xdt of the body, in an interval 
of time dt, B is carried this distance parallel to\)x from A, and 
angular momentum dt is produced. Similarly angular momentum 
-Mxydt about A is produced by the displacement ydt of the body. 
Thus zero angular momentum is produced on the whole. But if the 
momentum associated with the body be M^x parallel to O.v, and M,,ff 
parallel to Oy, the former gain of angular momentum is M.yjxdt and 
the latter Mylij dt, and there is a gain of angular momentum in dt of 
amount {M^ — M.^)xy dt, that is angular momentum about A is being 
gained at I'ate {M^ — M,)xy, This is independent of the position of A, 
that is it is the same for all points. 


1 iii.s IS wib cuujjie uicib beiKis do turn a snip at rignt angles to its 
M »nrse, and that niiist be counteracted by the rudder, and that actually 
4ft H a ship or plank athwart a stream in which it is allowed to drift. 
A sliip set on a course and left with its helm lashed would be 
■ iiiNtable; the helmsman has continually to preA^ent the ship from 
'ailing off its course, and good steering consists in correcting each 
in iinitesiinal deviation as it arises. For considering an elongated 
iitnly immersed in a medium indefinitely extended in each of the 
H rt'c.tions of motion (so that we are not concerned with reactions 
fruin the boundaries), let the speed x be that of the body in the 
1 1 riu^tion of its length, and 7j be that in a direction at right angles 
1,1 > the length. Let be positive. If either x or y be zero 

L,lin {^oiiple is zero. Let, for example, y be zero. Then 

if iho length be allowed to swerve through the angle <jy from the 
I i rt‘(*tiou GB (Fig. 28) in 
vvhicli the body is moving, 
idtrro will now exist a speed 
I- in the direction of the 
[ongth, and a speed y in 
lIk'. ])erpendicular direction, 
sliown by the arrows, 
iiitl a couple (3f2~Mi)xy in 
[ I HI direction of the curved 
ii»i’ow Avill be exerted on 
l Ihi matter outside the body 
l)iit in motion with it. An 
.*4|ual and oiDposite couple 
i<*ls on the body and tends to turn it so to merease the angle </>, 
Ulint is so as to set its lengtii perpendicular to the course. "When the 
If ngth is athwart the course the couple is again zero, but that called 
Into ])lay by a deviation of the body from that position is now such 
iM In send the body back to it. The body’s position relatively to the 
dii’crbion of motion is therefore one of instability in the first case 
rnd of stability in the second. 

A Hat dish or plate, if let fall in water, or a card let fall in still air, 
Nvilb its plane horizontal, moves doAvn, in stable equilibrium ; if it is 
If 1. fall with its plane vertical, the equilibrium of position in falling 
i.M unstabje. In this case wc must associate i/j with the axial direction, 
■iiid M, with a perpendicular direction, and w^e see that is 

nt'gative, and there is stability in consequence in the first case. 

'rile origin of the couple may be seen in a general Avay as follows. 
i h>iisider a ship advancing with speed x in the direction of its length, 
vihI making leew^ay i/, say to starboard. The bow is continually 
ml vancing with speed x into undisturbed water, Avhich on the starboard 
at the ship, is given .speed y to starboard. Thei^e is thus a 
I'cNirtion thrust on the bow of the vessel in the direction to port. 

81, Why a Ship carries a Weather Helm. We have here the 
cNplanatioii of the fact that a ship generally carries a “weather helm,” 




vosHOl Dll lu'.r (‘.onrsD wiuMi m. wiiul hioWH Jicross a. I'or, as sl.a.lial 
aiioVD, hIu^ iniikes ItMiway, that is ha.s a sjuioil // to liM‘\va.nl, alnii^; witli 
tlia s))i3<mI ill the (liroatioii of lu'.r haiuftli, Jl.cju.’ii, l)y wliat lias Ih'.i'ii 
stated al)<)V(i, the (‘ouplo (il/o - J/i).?'//, on tha W((U‘i\ is in tlm diri^ctiDii 
of the arrow d, in Kijji;. 20, and therefore the n^aet inii-rnuph', which is 
of equal inonient, tends to turn the ship’s head in thi^ diri'.etion of the 
arrow A\ that is to windward, and tins tondeney (to “c^ripid’ as it is 


Mil 



railed) must he eonnteraeted 
hy a couple a])]ilied to the 
ship by means of the rudder. 
Tlie tendency of a ship to 
“fall olF” her course (and 
A thereby convert her forward 
motion into a coniponent J: 
along her length, and another 
f/ at right angles to her 
length), which, as explained 
a,bovo, always exists, is there- 


fore angiueutcd by the ju^tion 
of wind, and the dillieulty of 


Fiu. liU. 


steering is increased. This 


eilect of the wind is consider- 


able when the ship is driven by s;iils, and a steamer using sails as an 
auxiliary soiiietimes gripes so badly, ospeeially with canvnis on the 
after masts, as to make it almost impossible to steer. Thus sails on 
steamers used to be almost entirely conlined to the foremast, and aj’o 
now in large vessels e()in])letely discarded. 

The action here illustrated is of considerable importance as ri'.gards 
the e(iuilil.)rium of submarine vessels, of {uroplanes, and of projcctih's 
thrown from rilled guns. We shall return to it in comuiction with 
some of these practical problems, wlien we shaii consider also tlic 
eilect of rotation of the body. 


EXERCISES II. 

1. Two particles of mass ???, on' are a.ttached to tlie ends of a, 
nniforni inexteiisible cord of length '-If. and mass (r ]jer unit length. 
Tlie cord is passed over a liorizontal peg so that ]>arts of tlie string of 
lengths .r,), 2^ — ay,, carrying 0 }t' respectively, hang vertically side by 
side, wlieii the arrangenieut is left to itself. If there is no friction of 
the cord on the peg and no aiz’-resisfcance, hnd tlie motion. 

At time t let the lengths of the two ]jai‘ts of the cord be .v and 
21 — cV. Hence show that the equations of motion of the two parts are 

^ { (on -1- cr.r) it: } = (on -|- (rai)g - + cra'^, 

^ + (r(2l — a) } a*] =: 7\ — { on' -{-(r(2l — a ) }(/ - (tx\ 

Cut 



wnere i » are Liie Lenaiie lorces ^very nearly equai; in une corn at. 
fclie peg on the two sides. 

Add, multiply by i- and integrate, obtaining 

^ (w + + 2o-<{) = g (/r — .-fu ) {m ~ m' + o- (.r + Sb\^ - 2^) }. 

Verify that the expression on the right is the loss of potential energy 
undergone by the system in the descent of w?. and ascent of in' through 
the distance .r-a;,, so that the gain of kinetic energy is equal to the 
loss of ])ot 0 ntial energy. There is no dissipation of energy in this 
case in the passage of cord from one side to tlie other. 

If (T be so small as to be negligible, we get the equation of motion 
of the masses in an Atwood’s machine, simplilied by the substitution 
of a smooth horizontal peg foi* the pulley over which the cord passes. 
The equation is 

which leads to ^ — ,qx. — ,0 ' 

A more complete account of the theory of Atwood’s machine will be 
found on p. 436. 

2. Two particles A and B of masses 7n and in! are connected by an 
elastic string of negligible mass and of unstretched length which 
exerts a pull on a particle at either extremity which is proportional 
to its elongation. The particles are placed on a hoi'izontal plane at 
a distance d apart, and. the iiarticle A then receives a blow in the 
direction BA, .so that it starts off with initial speed V. Determine 
the motion on the supposition that there is no friction. 

Clearly, the centroid of the system moves in the direction BA with 
uniform speed v, where v — mVI{i\i-{‘i^')‘ When at a distance 
apart, the particles have speeds vA-ni'xj{mA-m!) and v-ind'l{m~]rni% so 
that tlie kinetic energy is \{mA’in')v^A-h{inm'l{inA-rii')}o!^ (§48). If 
the force required to produce unit extension of the sti'ing be k, the 
potential energy stored in the stretched string is \Icx^. The energy 
equation ia , 1 q 

~(m -f m ) + - — ; — + - hA — const. 

Show that tlie equation of motion in ,v is 


mm' 
1)1 -{- in' 


.r+/uvr=0, 


representing simple harmonic motion of period 2Tr^i)im'lk{in-\rin'), 
combined Avith uniform motion of the centroid at speed v. 


3. A horizontal turn-table in the form of a uniform disk is 
mounted on a vertical axis at its centre. The Aveight of the table 
is 280 lbs. Tavo men, each of Aveight 140 lbs., stand at the opposite 
ends of a diameter. Initially the system is at rest. If, uoav, the men 
move round the edge of tlie table in the same direction at the same 
speed, show that when they have gone once round the table, they 
have turned in space through an angle 577 . 


4. A tiu'n-tablB of iiiasH ;]/ rotates sniootlily on a vertical axis at 
its centre, and a iiiiin of mass m, walks on it at a unifonn I’ate n alon,i!; 
a radius, starting from the centre. Show that if tt),> is the initial 
angular velocity of the turn-table, and /; is its radius of gYi’ution 
about the axis, the angular displacement after time t is tan"' (^//y), 
where = 

5. A man weighing m pounds stands on a plane lamina weighing 
M pounds ; the lamina rests on a smooth horizontal ])lane. The man 
walks OJi the lamina so as to describe a closed curve in space enclosing 
an area of A sq. feet : prove that the lamina turns tlirough an angle 
2in{M-{‘m)AjMI radians, where I is the moment of inertia in lb. ft. 
units of the lamina about a vertical axis through its centroid. 

6. A uniform rod OA of mass ???,, turning about a fixed horizontal 
]jivot at one end, falls from the horizontal position. Show tliat if 
R and S are the forces applied the axis to the rod along and at 
right angles to its length at an instant at which the rod is inclined 
at an angle 6 to the vertical {R inward, and S in direction of 
increasing d\ 

/? = §• mg cos 9 ) ^ = — J 'ing sin 

If the rod starts from the upright position, ]jrove that 
/2== -1- 5 cos 6) \ S— — I mg sin 6. 

[The equations of motion are, if the length of the I’od be 2^, 

— mld=R-^7yig sin 6, mlQ'^ = A — mg cos (?, — sin 6.] 

7. A particle moves with uniform angular speed about a fixed 
point under the action of forces whose resultant is always at right 
angles to the radius- vector from the point ; show that the equation to 
the path is of the form r—ac^ -p 6e - 

and find an expression for the force at any point. 

8. A particle is acted on by a force always parallel to the axis 
of //, and proportional to the square of the radius of curvature of the 
path at the point ; show that if the pai’bicle move parallel to the 
.V axis at (0, h)^ the equation of the path is of the form 

y- 6 = alog ^sec’^y 

9. A circular disk of radius a is fixed on a smooth horizontal 
table and a heavy particle resting on the table is attached by a string 
to a fixed point on the circumference of the disk. Initially the string 
is straight and lies along a radius of the disk produced. Its length is 
half the circumference. The particle is projected with velocity V in a 
direction perpendicular to the stiing. Show that the string will just 
have been all wrapped round the disk when a time F has elapsed. 

10. A heavy uniform chain of length I and weight W is held 
vertically with one end in contact wnth a horizontal table, and is then 
let jro. Show that the force exerted UDon the table increases fmru 


])oi‘fcion f)i the ohn.m Jias just leit the table the sj^eed is wliere 

/ is the length of the chain. 

12. A flexible cliain of mass cr per unit length falls vertical!}^ and 
Hti’ikoH a horizontal plane. Show that the initial force exerted on the 
plane is cry-, where v is the velocity of the chain at the instant of 
striking. 

13. The cable of a ship is coiled on the deck and the free end passes 
through a hawse-hole in the ship’s side at a vertical height h above 
the (joiled cable. An anchor of mass equal to that of a length I of 
the cliain is hung at the free end. If the anchor be released, show 
(neglecting the large resistances at the hawse-hole, etc.), that after 
falling a distance a: in air it will acquire a speed v given by 

v\l+k+.v)^= j •2ff{{l+.vf-k^}d.v. 

[Tence show that if l = 9.k the anchor falls with uniform acceleration ^/3. 

14. A length k of a uniform chain of length Z-f /• and mass per unit 
length m is coiled at the edge of a smooth table, and the length I 
liangs over the edge. Show that the energy dissipated by the time 
the chain leaves the table is 

15. A smooth circular cylinder is fixed with its axis horizontal and 
vertically over the edge of a table, on which a length a of a uniform 
chain, of length I and mass ml, is coiled ; the chain passes over the 
cylinder and lias its free end on a level with the table. Prove that if 
this end be slightly displaced downwards, the amount of energy 
dissipated by the time the chain leaves the table is \mga?IL 

16. A uniform chain of length I and weight W is placed on a line 
of greatest slope of a smooth plane of inclination a. to the horizontal 
so that it just reaches the bottom of the plane, where there is a sn]all 
smooth ])eg over which it can run off. Show that when a length cc 
has run oft’, the stretching force at the bottom of the plane is 

W{\ - sin cl).v{1 - .t’)/Z2. 

17. A uniform chain AB is held stretched in a vertical plane. If 
the end .1 is released, and at the instant at which it passes B the end 
B is released, prove that the chain becomes straight after an interval 
equal to three-quarters of the time in which A fell to B. 

18. Two scale-pans, each of mass m, are supported by a thread of 
negligilDle mass ]DaRsing over a smooth pulley, and a uniform chain 
of mas.s 2??^ and length I is held, by its upper end, above one of 
the scale-pans, so that it just reaches the pan. If the upper end 



oi line cniun is reieasea, snow 1.1111,^ Lne wnoie ciuun pues up upon wie 
pan in time \liy>llgy 

19. A massless string is coiled round a rough uniform solid cylinder 

whose axis is hori/.ontal ; the cylinder has mass M and radius o, 
and can turn freely about its axis. To the fi'ee end of the string is 
attached a uniform chain of mass m and length 1. If the chain 
is gathered up close and then let go, prove that the angle 0 turned 
through by the cylinder in a time t before the chain is fully stretched 
satisfies the equation = - aO)'^. [The moment of inertia 

of the cylinder about its axis is 

20. A jet of liquid of density d issues liorizontally from a tank 

which can slide on a horizontal surface. If the velocity of the issuing 
liquid in space is /d, and that of the tank in the opposite direction is 
and A is the area of cross-section of the jet, show that the force 
applied by the jet to the tank is [Ex. 2, p. 93.] 

21. A horizontal water wheel rotates on a vertical axis ; ib is fed by 
water which enters the wheel after descending a distance h from rest 
and escapes tangentially to the perimeter at outlets symmetrically 
arranged round it. Show that if v is the speed of the esca])ing 
water, the ratio of the energy expended in useful work to the total 
energy expended is 1 - 

Prove also that if u is the speed of the perimeter of the wheel, 

V'^ + 2dUd. -1- 2?^^ = 2^4. 

22. A cylindrical jet of liquid, A square feet in cross-section, issues 
from an orifice in a vessel. If the pressui’e of the water within the 
vessel at the level of the orifice exceeds that of the atmosphere by 
P pounds per square foot, and the density be p lbs. per cubic foot, 
show that 

(1) the flow in lbs. per second = /l ; 

(2) the momentum which issues in i seconds = 29'il PdJ Ik/js. 

Supposing the liquid to be water, and tlie jet to have a cross- 

sectional area of 3 squai*e inches, and the pressure to be 50 pounds 
per square inch, find the horizontal force acting upon the vessel. 

23. A uniform rod, of length 2a and weight tv, is lield at an 
angle to the vertical with its lower end in contact with a smooth 
horizontal plane, and is then let go. 

Prove that when the rod makes an angle 6 with the vertical, 

, ] V ^2 _ 6g(coB«-- COS0) 

^ ^ «(H-3sin^i9) ’ 

(2) the reaction on the plane is 

?r(4-h 3 cos*-^^ — 6 cos 6 cos ol) 

[Moment of inertia of the rod about an axis through its centre 
at right angles to its length = and about a parallel axis through 
one eiid = 4?ra2/3.] 



jLvvu [jcii ui juriaa v/t tuiu ui iiru ail iiiemabiu 

string of negligible mass and length a. The particle of mass m is 
placed in a sriiootli horizontal groove, and wlien the string is 
straightened out along the groove, the second particle is projected 
at right angles to the string and groove along a smooth horizontal 
table with velocity V, Show that the particle m oscillates throiigli a 
space and that if m be large compared with m' the 

periodic time is 27rff(l --m74??i)/ 

25. The potential energy of a particle of unit mass is given by 

the equation 2 r=/x(.r- + 4y"')- = :t=0, ?/ = 0, ij~u when <1=0, 

show that the path of the particle is given by u\v^{x^ — d^) 

26. A heavy uniform rod, OA, rotates in a vertical plane about tbe 
end 0. It is required to find at what point of tlie rod the tendency 
to break is greatest. 

Let 0A—2a, AF^^h^ and S denote the components of the 
resultant force at P along and at right angles 
to the rod, and L the couple tending to break ^ 
the rod at the point (Fig. 30). If C, C' be 
centroids of OA^ PA respectively, we have 

OC'^’^a-h. 

Resolving along and perpendicular to the I’od, 
we obtain 

T=m^^{g cos 0+(2«-- 6)^^}, 

S = ~ '! 9 sin ^ + (2a - 6) & f, 
and taking moments about G\ we find 

L=Sh+\m-m. 

3 a 

Now, f^via? 0— -'inga ^in and therefore ^—^g{coii,0 — CQ^a)la^ 
where a is the value of 0 when ^ = 0. Substituting for 0 and in 
the equations for L, we find 

T~- mq - [cos — — - (cos 9 - cos ol)}, 

66^ 2 a ^ 



^ 1 & 36 - 2a . ^ 

= - m.q sin 9, 

4 a a ’ 


It will be observed that S and L are independent of a, and hence 
do not depend on the initial conditions. 

Where L is a maximum, we have dLjdh = 0, that is 362~2a6 = 0, that 
is 6 = ?ja. 



CHAPTER III. 


DYNAMIC>S OF A PARTICLE. 

82. Rectilinear Motion of a Particle in Resisting Medium. 
We now proceed to work out some of the more simple of 
the soluble problems of dynamics, and take first the case 
of a single particle moving under various simple conditions. 
A separate chapter will be devoted to the motion of a 
particle under force directed to a fixed centre. 

Hardly any tiling can be added here to what is said 
in 21-24 above regarding unresisted motion under 
gravitational force constant in amount and direction, or in 
§§32-40 regarding simple harmonic motion. We shall, 
however, on account of its practical importance, consider 
somewhat fully the motion of a particle under a force 
constant in amount and direction, and a resistance in the 
line of motion, exerted by the medium in which the particle 
moves and depending on the speed. It will be convenient 
as fixing the ideas to take as the field of force that of 
uniformly directed gravity, but it is to be understood that 
the results obtained hold for other fields of force, and 
not merely for particles but for bodies of considerable 
extension in space. In the first place we shall deal with 
motion restricted to a single vertical, and here it will be 
understood that the motion considered is only an analogue 
of many others that occur in practice. For example, as we 
shall see, a body let fall under gravity in a resisting medium, 
undergoes acceleration until a certain limiting speed is 
attained, at which the accelerating action of gravity is 
balanced by the resistance of the medium. So a ship 
movina: throuHi the water, or a railway train moving 
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at wliicli the propelling action of sails or engine is jnst 
balanced by the resistance experienced; and the speed is 
nniform. Again, when the engines of a ship, whicli 
is moving forward at any speed, are stopped and reversed, 
we have an analogue of the case in wliich a body is 
projected upward with given speed, and so is subjected 
while its upwaixl motion endures to the combined retarding 
action of gravity and resistance. Both the action of the 
propeller and the resistance tend to stop the vessel, and 
it is brought mo}*e quickly to rest than if either acted 
alone. The passage from the particular gravitational cases 
which we consider to their analogues will be immediate ; 
it will be necessary only to substitute for the value of g 
in the equations given below the acceleration which the 
propelling action would produce in the unresisted body. 

83. Limiting Speed in Resisting Medium. It is found in 
practice that at a given speed bodies of the same shape, 
and oriented in the same way with respect to the direction 
of motion, experience resistance proportional to the squares 
of their corresponding dimensions, if they are completely 
immersed in the medium. This leads to the coiiclusion 
that the resistance of the medium is proportional to the 
superficial area of the body. For projectiles this conclusion 
is founded on many experiments : those of Newton, who, in 
16rS7, let fall spherical shells of glass filled with different 
materials and of different diameters from the dome of 
St. Paubs Catliedral; those made by Hutton, in 1775, with 
a Robins ballistic pendulum lax’ge enough to receive cannon 
balls of different diameters ; and those of Bashforth, made 
in 1865-70 and 1878-79, on projectiles from rifled ordnance, 
with an accurate clironograph which enabled the instants 
at which screens placed across the range of the projectile 
were pierced to be determined. 

It is found, however*, that' no simple law connects resist- 
ance with speed. At low speeds the resistance may be 
taken as simply proportional to the speed ; that this is the 
case is proved by the fact tliat tlie range of motion of a 
simple pendulum falls off by the same fraction of its amount 
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a definite value. But at higli speeds the resistance i 
more rapidly with the speed, and may require a 
like av’^hv^+cv^, witli difierent values of* a, b,cm 
cases, and even at difierent parts of the course of 1 
projectile, to completely express it. 

If the resistance offered to motion is proport 
some power n of the speed, that is, is expressed 
per unit mass of the body, so that is tlie rt^.t 

produced, the limiting speed is where k is a c« 

depending on tlie shape and size of the body, and 
acceleration which the propelling force acting aloi 
give the body. For we iiave (/ — kv‘^^ = 0 at tlie 
speed, and denoting this value of v by L, we have 


as stated. 



If the law of resistance is a mixed one, for ox 
tlie retardation is k^v + k^^^ at speed v, the expre 
the limiting speed is more complicated. We have 


-p k-^Jj — (Jj 

a quadratic e(|uation for L. One root is positive, i 
negative ; and only the positive root is applicable. 


L-^ 


K 

‘2k, 


+ 





which reduces to 'Jij/k^ when = 0, and approxima 
and more closely wdthout limit to cj/k^ as i.s di: 
towards zero. 

We can easily prove that for a body of give 
and density, L is less the smaller the body’s dir 
For the resisting force varies as the surface of t 
and the retardation it produces inversely as the 
the body. If, then, I bo a representative dimen 
p the density of the body, we see that we mi 

for a given medium, retardation = 

a coefficient. If L he the value of the speed ii 


(4) 


tliis is e(jual to a given acceleration g, we liave 

= a or L^=g^l, 

that is the smaller I the smaller is L. If a given force act 
on the body, the unresisted acceleration g will be inversely 
as pl/\ and so will be proportional to If the force, 
as in the case of bodies falling under gravity, is so pro- 
portioned as to give for all bodies when unresisted by the 
medium the same acceleration g, then the circumstances 
are as in (4), and the limiting speed is smaller the smaller 
the density of a body of given size, and the smaller the 
dimensions of a body of given density. For n == 2, and 
bodies of the same material, L varies as Jl, which is 
Froude’s law of the limiting speeds of vessels of different 
dimensions moving through water. 

We have examples of this limiting speed in the fall of 
rain-drops of different sizes (small shot let fall from an 
equal lieight would reach the ground with a much greater 
speed), in the almost imperceptible descent of the minute 
drops of water in a mist, or of minute particles mixed up 
ill a turbid liquid. In this also we have the explanation of 
the persistence of the gorgeous sunsets, due to the existence 
of very fine dust in the atmosphere, -which were seen for a 
long time after the Krakatao eruption in 1883. 

The law that the limiting speed for similar bodies of 
different dimensions varies as the sijuare roots of the 
corresponding linear dimensions, when the resistance is 
proportional to tlie S(|uare of the speed, is applicable to 
the motion of vessels whether completely or partially 
immersed. For it is proved by experiment that the chief 
part of the resistance to the motion is in that case due to 
friction exerted on the wetted surface of the vessel, and 
varying according to the law stated. 

Taking, then, different vessels of similar design moving 
at their limiting speeds when the forces applied are, 
according to equation (4), such as to give them when 
unresisted the same acceleration (denoted by g above), 
that is the forces are proportional to the displacement 
tonnage, and therefore the coal burned per ton-mile is 



the same lor all. iriut the toimaiije is proportional to tlie 
cube of a cliosen linear diiriension, and therefore, reasoning* 
from a model to a full-sized vessel of given tonnage or of 
given speetl, we lind first the limiting speed or the tonnage, 
as the case may be, from that for the model ; then we see 
that since the tonnage is in proportion to the sixtli power 
of the speed, the power provided will have to be increased 
in proportion to the tonnage and the speed conjointly, 
that is to the seventh power of tlie speed. The h.p. per ton 
for any other speed will then be proportional to that speed. 

Ex. 1. Apply this rule to the calculation of the prn])er tonnage 
and power of a 25-knot steamer from the data (given hy Sir (}eorgt5 
(ireenhill, /Votes a?/. Di/nainics, § 29) afforded by a steauKU’ 500 feet 
length, 12000 tons displacement, and 15000 ii.r. for a .speed of 20 knots. 

Increasing the tonnage in proportion to the sixth power a.nd the 
rr.r. in proportion to tlie seventh power of tlie speed giv^es 

Tonnage = 12000(5 - 45777, Hor.se-power = 1 5000 (5 )' =71500. 

The actual tonnage of the Lusitania is 42000 and the li.r. 72000. 

Ex. 2. Wliat .speed, assuming tlie same proportions, ought to have 
Ticen attained bj" tlie G^'eai Eastern^ the lengtli of wiiicli wa.s 080 feet 
(tonnage 321 GO) and li.r. 11000. 

If the Great Eastern and the vessel here taken as a standard were 
on the same model, the tonnage of the former would he r30000. The 
.speed of the Great Eastern with n.r. corresponding to this tonnage 
would be 20 n/G80/506 = 23'34, in knots, and the ti.p. would be about 
44000. For llOOO ii.r. therefore the speed of the Great Eastern 
should be given in knots b}'' </ll00O/440O0 . 23 '34 = 1 4’7, nearly. For 
the resistances are proportional to the squares of the speeds, and the 
rates of working, therefore, to the cubes of the speeds. It i.s matter 
of history that the vessel made from 14 to 15 knots under full power. 

Ex. 3. If the expenditure of coal on a steamer carrying troops vary 
as the cube of the speed, show that the most economical voyage is 
that which makes the coal hill equal to half the aiiiomit of the other 
running expenses. Eiscu.ss also the case of a freight and passengei* 
steamer. 

Let E denote the total expenses of a voyage, D the whole distance 
from port to port, v the distance run per da}^ ; then the cost of coal 
per day is Cv'\ where C is a constant, and the total coal hill is CDv^, 
since the run takes Djr days. If the rest of the running expenses 
be It per day, we liave E—VDii^-^'RDjw 

Hence ^ = 

av V- 

and this vanishes, that is jE' is a minimum, when Ov^ — RI^. 



Ir the cost or coal per day were (Jv% we should have tor greater 
economy 

I^or a steamer carrying freight and passengers, the question c 
economy is a somewhat ditfereut one. As a rule, liners have thei 
fixed times of sailing, so that a certain interval must elapse hetwee 
the hegininng of one trip and the beginning of the next, and a certai 
part of that interval is required for discharging cargo and reloading 
If then the arrangement is possible within the time allowed, th 
ex])enses of the •voyage will be a niiiiirnum if the coal bill is made equc 
to half the amount of the other expenses, 

Ex. 4. The following interesting comparison is suggested by Si 
George Greeiihill {Notes on Dynamics). Detei’niine the longest nor 
losing voyage of a steamer — the Sii'ins of 1838— of 700 tons capacit 
for coal and cargo wlien freight is OTd/ton-mile, supjDosing the steame 
to go at 8 knots on 20 tons/day of coal, costing 12s. per ton, an 
allowing £20 a day for wages, repairs, depreciation, etc. Compai 
this with a modern steamer of 5600 tons, going at 12 knots o 
50 tons/day of coal. 

The steamer travels 192 nautical miles per day, and therefore, : 
the lengtli of tlie voyage be D nautical miles, the voyage lasts Dj\d 
days. The coal bill is 5Z)/4, in shillings, and the remainder of th 
expenses amounts to 400Z)/192, also in shillings. Hence, we have 

700 - 20 ^ i) + 400 


if the voyage is to be as long as possible without loss. Hence 

7 )= 522 ^ = 2880 , 


about the distance from England to America. The time taken i 
15 days. 

For the modern cargo steamer, if w^e take the coal at 18.'?. per tor 
and the daily expenses as eight times the former amount, we get • 


and therefore 


5600-50 


D 


JDA. 
288/ 120 

112080 

50 


_50>^ n . D 

“ ■ "288 288 

= 22416. 


Tire voyage occupies 77*8 days, and is neai4y equal in lengt 
to the earth’s circumference. The coal put on board is taken n 
3890 tons, and the vessel carries 1710 tons of cargo. Of course 
reserve of coal must be carried in any actual case, and the ves.sel ca 
coal at stations. The comparison is, however, very remarkable. 


84. Resistance varying as n^^ Power of Speed. Discussioi 
In the following rliscns.sion it will be sufficient, in view c 
what has been stated above as to the analogy of other casei 
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to consider the motion oF a body in a resisting inodiiim and 
under the action oE unitoriuly diiHicted gravity. In tlie 
iirst place, we shall suppose the niotion restricted to a 

vertical line. ^ , • i i 

Let s denote distance upward from a point at whicli the 
particle is projected with upward speed V ; then if v be 
the upward speed at time t, 
dv_ (Iv 
dt 3s 




( 1 ) 


vlierc R is the resistance per unit mass of the medium, 
^e suppose that R is of the form kiP\ where ih is a positive 
teger. In that case, 


dv 

di 




•C^) 


The distance ds travelled upward in the interval oF time 
dt is 1 ) dt. Hence, Ave have the ditlerential equation- — the 
same, in fact, as tliat just written : 




.(:3) 


Wo shall generally, in wliat follows, Avrite 'lo for v/L, 
where L is the limiting speed (§H3), so tliat the equations 
of upward motion (2) and (8) can noAV be written, 


0 ,u -H rl 

~L^ I +«’■*’ “ 1 + 


(4) 


To find the time and distance of ascent from the instant 
of projection with speed aL— V*, to that at which the speed 
has been diminished to bL, we have to find the integrals 
of (4) between the limits h and a. Thus, if t and be the 
time and distance specified, we have 

, Lc^ dw nd%b ... 

<=7Ai+„- "=7).W (5) 

If V L throup'liout the motion f which is here sunnosed 
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For the time T and distance H to the turning point, we 
L p dn •:!££¥ 

'^■Jo 1+'"'’^’ ~9'Jol+^''’‘ 


T-- 


( 6 ) 


It is interesting to take the case of infinite upward speed 
of projection. Then 


ryJo g]^ 


' %b dtL 

g Jo 1+'?^’''* 

Now, it can be proved (see Gibson’s Calculus, §175) that 


r^ocP''^dx 

Jo 1 


TT 

sinpTr’ 


if 0 <p < 1. 


On the left write for x and take p — 1 jn, so that if 
> 1 the condition as to p is fulfilled, and we have 


r du 
j 0 1 ■f' 


1 rx2^-^ 

— dx. 
72/ Jo 1 ’{‘X 


Again, it* we take p = 2/ii, the condition as to the value 
of p is satisfied if n i> 2, and we obtain 

p udu r^x^~^dx TT 
Jo l^Jo l~+x "^li/sinyiTT* 

Thus we obtain for infinite speed of upward projection on 
tlie conditions stated as to the value of n, 


T= 


L 


g . TT' 
?z,sin — 
n 




TJ 


IT 


g . 27r 
n sin — 
n 


•( 7 ) 


If u he very great, we have 

(7r/i7/)/sin(7r/u) = 1, irjn sin(27r/n/) = 

and then gT=L, 2gH—L^, that is T is tlie time in which a 
body let fall in an unresisting medium from rest would 
gain tlie limiting speed L, and H is the distance which the 
body would fall in the same time. 

The student may imagine that the finite values of T 
and H obtained here for the annulment of an infinite 



is correspoiidin^li^ly great, and so tlie particle i« b 
rest in a finite time and space. 

It is to be observed that it* 'll be even, tlie «i 
expression will not change with that of i 
that we cannot find an integral in any such case 
apply without alteration to both upward and < 
motion. For, in the ascending motion, both y am 
to retard the particle. On the other hand, whei'i t' 
is descending, g acts to increase the downward sp 
fry’*' acts to diminish it. The downward accelerant' 
g--kv'^\ Tims if kv'^ changes sign with v, the O' 
motion, as written in (2) or (3), wdll apply to loo' 
and downward motion, so that the limits a and h 
be anywhere on the whole course of the motio 
however, n is even, we must integrate for the 
motion up to the turning point, and then integrate 
for the downward motion, after reversing the sig 
So far we have mainly considered the motion ; 
If it is downward, and n is even, we write, 
convenience now v as positive downward, 



chi 

1 — ' 26 ’^' 


, u dll 

dz — — 


9 1 - 


-u"' 


so that integrating from F/X = a to vlL=^b, we g 


If F=0 initially, and finally v = L, these give 
dw i-p iidu 

where T and H denote the time and distance 
downward from rest until the limiting speed L 


85. Motion under Eesistance varying as v. Wen 

very shortly, the special cases of ? 2 ,= 1, ?i = 2 and = 

When n — \ we have, by (5) of § 84, the equation 



for the time t from the instant of projection upward 
V=aL to that at which the speed has become hL, The c 


of the particle from tJie point of projection in tlie interval t is given 
also by (5) of § 84, that is 

y [‘'"iidu , , 1-f-a 1 f7 ^ 

i'/= j, 1-4:7^ - V 

In the present case, since n is odd, the dilierential equations apply 
to both the upward and the downward motion, so that we may 
supp(5he the motion to have been changed in the interval from the 
upward to the downward direction, or to have been wholly down- 
ward, that is we may sii])p()se hL negative, or both hL and aL 
negative. If a is positive and h negative, that is if the initial speed 
is upward and the liiial speed downward, z is nob the whole distance 
travelled ; to find that we liaA^e to calculate the upward distance and 
the downward distance separately and add their numerical values 
together. 

The time of ascent T to the turning point is got by making 6 = 0, 
in (1). j T r A. V 

r=|log(l-i-a)=|log^+-^- (3) 

The distance from the point of projection to the highest point is 

+«)}=!' (x-log -X'") 0) 

If the initial upAvard speed be Z, the equations become 

r=^log,2, X=^'(l-log„2) (5) 

U O 

Equation (2) shows that if ;j = 0, so that aL is the u})ward speed, 
V say, and bL the downward speed V' of return, at a given point, 
then the time occupied in the motion is given by 

; 

that is it is equal to the time in which gravity Avould produce in 
a body falling from rest in a non-resisting medium the speed F-f- V'. 
Of course if k were zero, the value of t would be 2 Vjg for the same 
speed of upward projection. The speeds V and V' are by (1), (2) and 
(6) in the relation y, y, / + F 

— /-='°srrr- 

86. Resistance varying as V" Now let n = 2. Here we have 
to deal with the upward and downward motions separately. For 
tlie upward mobioii, we have 

, du 

g ^ g 1 + ^’ 

so that «= I' (tan-' a -tan-'?)), 

foi’ initial speed aL and final speed hL. 


( 1 ) 

( 2 ) 
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The time of ascent and distance to the hij^host poiiil, ai’ii thus 

r=^au-i; (=^) 

Foi‘ the downward motion we take i) as positive downwaj’d mid 
obtain 


dt~ 


Tj dih L [ (in 


(J 1 ~U^ ^f/A 1 +74 

y;-' d 


dn \ 
T*-'a/ 




(J 1 — 76 - 


2f/ da 


{log(l 


(■'■') 


Hence, integrating from the limit a for the initial point to limit h 
for the iiiial point, we get 




=£''>« «o 


If the initial speed be zero and the final be hL^ these ecj nations give 

(T) 


, L, 1+6 


L\ 1 


Hence, if the terminal speed L be the final speed, tliat is if 6 1, 

the values of t and z are both infinite. 


87, Resistance varying as v'^ Finally, we take the oase of 
resistance /{a;’k Here the downward motion need not be seiiarab’d 
from the upward. Taking v and z positive upward, with J^-uf/i^ so 
that L is the limiting speed, 
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du, 

1 + 74^’ 


dz — 


ndu. 

(J i +74*’ 
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Hence, if a be the initial and h the final value of 74, 





0^74 

1+74'” 


A- r" u du 
9 .'4 


(ii) 


Now, by splitting 1/(1 +74*’) into partial fractions, it may be verified 
that the integrands break np into differentials as follows : 

2 

dll _1 du _ 1 274- 1 , ‘1_ 

l + 74» 3 1+"74 G 74^-74+1 ^ , (3) 

74 - - ) +1 
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The reader may work out the different speeial cases. Some results 
will be found in the examples. 


88. Examples on Eesisted Motion in a Vertical Line. 

1. If M — prove that if the upward speed of projection be the 
limiting speed A the distance travelled fi'orn the instant of projection 
until the downward speed is V is 7^{T.y- Ti\ where '1\ is the time 
occupied in tliis passage, and 7\ is tlie time in which gi’avity would 
change the speed of an unresisted falling body from V upwards to L 
downwards. 

% Verify by expansion of the logs in (1) and (2), § 85, that these 
equations give the ordinaiy equations of unresisted motion when 
/t'=0. 

3. vSliow that if =2, and L be the speed of projection upward, the 
time of ascent to the highest point is ^irLlg. 

4. Show that if ?i = 2, and a particle be projected upward with any 
given initial speed, the speeds I’’ and V' of the particle when at 
the vsame point in its ascent and descent fullii the equation 

I 1 

P'2 U' 

5. Show that if the earth wei’e a sphere of uniform density, 
and did not rotate, a particle dropped at the surface into a tunnel 
extending right through the earth along a diameter, w'ould,if unresisted, 
move with simple harmonic motion in the period of a simple pendulum 
vibrating with bob at the surface and of length equal to the earth’s 
radius. [It is to be understood that the particle would be attracted 
towards the centre in each position with a force proportional to 
the whole mass contained in the sphere, concentric with the earth, 
oil which the particle is situated, and inversely pi-oportional to the 


7. Pmvo tliab in Uio cjiho of msistaiK’o the time T and 
distance II bo the highest point wlieii the speed of pi-ojeetioii is Z, are 
respectively 




and that tlierefore 


//+Zr= 


27r 

’vlT’ 

8. Show that the time from a given point of projection to the 
highest point and back again is, for I’esistance kv'\ 

t- ta,.-. A (« - 1) - u,,-. -L ( 6 - 1) 1 1 ) 

.<7 n/3\ \ 1 z \ 2/ v/3 \ 2/J (73 ^(l + ?;)^((a--c6+ J) 

89, Examples of Rectilinear Motion under Gravity. 

Ex. 1. A particle slides down an inclined plane along the line of 
greatest slope, and is resisted by friction ; to find the motion. 

Let 6 be the inclination of the line of motion to the horizontal, 
/x=:tana. the coefficient of friction, s the distance travelled at any 
time fi’om a chosen oi’igin 0 within the 
range of the particle^s motion. The equation 
of motion is 

dh 

-^=^(sin6>-/xcos 9) 

sec a sin {6 - a) (1) 

But dhldt'^^v dvjds^ and therefore 

dv • /zj \ 

'y sec OL sm {6 -cl). 

Integrating, we get 

secasin(^-a), (2) 

which, if tlie particle start from rest at 0, 
becomes a sin (^ - a.) (3) 

In Fig. 31, OF is *•, OAf is in the vertical 
plane of OP, and inclined at the angle cl to 
the vertical OHK^ lIIPK is also a, so that lHPO is 6 — cl. Hence, 
0J/=5sin(^ — ol) and 0^=5 sec a. sin — Thus equations (2) and 
(3) become respective!}'- 



= 2,7 . Oil, V* = 2/7 . OH. 


(4) 


kinetic energy is \mv^ — \7nv"^ = mg . OB. The loss of kinetic energy 
clue to friction is mg . ///c, and is greater the farther P is from II. 

Ex. 2. Sliow that if the figure in last example be made to turn 
about so that IIP traces out a right circular cone of semi-vertical 

angle — a, the gai 2 i of kinetic energy is the same by whatever 

straight line the pai’ticle descends from 0 to the surface of the cone. 

Ex. 3. A piece of machinery, e.g. a clock, is driven by a weight 
.sliding down an inclined plane OP. Show that the efficiency of the 
arrangement (the ratio of the energy yielded for useful \voi'k by 
the weight, in one descent, to the energy spent in I’aising it from 
P to 0) IS OEjOL (Fig. 31). 

Ex. 4. From the equation of motio]i in Ex. 1 .show tliat 
r “ !»,) 4- sec a. si 11 ( (9 - a.), 
s^v^t -1- l^g^^ sec OL sin (6^ - a). 

Show that if in the circle 0PM (Fig. 32), 
of which OM is the diameter, the lines 
(9 A", OJ^ be drawn inclined at the angles 
cc and hir-O respectively to the vertical p 
OK., and OK be taken to represent 
OM will represent sec a, and OP, 

■} 2 gi^^Qcc^'&i\\{ 0 -(P ) and that therefore 
the time of descent, from rest at 0, 
along any chord OP of the circle on the 
side of OK remote from the centre, is 
the same as that along the vertical Fig. 32. 

chord OK. 

Ex. 5. If the particle sliding along the chord is resisted also by 
the air directly as the speed, show that the equation of motion is 

'ii~g sec a sin (^ - ot.) - As*, 

where is a constant, and that, therefore, if the particle start from 
^ s —gt sec CL .sin (^ - a) - h, 

and 5=JySecasin(^-a)(^^ + e“^*^-l) ; 

so that, for a constant value of t, this value of ,s is represented by the 
lengths of the chords of the circle in Fig. 32, drawn from 0 on the 
side of OK remote from the centre. 



Ex. G. 
reduces to 


Prove that for k~0, the equation for .s in the last example 
s = lg{^ sec a sin ( ^ - a). 


circle (Fig. 33), wliore KO is a vertical (‘.horcl, drawn to the lower oiul 
of a diameter inclined to tlio vertical at the angle of friction rx., th(‘. 
time of descent is the same for all chords on the same side of hO as 
FO, and equal to that for KO, 

Ex. 8. A particle slides down an inclined plane, uiuhjr a I’csistanci^ 
per unit mass; yn'twe that if the ])article start from r(?st tlm dis- 
tance .9 described and the spt^ed v ac(]uired in time t satis! y the 
equations ^ 

'i(t ~ a “ u — p.~'^ ^ 

^ ^//7 ^ e + li " ’ 

and that therefore = 

where sin (j. 


P 




Ex. 9. To find the straight line of quickest descent in a vertical 
plane from a given point P to a given curve in tlie plane, a circle 
is drawn so that P is the highest point of tlio circle, and the cir(fi(^ 
touches the given curve in a point Q. Prove that the chord PQ 
is a line of rjuickest de.scent if the circle has external contact with 
the curve, and a line of slowest descent if the contact is internal 
(Fig. 34). 

Ex. 10. Show that the chord PQ of the cii’cle in Ex. 9 bisects 
the angle between the normal to the curve at Q and tlie vertical. 

Ex, 11. Show that if the particle have its motion resisted by friction, 
the construction in Ex. 9 is to be modified by drawing the cii'cle 
to touch a line througli P inclined to the horizontal at the angle 
of friction, and to touch the given curve. The chord is then 
the required line of descent. 
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90. S.H.M. Motion of a Simple Pendulum. The equation 
o£ motion of a vibrating particle is easily established. If 
its mass be m and its displacement along a straight line 
from tlie position of equilibrium be x, a force of amount 
— is applied to the particle by the spring or other 
agent, which tends to restore the particle to tlie ec[ni librium 
position. Thus we have, since mx is the rate of growth of 
tlie particle's momentum, 

mx = — • 

or x + n^x = 0 (1) 

tlie equation dealt with in § 33 above. 

For motion of the same kind, but resisted by a force 
vikx proportional to the speed of motion, tlie equation is 

mx — — mkx — mn^x 

or X -p kx "p O' XX = 0 (2) 

The complete solutions of equations (1) and (2) have been 
found in 33, 43 above, and the value of x exhibited in 
equations (7) of these sections as a function of the interval 
of time t from a chosen epoch of reckoning, and 
tlie displacement and speed at that epoch. 

The vibratory motion of a spiral spring has been 
considered in 51. Wo take here as another 
example the motion of a simple pendulum, that is 
a pendulum composed of a massive particle called 
the bob, and suspended from a fixed point by a 
thin unstretchable string, the mass of whicli may 
be neglected. Let m denote the mass of the bob 
and t the length of the string, and let the motion 
be in one vortical plane. If 6 be the deflection of 
the thread from the vertical at time t, it is clear 
from Fig. 35 that the component force along the 
arc in which the bob moves is mg sin 9, directed 
inward towards tlie middle no.sition : if the arc be verv 



Vlg 

Fig. 35. 


0+1 () = 0 ( 4 ) 

wliich is immediately intograble in the form 

0 = yl cos(^^^^^ + oc), (5J 

where A and a are constants. Or we. may ^Yvite it 

0 = cos { G) 

Vf 


where 0^, are tlie angular deflection from tlie middle 
position and angular speed of the pendulum, at time i = {). 
Thus 6 clxanges simple-harmonically in period T, given by 

2’ = 27r^J 0 ) 

If the more exact equation (3) be considered, it will l)e 
obvious at once that while the motion is oscillatory, it is 
not simple-harmonic ; for the factor 6 of the second teri]i 
in (4) is replaced by sin 0. Since sin 6 < 0, it is clear 
that the acceleration falls short for each value of 0 of tlxat 
required for simple-harmonic motion, and that therefore 
the period of an oscillation for a finite amjxlitude is greater 
than that of an oscillation of small amp)litude. 


91. Motion of a Simple Pendulum in a Finite Arc. 
Elliptic Integrals. The yjrublem of a simple ])eiiduluni vibrating 
ill a circular arc is essentially that of a particle moving without 
friction on a concave circular ring with its plane vertical, or along the 
interior of a guide tube bent into a vertical circle. For if I denote 
the radius of the circular path, and 6 the angular deflection of the 
radius from the lowest position, the equation of motion in both cases 
is (;^) above. We find the period in this case by calculating the time, 
T say, taken by tlie particle to move along the circle from the lowest 
jio.sition to rest at any extreme angular displacement 0o* The wliole 
period is then 4t. 

Multiplying the equation by 0 and integrating, we get 

^ 0"= - Jf sin 0 rf0 ='| cos 0+ C, 

where 6Ms con.stant. Now, when 0=00, 0 = 0, so that G= -gcosOJl. 



and 


(3) 


1 

dO ^ 9 \/2(cos B — cos 


and therefore 


T = 


a/! 

-/o \/2 (cos <9 — cos ft) 


w 


Writing now sin-J^ — sin Ift sin c/j, (5) 

we have =: 2 sin ^ ft cos r/> ^sin^cjy, (k — sin ft), and when 

0 = 0, (/i = 0, ; wiicn ^= ft, f/i = 7r/2. Also the substitution just used 
gi vas l/\^2(cos 6^ - cos ft) = 1/(2 sin ^ft cos </:>), so that we have, writing 
n for V^y//, ?^/^ = l/2 sin ^ftcos «/>, or 

(9=2?i sin Jftcos c/> (6) 

But by (5), cos -^B . 6^=2 siu -Jftcos cj } . ft and tlierefor*e by (6) we get 

cji — ncos^B (7) 

Also, we obtain instead of (2) and (3), 


dt 


and 


dcji Vl — /;‘'^sin^</) 

/•I dcj, 

nr— I -7=:r-^==^.- = A, 

ft 


,( 8 ) 


,.(9) 


The integral K is called the co^nplete elliptic integral of the first kind ; 
h is called its modulus and 7r/2 its amplitude. The time t from the 
lowest position of the pendulum to that for any deflection B is given 
in the same way by 

dcj> 


Qlt = 


f 

Jo 


\/l —Psm^cf) 


= ft, (10) 


where F{k, ^)) is called an elliptic integral of the first kind, of modidiis 
k and amplitude (j}. The time for any arc from (/^=ft to = say, 
is thus given by 

n(t^-t^) = F{k, ft)-i^(ft ft) (11) 

It is clear from (8) that if h (that is sin ift) is very small, we have 
r=\Tvslljg and T=2TTslllg, the result already obtained in §90. 


92. Motion of a Particle in a Vertical Circle. Elliptic 
Functions. If the pendulum start from rest from a position making 
an angle ft with the downAvard vertical, the force toward the centre 
applied by the cord is at any time thereafter, when the deflection 
fi’om the downward vertical is B, m^^^+m^cosft or by (2) of §91, 
977,5^(3 cos ^-2 cos ft). At the end of a swing ^=ft, and the pull is 
then w^^cosft, Avhich is negative if ft>7r/2. But if instead of a bob 
suspended by a string Ave have a particle moving in a guiding tube, 
bent into a circle, in a vertical plane and of radius I, the amplitude 
G.n. L 


may have any value from 0 up to tt. If there be no frietion between 
tiio tube and the particle, the equations of §91 apply to the motion, 
and the force F applied by the guide to the particle m given by 

p = mg (3 COB (9 - 2 cos ^o) ^ ) 

If the particle start with speed Vq from the position at distaiH'.o W^) 
along the circle from the lowest point, then at dolhuition 0 the Hpe.e(l v 
is given by v^-Vi^ = 2gt{coH 0 -coh Oq), and is then given by the 
equation 

P= mgCS cos 6^ — 2 cos 6^(,) vi ^ (2) 

Hence, if tlie particle goes completely round the circle, we have when 
P=wt^(-3-2cos + therefore if the mine of P h 

not to cJiango sign^ we must have ?>;; >r/(^(3 + 2 cos 6^o), and so if 

If this condition bo fulfilled, the particle may he sns])onded 
° ‘ by a string. 

The reaction on the sn])])ort 
is equal and op])osite to tlie 
force P on the parbic-ile. 

The amplitude (/> is th(', angle 
DOQ in Tig. 3(1, where J* n>])re- 
senbs the position of the parti(!le 
at time t. The cii’cle APB is 
drawn with radius I, is tho 
initial position of the particle, 
(7Po is horizontal, 0 is the 
higliest point of the smaller 
circle, which has diameter BO. 
DP is drawn through P hori- 
zontally and intersects the 
smaller circle in Q. Then 
lDCQ is (/), as we shall prove. 
For join dP, OP. Then 
LBOP^^e, lBAP^ W, 

Fig. 3G. LOAPo=hO^^. 

By the diagram, GB = 21 sin" h , 
and therefore (7Z)=2?sin‘*^ i6*ocos^z.i?(7(^. But also 

CD -=1- AC A- OD — 1 — 21 cos‘^^P() -h I cos 9 — 21 (cos^| 9 - cos- i 9^). 
Equating these two values of Cf) and reducing, we obtain 
sin ^9q sin lBGQ = sin 1 9. 

Hence LBGQ — cj>. 

Also k — ^mlb^ — GPJAP^^. If we write = b P is called the 

co-modulus, and is therefore represented by ACIAPq. 

Tlie construction in Fig. 36 replaces the turning of OP, with 
angular speed by the turning of CQ with angular speed cf> [see 
emiatinns fn"! and fdV S 91 1 and the motion of P bv that of O. (.) 
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starts from 0 when P starts from Po) coincides with P at B. If 
the particle just goes completely round in the guiding tube, that- 
is if P<, is infinitely near to Aj tlie smaller and larger circles coincide, 
and d = 7r, so that k — \. 

Thus t is a function of c/^ given by (9), §91, or nt is the function 
F{Ic^ (/)) of Jc and </>. Conversely, (/> is a function of nt and called, 
an 1ms been stated, the amplitude of 7it. If tlien we write n for nt^ 
we have (/>=am?t to modulus k, and sin <^ = sin ann^, or, as it is usual 
now to write, sin (/) = sna. We als o writ e cos(/>=cn?fc. 

We liave f/c/j/f^7t = damw/ci?w==\/l — /i,‘‘-^sin^cjt, and write this diMt. 

cifsn?^ , doxiii T 

— cn u cl n ?/., — = — sn dn % | 


k^m\()Cos6 d6 
vl -/i;'^sin^</) du 


The functions sn7C, cn?/., dn?^, are called the elliptic functwiv^ of %. 
They are iisually approached from the point of view of functions of 
a complex variable. But the dynamical introduction is in.structive. 
[C'Jf. GreenhilPs IClUptic Fmictwn^?[ 

In the penduhini motion we have sin -^^=I*sn?i, co.s-J^9=dn?^, 

DP— A Pi sir/ h 0 cos \d — 21 k sn u dn it ~ BP^ sn u cn u. 

Also DQ — BO sin c/> cos (/> = BO sn u cn u. 

But BG—2l^\i\^\^0^^ = 2W^j so that also DQ — 2lF^\\iic\\u. 


Th us DQjDP — BCIBP^^— k cn ?i/ dn ?c . 


When the amplitude of oscillation is very small we may take k as 
zero, and we have then u — F{k, = that is sn?/.— sin?^, cii?t — cos?/ : 
the elliptic function becomes the ordinary circidar function. At the 
other extreme, when the particle just goes completely round the 


circle, A’ = l, and 

= rS ^ ItSI = cosb-' (sec i,), 


and so, for c/)=7r/2, t is infinite, 

Tlio integrals K and F can be calculated easily by expanding 

(1 - ^;2sin2 </))"- by the binomial theorem, and integrating term by 
term. This proceeding is legitimate (since /r<l and the series are 
convergent), and yields for r the equation 



The first two terms of this series form an approximation sufficient 
for inanv nurnoscs. This auDroximation can be arrived at directiv 



penocl. Xne time required lor tiiiR ik inhinte ; lor a range, liowever, 
of h0^)^ from a deilcction of 89" on one side to 89" on tlie other, tlie 
time re(]nirod is 8*8 times that required for a very small swing from 
one side of the vertical to the other. Values for other amplitudes 
can bo obtained from the following short table : 



K 

i0. 

K 

hd. 

K 


K 

0" 

1 -r^yOcS 

r,” 

1*5738 

15° 

1-5981 

50" 

1*9356 

1 

5709 

6 

r>7r)i 

20 

6200 

60 

2*1565 

2 

5713 

8 

riTSf) 

25 

0490 

70 

2*5046 

3 

5719 

10 

r)828 

30 

6858 

80 

3*1534 

4 

5727 

12 

5882 

40 

7868 

90 

00 


It is worth noticing that (7) of 91 shows tliat the period always 
lies between the limits '^Trjn and Stt sec For the angular speed 

of Q about O' in Fig. 36 is 2</^, and the equation shows that 
27i>2(j) >2n 

and the same inequality holds for the mean angular sjieed of Q. 
Hence <!Period < 27r sec 0q/7i. 

93. Eevolution of Particle in Vertical Circle. Now let 

the particle in the circular guiding tube be making complete 
revolutions under gravity. Here we may have given the time of 
revolution and be required to find the speed of the particle at any 
position and the time of describing any part of the circle, or we may 
have given the speed at top or bottom of the given circle and be 
required to find the period of revolution, the speed at any point, and 
the time of describing aii}^ part of the circle. If the speed at to]3 
of the circle is known, that at the bottom is also known, and vicevarm. 
For since the speed v along the circle when tlie thread makes an angle 
$ with the vertical is we have 

dV y . ^ dO 



or v^==2glcofi 6 + 0, (2) 

where C is a constant. Thus if Vj be the speed at the lowest point 
(^ = 0), we have 0=Vj-2gL 

Hence -cos 0), (3) 




§g92, 93, 94] EXAMPLES ON MOTION IN VERTICAL CIRCLE. 165 


and tluia at the highest point, where say, 

vl==v\-igl, (4) 

HO that we must have, for the motion to be possible, > igl. 

Now 1 - cos ^=2sin2<j(>, if = and therefore 

= -y® — 4^^ sin^ c/j (5) 

Thus, since v^dsjdt^ldOjdt^ we get 

<^'1’ (6) 

Now it is here known that Agllv\<l^ and thus if we write 
P = 4^t7'^“ we get for the time from the lowest point to tlie inclination 

L N/i-Fsiii'^'~^^^'’ 

The time for any arc, from (^=(j[)i to <^ = <^25 say, is thus 
97 

(8) 


and, by (11) of §91, stands in the constant ratio to the time 

of describing the corresponding arc in the oscillatory motion in a 
vertical circle of the same radius. 

Again, from the lowest point to the highest, the time t is given by 


r 

~^1 Jo 


rfi- ' 

'\/l —0ain^(f> ' 


The table in § 92 may he used to obtain numerical values in jjar- 
ticular cases. 

If the speed at the highest point be zero, VJ=^/4(/l and /c = l ; the 
value of T is infinite, as we have already seen. Since £ere 

\/l -/j2sin-(/) = cos c/), 

the integral ■^Jd(^/cos(f)J can be found for any limits 0 and a, if 
OL < IT 12, by ordinary integration. 


94. Examples on Motion in a Vertical Circle. 

Ex. 1. P is a point on a vertical circle of which AB (readinsr 



inultM’ ;4;nivil-y //in Uu' lirKt cii'cln wil.li spiMul (Imv («> //, iJinn will 
movn in (.lin simioikI (urnUias svould a |)iirli«‘l(' mnltn’ f^ravit.y //. AV/“/ii, U/-' 
wiUl K|)(‘l'.(l (llK^ lo ///. 

IC.x. % 'l\vr> viM’Uciil (urnh'H Unn^li oiin aiioMnu' a(. Unn’r IowchI. 
poinU. /> (<h(^ point of (-oiitiu'.t and d //, /IV/aro t-ln^ cnincldmi, 

dianiot.(n’M, of wliioh A' li lias l.ln? jL^roalor hni^l.h. A liiu^ pcn’p^MHlionlnr 
to Ui(^ voi’tical (lianHsUn* n.uU Uh'. oiroh's in l\ P'. Show* l.bn,(. if P 
inovn iind(‘.r ^navity // wibli spiaal dn(< l-o its vt'rtb'id dirt(.!Un'o from A\ 
tlnni /*' osrU/.tttvH in* Uit'. lar^ni’ c.irnlc^ willi t in'. sp(MMl duci t(» its vort itail 
distanco from A and /^n*avity //. A* IP/ A IP. 

Kx. 3. ri’ov(i that if two ])art.i(*l(^H la^ pi'oj(*ft«'d from (.ln^ vsann^ 
])oint witlj tlu^ sanni sp(‘(‘,d Jind in tin', sann'. dir(M:l,ion, but. at ilillbrcnt 
limes, alon/j; a na.n‘ow c.iri'nlai* tube, in wldnb tln\v move', witbout 
frieti(n), ami whieb has its piano vertii^a.!, tln^ liin‘. joining; tbein always 
toindnis a lixed (nn;lo. 


Kx. 4. 4 j) lind tlie eondition lba.t a (tarria.j^o may “hiop t-ln^ loop,’^ 

fcliat is pass i'o\nul a vortieal cireUi-.'^v e.iirve, and to (ind live reaftion 
on the guide. 

Itegarding tin*, earriago as a |)iU’ti<4i^, wi* sm*. fiNun bii, tbal. a 
particle attaclnnl to a <*ord lixial to l,h(^ cenl-re of tbi^ cii'ch' will 
(uxort outward pul) on the (toi'd at the higlu^sl, point of t-lu* ein-li', 
if tlio value of v-/r extusul //, wlierci •/> is tlu^ h^xuhI at tin* highest. 
])oint, and r is the I’adius of the eireh^. .but if tlu^ s])(M'.d is a.e- 
(juired by tlio des(;ont of the particle from a starting platform, as 
is customary in “looping the loo])” a]>paratrus, r must Ikj tlu'. sjjccul 
acupiired by a ]jarticU^ in falling from tin*, levt4 of tlu^ nlatforin to that 
of the to[) of tlio circle, that is if tln^ diileriuice of levels lie />, we must, 
liave — "2//4, so that the least possible valium of the “head” A is r/'i. 
The head mu.st be greattu’ than r/2 to a HuHieient extent to allow for 
lo.sH of hoiul caused by friction and the resistama^ of tlu^ air. 

If tile curve traversed liy the earriage is not a eir(;le, then r is t.lu' 
radius of the (urcle of (uirvahuro at tln^ higlu^st ])oint. Propiuly, 
in the case of a (‘arriage, we ought to tak(? the eui’vo for wliieli tfu^ 
liead is reckoned at dillbront ])nintH as that in whit;h the emitroid 
of the carriage moves, and in so doing we sluuild still neghu-t l.he 
rotation of the wheels. 

The eipiation of energy of the body moving in the gravitational 

^ 

where o is the height of the shirting Itn'cl abovi^ the lev(d of tlu'. origin 
from which tlie vertical distance // is measured downward. Thus, for 
two distances//, //, the energy eijuation Ix'coines 

■I mv- - -1 7}}v'- ?»//(// “■ //)• 

The reaction against the ])atli, P say, is given by the eipiation 


where ^jr is the inclination of the normal to the curve at F to the 
vertical, as in Fig. 37. Thus li is zero if = gr cosi and the carriage 
will leave the jjath in its upward journey at the point where this 
condition is fnlhlled. 

W e can write the last equation in the form 

R _2?/ — rcos^ 
mg~~ r ' ’ 

where g is the head IIP required for the speed v. We then have 
F0=9\ 2IP=r cos and R vanishes when FM—’^HP 


H. 




When the track is a circle, we see again that for the highest point 
to be reached 2y must be greater than r. At the lowest point of the 
circle cos'^= — 1, and so Rlmg={2g-{-r)lr. But if at the highest 
point 2y>r, at the lowest point 2y +?•>?’ + 4?’ + ?*, that is (2;y+r)/r>6. 
The reaction of the track on the carriage is thus greater than 6 times 
its weight. 

If tlie carriage be running on the convex side of a curve in a vertical 
plane, as in Fig. 38, the equation of normal force is 

--- =::77ig cos^ - R, 

or with the same notation as before 

R _ rcos\lr~2f/ 
mg^ r 

Thus R will vanish if rcos‘\/r = 2y, and will become negative if 
rcos-xjr <2g, and the carriage can then only be kept on the track 
by a guard-rail. The figure gives r — FC, MF=rcos-[jrj and if 
J/iV=2?/, Rlmg~NPjFG~ APjPM. Thus R, will change sign if MN 
becomes greater than MP, and the carriage will leave the track unless 
prevented by a guard-rail. 


By the last example we have as the condition to he fullilled 'w-— 
that is 32x50, oi' 'y = 4l), that is the limiting speed is 40 ft. /hoc., 
or 27-27 m./h. The apparent failure of the steering gear may no 
doubt be aometimes explained in this way. The car running at a 
high rate of speed passes over a convex part of the road of con- 
siderable curvature, and the wheels lose their grip of the surface. 


95, EoLuilihrium of a Plummet under Gravity. Apparent 
and Real Gravity. A plummet P is hung by a cord of 
length I from a point fixed relatively to the earth : to iind 
the effect of the earth’s rotation. We suppose the earth 
(Fig. 39) to be a .sphere of radius R attracting the plummet 

at P in the direction to- 
wardvS the centre G “with 
a force G per unit mass. 
- 7 i^Rcosi The plummet is in rela- 
tive equilibrium, and is 
therefore carried rouncl 
with the angular speed of 
the earth in a circle of 
radius R cos L, where L is 
the geocentric latitude of 
P, that is the angle PGE. 
Tlie plummet is under 
acceleration n^R cos L to- 
wards the centre of the 
circle in which it moves, 
and for this a force 
mn^ R cos L is recpiir ed. 
This is supplied by the 
force of gravity m(?, which acts towards U\ so that we 
must conceive mG as resolved into two components, one 
mn^R cos L towards i¥, and another mg in a direction PD, 
to be determined, and of such amount that with the ffi*st 
component the resultant is mg, PD is clearly the direction 
of the cord which supports the plummet. 

The sides of the triangle PCD are in the directions of 
the three forces, and are therefore of lengths proportional 
to the numerical values of the forces. We thus have 



ii.^GFDjwiLFGI) = {n^RmBL)lg, But lPGD^L, and 
lerefore ^ 27 ? 

sinz.OPi) = ^^sin 2L ( 1 ) 


If, in Fig. 39, n^R be represented by CQ, then DQ 
3 pvesents n^R sin P, and DR represents n^R sin L cos L or 
7 h-Rsm 2 L. If the figure were draAvn to scale and GP 
rere taken to represent G, GQ would, as we sliall see 
resen tly, be only 1/17 of GP. 

The direction PD is that of apparent gravity < 7 , and is 
he line of the plummet-cord. The angle GPD is the 
.eviation of the plumb-line from the true direction of 
ravity, the direction of G, or, what is the same thing, 
he excess of the geographical latitude PDE as shown by 
he inclination of the plumb-line (or the normal to a 
Lorizontal mercury surface) to the plane of the equator, 
fver the geocentric latitude L. The acceleration of a 
)article moving freely under gravity is G ; the excess of 
his over g, and the dificrence of direction, are however 

0 small that for many purposes, for example an elementary 
liscussion of the flight of projectiles, they may be neglected. 

If the earth were not rotating, the plummet at P would 
)e held at rest by a force mn^R cos L, applied outwards 
it P in the direction MP (Fig. 39), without alteration of 
-he direction of the plumb-line, or of the two forces, mG 
,owards G and the pull of the cord mg outwards in the 
lirection DP actually applied to the bob. It is often 
ionvenient to put aside the rotation in this way, and 
consider equilibrium as produced by the introduction of 

1 force acting outward, which is then called the centrifugal 
:orce. 

The value of n^R cos L is greatest at the equator, and 
tve have in f./s.^ units. 


n?R 




27r 

■ V86400/ 


21xlO« = Tll. 


Phis is about 1/289 part of the value of G at the equator, 
rnd therefore, since 289 = 17^ the speed of the earth’s 
rotation would have to be increased to 17 times its present 
amount in order that the force of p:ravitv miMit be all 


employed in giving fclio iiocoHMary ccmbre-ward a(‘,C(dcraU<)n 
to ])odie8 at the e([uat()r carried round 1)y tlio eartln 
Gravity would then be apparently z(iro. 

In the latitude oi* Glasgow, '/r/icoH./. is only slightly 
more than ‘0G2 (I./h.-), and (JPD is about 5^ minutes ol* a,ngd(‘. 

96. Plummet in Railway Carriage. Apparent Gravity. A 
plummet is lumg in a railway carriage whi(di^ is subjt'.e.ti'.d 
to acceleration. Tlui position oi’ (Mpiilibriuin ()i tin', 
plummet-cord is not al(jng tlu^ real vei’tical, Imt is incliiu'.d 
to it at an angle depending cui the ace.c'.hvnition. ^ li tln^ 
carriage were running uniL’ormly the (Mjnilibrivnn direction^ 
oi* the . plummet would be vertical; but in . the cas(». ol 
acceleration there is inclination oF tlu'. cord, so that l-h(‘- 
del'lcction of tlie plummet is in the opposite dir('.etit)n tt> 
that of the acceleration (sec Fig. 40). Backward deiUiction 



Fig. 40. 


accompanies forward acceleration in the line of motion, 
forward dellection accompanies retardation, outward d(^- 
Ilection accompanies motion of the carriage round a curves. 
Tlie position of ecpiilibrium is tliat in which the pull 
exerted by the cord on tlie bob is just tliat re(|uired to givi'. 
it the acceleration of the carriage ; and if disturbed From 
that position the plummet will oscillate as a pendulum about 
it, under a directive force of apparent gravity, dilfei-ing 
from the real force of gravity in a manner similar to ibat 
in whicli r/ was found in the last section to diftbr from Fr. 

Let a be the equilibrium inclination of the pendulum 
to the vertical when the acceleration of the carriage is o, 
and let P be the pull exerted by the cord on the plummet- 
bob. Then we liave 

ma = P sin oc , m-g = P cos a , 

tan a = P = m.\J (p + u/-. 

<1 


so that 


( 1 ) 



If the plummet is divsplaced from this position throiigh 
an additional angle 0 — a in the plane of a, so that the 
inclination to the vertical is now Q, its motion relatively 
to the carriage (that is the motion apparent to an observer 
in the carriage who takes no. cognisance of objects external 
to it) can be found in the following manner. The hori- 
zontal acceleration of the carriage in the direction taken as 
[Positive (the line of motion forward say) is a; if the 
acceleration of the plummet in that direction be x, its 
acceleration relatively to the carriage is x — ti. If P be the 
pull applied to the bob by the cord and the deflection be 6, 
we have mx — P sin 6, and therefore m{{i) — a) = P sin Q — ma. 
The upward vertical acceleration ij is given by 

my = P cos 0 — mg. 

Thus by Fig. 40, taking the angle the cord there makes 
with the vertical as 0, we have 

mZ0 = — (P vsin 0 — ma) cos 0 + (P cos 0 — mg) sin 0 
or ld= — (r/sin 0 — acos 0) (2) 


But we have seen that if a is the equilibrium inclination 
of the threacb we have tt=^tana. Hence (1) may be 
written r/ . 

dP. cos a ^ ^ ^ 


Thus, if 0 — a be small, the motion relative to the carriage 
is one of sim[)le-harmonic oscillation of the plummet about 
the inclination a. The period is given by 


gjQo^aJ 


(4) 


that is, the period is that of a pendulum of len gth I 
oscillating under the effective gravity ^/cos a = 
or, as it may be otherwise put, it is the period of a 
pendulum of length I cos oc, under gravity g. If the 
plummet were deflected slightly sideways from the plane 
of oi,, it would oscillate about that plane in the same 
period 2x\/i cos a/( 7 . 

If the carriage be going round a curve so that the bob 
moves in a circle of radius li at uniform sneed v, the 



plmimiot is ill o(}uilil)rmiri at each iiiHbaut in th<.^ vcnM.ic.al 
piano throngli tlic c(3utrc oF tlio curv(3 and Iho pninC of 
HiuspeiiHion, whon inclinoci outward at tlio anglo 

rx = tan“^(/;7,7/'')* 

For the accel( 3 ration rx. is in tlii.s ease', toward tlu^ tunitrc', oT 
tho curve and in v-jR, ho tliat ])(Mi(hiluin 

ir disturbed in tills plane OHcillatcs about tlio inclination 
fx in the period 

r-27r 

which, as can easily be seen, is also the period of a small 
transverse oscillation. 

Gravity in tho carriage thus S( 3 oms to have alte.re<l iji 
direction by tho angle a, and to be increased in inUmsiiy 
in the ratio \/l + a-/(J^ to 1. 

97. Cycloidal Motion. Cycloidal Pendulum. Oonsidm’ now 
motion in a cycloid wliich lias its plane vertical aiid tbe 
tangent at its vertex horizontal. The curve is that tr{iC(Ml 
out by a point P (Fig. 4d) of a circle (I’adius a, say) as l,h(‘. 
circle is rolled without sliding — that is so that tlie cemtre 

of the circle advance ‘s a 
distance aO when tlu', circli^ 
is turned tlirongli an anghi 
6 in iis own plane— along 
a liorizontal liiui A II I f 
tlio circle make inort', lhan 
one turn the iioiut ti‘ac(ss out, 
successive cycloids whi<*h 
meet in cusps, for exam])l(^ 
at A and B, for tlie niov(?- 
inent of the point P is tlunn 
away from or towards the base AB, and the succ( 3 ssiv(^ 
cycloids have common vertical tangents. Tlio point I of 
the circle is at the instant at rest, and therefore tlio - 
extremity P of IP, regarded as turning about /, is tracing 
out an element of the curve. It is easy to show that the 
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if </>== lAIP. Hence the arc AP has length 4a(l — cos^), 
and the distance of P from the vertex V is 4a cos 0, tliat 
ia s = 4acos (j) [see Giteon's Oalmlus, § 146]. 

How let a guiding tube in the form and position of the 
cjT^cloid in Fig. 3(S be provided, and let a particle be placed 
on it at rest in any position Pq. If, as we suppose, there 
bo no friction, the force of gravity along the tube is 
(i 08 (j), and acts towards the lowest point. We have 
, tli'ereforo 

— cos ( 1 ) 

The particle will therefore swing from the position P^ to 
anotlxer at the same distance from the vertex on the other 
side, in time irsl^ajif. The wliole period will be 27 rV 4 a/^; 
that is the period is equal to that of a simple pendulum 
of length 4a (r^riiF) vibrating through an infinitesimal 
arc. 

If we differentiate .s’ = 4acoS(j6, we get for the speed, 
,v= — 4asinf/>. (j}\ and for the accel citation, 

— 4a cos cj ) . </? — 4a sin 0 . (2) 

Hence we see by (1) that the motion under gravity along 
the cycloidal guide from cusp to cusp is one in which 0 has 
the constant value N/^/4a, which again gives the period 
2irsl^aj(j> The value of s is here initially — 4a0^= — r/, and 
remains — 4a cos 0 . 0^= —//cos 0 throughout the motion. 
Since 0 is constant the value of s is, in the case stated, 
everywhere proportional to sin 0, whex*e 0 is the angle 
which the normal to the curve malces with the horizontal. 
This, as we shall see jpi-'esently, is an important charac- 
teristic of the motion. It sliows (since == 2^j/, where y 
is the vertical distance through which the particle has 
fallen along the guide from rest) that the sine of the angle 
which the normal to the curve makes with the horizontal 
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the reader may verify by the integration of (1), by the 
equation , g co.sV„ -co.s^0 

^ sinV ^ ^ 

wliicli when (j)o = 0, that is when Pq is at a cusp, gives 
(p — s/g/4}a as stated above. 

A cycloidal pendulum may be realised in the following 
manner. The evolute of a cycloid consists of the lialves 
of an equal cycloid placed as shown in Fig. 41 [cf. Gibson’s 
Ccdculus, §146]. Hence if a simple pendulum of length 
4a be made, and be hung from the c\isp of contact of the 
two halves of the evolute (supposed made as material 
cycloidal clieeks, with the end of the string clamped 
between them at K (Fig. 41)), and be made to vibrate, 
the string will at first be wound upon tlio clieek on one 
side, will then unwind itself from that '^ide, next wind 
itself on tlie other cheek, tlien unwind itself, and so on, 
while the bob moves in an equal cycloid. The motion 
of the bob, as the student will easily see, is exactly that of 
the particle in the cycloidal tube discussed above, and the 
period, whatever the amplitude may be, is 

In tlie consfcviiction of such a penduhnii the cycloidal cheeks should 
be made with exactness. Their form is often quite incorrect, especially 
near the cusp. The length of the pendulum is adjusted by making 
the string longer than 4<:<, and pulling it tlirough between the clamp- 
ing surfaces, until the bob just reaches to the extremity of one of the 
cheeks on which the string is wound. It is instructive to hang a 
circular pendulum of the same length alongside the other, and vibrate 
them together ; when it will be seen that the circular pendulum lags 
behind the cycloidal for large arcs of vibration. 

98. Tautochronous Motion. The discussion, just given, of 
motion along a cycloid, and the theory of simple-harmonic 
motion, set foiTh in §§32-34 above, illustrate the fact tliat 
the condition s = is sufficient to ensure that the same 

time will be taken by a particle to move along any path 
from rest in any initial position .s = .5q, to a point of arrival 


I 

. I 


1 


\ 


1A.X vjii uaic jjursiuiuii ui Olltj pUji l/iClt;. 

The force must clearly be .towards the point of arrival 0: 
let it be /(.s). We have dv—f{s) dt ; and therefore 

vdv= — /(s)6k 

Tims, 7 ;^= ^2\y(s)ds:==2{F{s,)^F(s,)}, (1) 

j So 

if 'i?! be the speed at distance and 

“““ 

and if t be the time of motion of the particle from s = Sj to 
s = 0, we get 1 p 

^■“V2JoVJri)^^) 

Now let s==So76, and the last ecpiation becomes 

V2JoVi''(«„)-i^(v^y ^ ^ 

which for taiatochronism must be independent of Sq. 

*We have 

JL - uF'(s^u)} . 

A V 2 J 0 2{Jf'(so)-Jf'(vO}^' 

and in order that drjds^ may vanish, we get the condition 
2i?’(So) - = 2F{Sf,u) - SgicF'is^u), 

that is 2F(s) = 8F\s) 

throughout the motion. Thus we get, by integration, 
F(s)^Cs^ 

that is r(s) = 20s=:^f(s). 

The force f(s) is thus proportional to a. 


Ex. 1. If the motion of the particle is resisted by a force 
proportional to the speed, the motion is still tautochronoiis. 

The equation of motion is 

If in this we write s=ue~^^^^j we get for the transformed equation 
u+{n- ~ lk^)u—0. 



Ex. 2. If a particle move along a catenary [equation, 

y — 4 ^ 

under a force at each point propoi'tional to the ordinate ?y, and in the 
direction of y decreasing, tlie motion is tautochroiious for the point of 
ordinate c, as point of arrival. 

Let the force be nhj. Then the coupon ent toward the point of 
arrival is n^y clyj els— ii^ysjy~n% where s is the distance of the pai’ticle 
at the instant considered from the point of arrival. The proposition is 
therefore proved. By tlie last example, it also liolds when a resi.stance 
proportional to the speed also acts on the particle, and the time of 
passage is given by an equation similar to that at the end of Ex. 1. 

Ex. 3. A particle is constrained to move in an equiangular sjhral 
while acted on by a central force towards the pole of the spiral of 
amount ?iV, where r is the length of the radius- vector. The component 
of force along the si^iral is 76*^9’ cos </>, if c/> be the constant angle which 
the radius-vector makes with the tangent. Blit the distance 5, along 
the curve from the pole, of the point to which the radius- vector is r is 
rlcos(p. Hence the component force along the spiral is nhcoi^^cl}, 
which is proportional to s. The motion is therefore tautochroiious, 
and the taiitochronism, as before, is unaffected by a resistance 
proportional to the speed. The time also is found as liefore. 

Ex. 4. Show that a particle moving in an epicycloid or hypocycloid 
under a central force from or towards the centre of the fixed circle, 
and proportional to the distance from that point, arrives at the 
equilibrium position in the same time from any starting point. [The 
equation of the curve is where A and .5 are constants, and 

s is the distance along the curve from the equilibrium position of the 
point at distance r from the centre of force.] 

Ex. 5. If tlie equation of motion of a particle bei*=/(i, s\ wliere f 
is a homogeneous function of s and s of the first degree, the time from 
rest at any distance s — Sq to the point of arrival 5=0 has the same 
value. 

Consider two initial distances Sq, Sq, and let Sq — ksq. Since / is 
homogeneous and of the first degree, the substitution of ks for s gives 
/{s', s') = Kf{s, s). Hence the equation s' = f{y, s') is converted by this 
substitution into s — f{s, s), the equation for the other motion. One 
motion therefore differs from the other only in the scale of s, which 
is in one k times what it is in the other. If the two motions were 
started at the same instant, we should liave at any subsequent instant 
s' — Ks^ and s and s' would vanish together. If s=(jj{t, A, B), where 


\S/ 


For r^js we write %ff{u), and tlie equation becomes 

The last two terms, it is to be noticed, form a lioniogeneous function 
of the first degree in % and/(?i). 

The motion begins when w=0, and ends when f(^u)—Q, For ii—Q 
when 6’=(), and since s=uslf{u\ we see that, as 5 is not zero when 
s = 0, slf{n) cannot vanish when s = 0. Thus, when s— 0, we have 
f{u) = Q\ that is at the point of arrival /('?^) = 0. 

It will be observed that the equation just found may be written in 


the form 




7(m1 




For instead of f{u) we may write f{u)IC^ where G is any constant ; 
and it is obvious that C cannot appear in the first and last terms. 

TJie theorem stated in tins example is due to Lagrange {M^moires de 
Berlin^ 1765, 1770). The proof here given is a version of that due to 
Bertrand {Lionvillds Jomiial^ xii. 1847). It is shown by Bertrand 
that the equation states a sufficient but not necessary condition of 
taiitochronous motion. 


Ex. 7. If the equation of motion is 
dv^ 0 , 

where p and q are given functions of s, prove that the condition of 
fcautochronism is pq + '^.dqjds — const 
We have here dv^lds= ~2s—pv‘^-}‘q. Thus, by the second form of 
Lagrange’s equation given in Ex. 6, we get, putting ic—s, 

But p and q are functions of s only. We can write f(s)F{s/f(s)} in 
the form A.^+Bf{s\ and in the present case Thus we get for 

the second of the equations just written and its derivative, 

Substitution from these in the first equation gives 

W + 2^= const., 

M 


G.D. 



as stated above, 
point of arrival, 
condition becomes 


HerCj as generally above, s is measured from the 
If s is measured in the opposite direction, the 

pg — 2“ — const. 


It may be proved that this constant is positive. 

Ex. 8. If the particle be constrained to move along a given path 
and be subject to resistance 2/<v+/<V- : to find the force P along the 
path at each point which will make the motion tautochronous. 

We here suppose v to be the speed along the path towards the point 
of ari'ival, so that if s be measured from that point v= -dsjdt. The 
equation of motion is 

at 

Now putting dsjdt for v and multiplying by e-'c's, we get 
— c - k'b - = Pe - 

that is if u=-e~>^'ss^ jPe 0. 

The particle will therefore arrive at the point n=0 in the same 
time, whatever the initial value of u may be, if - Pe-*^'^ — nhtj where 7i^ 
is real and positive. But ^ 

K ’ 

and so if n and $ begin together, Ave have C~ — 1/k'. Thus 

« = — 1 ) 

K 

an d P~'^-\{e><-'^-\\ 

K ' 

This theorem is due to Euler. The reader will notice that P lias 
the value 7ih if k' be vanishingly small, the result obtained above 
for zero resistance. We infer from this that the term 2i<v in the 
resistance does not affect the tautochronism under the law of force 
found for zero resistance. 

It is supposed here that > k^, and the time from the initial 
values of u and s to the point of arrival is the smallest positive root 
of the equation 

in which it is to be noticed that /<' does not appear. On the other 
hand the coefficient fc has no influence on the value of the force P. 
The first of these curious i-esults is noticed by Laplace {I'ldcanique 
Geleste^ t. i. p. 35], who also remarks that the value of the time of 
passage would not be altered if terms /c + /c"V + . . . Avere added to 
the resistance. 

The discussion here giAmn is a version of Eouth’s modification of 
Laplace’s process for the case of the resisted motion of a particle 
under gravity. [Laplace, loc. cit^ Routln El, Rigid Dipiamics^ § 492.] 


I 
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gravity we get, measuring z downwards, 
dz ^ 

-9^.= 


If we suppose that k' = 0, this equation becomes 

m2 


the equation of a cycloid. The curve in which the particle is con- 
strained to move must therefore be a cycloid if the impressed force 
be that of gi*avity, and there be no resistance depending on the 
second or higlier powers of the speed. This may be compared with 
the result of §97 for the cycloidal pendulum. 


99. Brachistochrones. The problem of the line of quickest 
descent, or, to put it more generally, of tlie path of quickest 
passage, in a given field of force from one given point in 
the field to another, is of great interest. It was proposed 
in 169G (in the Acta Erud. Lipsi.) by Jolin Bernoulli for 
a particle moving under gravity, and a solution was pub- 
lished hy his brother James Bernoulli, in the same journal, 
in 1697. It seems to have been solved also John Ber- 
noulli himself and by Leibniz. 

The following is a short version of James Bernoulli’s 
solution. In the first place, as the student ma^^ easily 
satisfy liimself, the path must q 
lie in the vei'tical plane con- 
taining the two points. Let 
OGD (Fig. 42) be the curve, 
and let a small portion of it, 

CD, be divided into two parts 
at G; if we assume that the 
time foi‘ each element of the 
path is a minimum as well as 
tlie time for the whole path, 
then the time along a near 
element CLD terminated at 
C and 7) must be indefinitely nearly equal to that along 
CGD. For if we pass gradually to the path of minimum 
time from paths nearly coinciding with it, there must, from 
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the fact tliat the time is a minimum, be only a very slight 
variation from one to the other. The rate of variation of 
a continuous quantity in the immediate neighbourhood of a 
maximum or minimum is extremely small — it is absolutely 
zero at the maximum or minimum itself. Now, in Fig. 42, 
we may regard GG, GD as straight, the first coinciding 
with the tangent to the curve at G, the other with the 
tangent at 0; and similarly for CL, LB. Draw LM at 
right angles to the element GG, and GN at right angles to 
LD. Then if t, t' be the times of passage along CG and 
GD, and t^, t[ those for GL and LD, we have t + t' — + 
and therefore = — Also if y and y' be the vertical 
distances of G and G below 0, the sta rting point, tlie 
speeds in the curve at G and G are J'2,gy, The latter 

is also the speed in the adjoining path at L, since i(? is 
horizontal. Thus taking, as we may, the speed along CG 
and GL as tliat at G, and the speed along GD and LD as 
tliat at G, we have t — \ — MG/j2(iy, t[ — t' = LNjj2(jy'. 
But MG = LG sin GGE, LM= LG sin DGH. Calling the first 
angle <p, and the second cp', we get finally 

sin (pfv = sin (jyjv' or sin f/>/\/ 2gy = sin <]> I J'^gy'. 

The curve tlierefore has the property that the speeds along 
it at successive elements are proportional to tlie sines of 
the angles which the tangents to the elements make with the 
vertical.- This, as we have seen (§97), is a characteristic 
property of the cycloid. Since the particle starts from rest 
at the highest point 0, the cycloid has there a cusp. This 
fact, together with the condition that the final point lies on 
tlie curve, determines the cycloid. The cycloidal path is of 
course not a free. path. A frictionless guide must be provided. 

100. Brachistochrone in Conservative Field of Force. Euler’s 
Theorem. The result just obtained holds for the motion of 
a particle under any conservative system of coplanar forces. 
For precisely similar reasoning shows that if B be the angle 
which the resultant force F due to the field (that is tlie 
resultant of tlie forces annlied to the nartiele. exclusive of 


Dr the reaction gives no component along the path. 
= (7co,s0 gives 

V do cos 6 


But 

..( 2 ) 


Dividing the former equation by the latter, we obtain 

^=--i^cos0, (3) 


^diere R is the radius of curvature of the path at ds. 

On the left is the force toward the centre of curvature 
^diich is supplied by part of the reaction of the guide on 
he particle. It is important to remark that it is equal 
nd opposite to the normal force with which the particle is 
)ressed against the guide by the held, and which is also 
)alanced by the reaction of the guide. Hence the total 
eaction is Siscos 9 toward tlie centre of curvature, or twice 
hat wliich would exist if the particle were at rest. This 
heorem was first given by Euler. 

In the cycloid tliorefore we liave 

QlVV^ * . . ^ 

= — mg cos 0 = — mg sin 0. 


In a free path, from one point to the other*, we should 
rave 


mv^ 

IT 


= Fcos 9, 


.(4) 


}hat is tlie field would supply exactly the force on the 
^article towards, tlie centre of curvature that is required, 
fhe concavity of the path would therefore be turned the 
Dther way. The brachistochrone would thus be the free 
path for a system of forces which left the tangential com- 
ponent everywhere unaltered, but reversed the normal 
Domponent without altering its amount. If the forces of 
blie actual field were replaced by forces represented by 
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the reflection of the former in a mirror containing each 
element of the path, and perpendicular to the plane of 
the path at every point, the motion would not be cliangcd, 
but the guide would be rendered unnecessary. 

Conversely, any ordinary free path can be changed into 
a brachistochrone for a field of force composed of tlu'. 
same tangential component and the normal compoiumt 
reversed. For example (see S126), a particle moves frei^ly 
in an ellipse under a force directed towards, and varying 
inversely as the square of the distance of the particle 
from one of the foci. If this attraction were replaced by 
a repulsion of the same amount^ but directed from the olhvr 
focus, the path would become a brachistochrone for the 
new field. [See a paper by Tait, Trans. R.S.TJ., 24, IbOb.] 

101. Variational Method for Brachistochrone under G-ravity. 

It is fairly evident that the motion along the cycloidal guide from 
one point to the other iiuist be one of least time ; but tlie elementary 
method adopted above, though instructive iii several resyjt^ctK, is 
defective in that it leads to no general process by which .such 
problems of maxima and mininui of integrals as occur in geometry 
and physics can be solved, and gives no criterion by which to judge 
whether the result is a maximuiu or a miniiuuiu, or only one of a 
succession of stationary values. It will be noticed that tlu^ |)i’oblein 
of the line of quickest descent from one point to another dillbrs from 
the ordinary questions of maxima and minima dealt with iii the 
differential calculus, for there it is only expressions of known form 
that are discussed, while in the former wo liave to find what the 
expression itself must be, in order that its integral may have a 
maximum or a miniumm value under the circumstances stated. 

Thus, in the ease of tho bracliistoelironc, it is specilied that the 

integral jds/v, taken along some path joiJiing the two given points, is 

to have a minimum value, and we must iirst discover the form of the 
path, and so find the manner in which v varies along it, befoiH'. wo 
can find the least value of the time of passage. As we may have in 
what follows to employ the method of variations in the discussion of 
certain problems, Ave shall give here its solution of the brachistochi’one 
question, in order that the student may understand tlie notation a.nd 

•rm’TY'i onrvio r.r.'nr.aiif inii U.-.,. .-la. 


abscissa or the point or arrival, we have tor t the equation 

® 

where p is written for dyjdx. If we denote hy ^7, 

we have 

/ Udx (2) 

Here U is a function of ?/ and which are both functions of o ) ; 
we have to find what funotions they nm^t he in order that t may he a 
minimum, *We therefore impose on ?/, and consequently also on p, 
a small variation of value, while x is kept unchanged. It is clear that 
this will bring about a small change in the course of the curve, which 
would not be made any more general by also varying x. By equating 
the effect of this variation (taken to the first order of small quantities) 
on t to zero, we obtain a condition fulliiled by a curve of the shape 
desired, and a curve of this shape can then be fitted to the given data, 
and, if it is desired, t calculated. We can then, by carrying the effect 
of the variation to the second, or, if need be, to a higher order of small 
quantities, determine whether the condition obtained leads to a maxi- 
mum or to a minimum, or to neither. The student will observe the 
similarity of this process to that adopted for ordinary maxima and 
minima. 

Denoting the variation of Uhy oi t by and of y and p) by 
and Sp, we get 

\hUdx (3) 

But since U contains only y and 



in which the differential coefficients are partial. Now 

<“) 

for by the variation y becomes y + Sy, and therefore dy\dx becomes 
p-\-hp = c7(y + ^yfidx ^p H- d{^y)jdx. 

« 

If we integrate the first term on the right by parts, we obtain 
rdU d ^ , r3t7„ 1“ U d'bU j 

I dp 

where the symbol [ means that the quantity enclosed is to be 
evaluated for .r = 0 and a; = «, and the former value subtracted from 
the latter. But at each limit y is fixed, and therefore 3y=0, so that 
the integrated term A\anishes. 



W. g.t th.„, 8,.p( s,*. (») 

and for tlie condition sought, 

4f-f- ® 

Now, differentiating totally, we obtain 

dujdudp , 'dud^f_ d f^d[r\ 

d^~"dp dx'^dxY dp) ^ ^ 

by the last equation. 

Hence u=p'^+G, (]]) 

where G is a constant. Thus U is determined. This equation may 
be written n r, « 

'' '^gy \/2(/y(i+jo“) 

or ^gy{^+'f)=^go, (12) 

where c is another constant. Thi s is the differential equation of the 
curve. Since v = ‘^2gy and s/l+p'^ — l/siu if <^ — tan“^(l/p), we have 

V — 2\/gc sin (/^, (13) 

which is the result obtained above by James Bernoulli’s elementary 
process. It is obvious from this result that the curve has a cusp at 
the starting point. 

We can also obtain easily the integral equation of the curve. 

p2^ 

y 

and therefore d,v=~j^=^= (14) 

sj%cy~y^ 

Integrated, this gives 

X — - -y^ + G cos 

where h is another constant of integration. This is the equation of 
a cycloid. 

By carrying to terms of the second order, we should find the 
effect of these terms to be i^ositive, and should therefore infer that 
the condition obtained above rendei’s t a minimum. 

102. Variational Method for Brachistochrone in Conservative 
Field of Coplanar Forces, In the more general case of any system of 
coplanar forces, we have , . 



t\ OJ ' 


.( 1 ) 


and by i^recisely the same process as before we get as the condition of 
least time d 

dxv\l\-\-p^ ’ 

where it is to be remembered that the first differentiation is total, 
the second partial. This may be written, if a denote the inclination 
of the element of path to the horisjontal, that is a = tan“^jt?, in the 

fomi smjx 1_ ^ 1 _ Q 

dx V coscLdy v~~ 

Hence by reduction, putting djdx—d/dx-^pdjdyj we get 
cos oL dcL If. dv dv\ 

V dx v^\ ox ’ 

or, since cos a, —dxjds^ BmQL=dylds^ 

mv^ f'dv dy 'dv dx\ 



If now the /orocs, other than those due to the reaction of the guiding 
curve, he conservative, that is he derivable from a function V of the 
coordinates as explained in § 50 above, so that the equation of energy 

If -h h (4) 

holds for the motion, we have 

'dV dv dV dv 

= 

Hence (3) becomes = - Foos (6) 


where, us in § 100, 6 is the angle between the direction of the resultant 
force of the field, at the element ds of the path, and the normal to 
the element. Hence we have again the theorem stated in § 100, 
regarding the reaction and the system of forces Avhich would give 
the same motion unguided. 

We can now verify the cosine law of velocity assumed in (2) 100. 

Trom (6) and tlie relation mv dvIds — Fmi 6, we obtain 

{lidvjds)jv= - sin ^/cos 0 


or 


— = - tan 9 . dO, 

V ^ 


which gives by integration v = Ocob9, (7) 

where O' is a constant. 


103. Brachistochrone in any Field of Force. If the path is in 
space of three dimensions and the components of force are X, V, Z, 
We have, as before, for the time along the path as prescribed, 
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and therefoi’e St= f (2) 

w i th 'V Sds — .V 8dv + y 8dy 4* 8dz^ (3) 

m ds 8v—{X8.v-^Y8y-^Z8z)dt (4) 

The latter equation follows from the equation of energy on the 

supposition that the forces are conservative. Hence, since the opera- 
tions may be taken in the order d8, as the student may easily 
convince himself, 

r vSds_ f d:dS.v-hi/dSy + zdSz 

J 

<=> 

. [ds^v /-.Yar+rSy+iTSs ,, 

Again, ,Mj = j ^ dt. 

Hence, since the integrated terms enclosed in [ ] in (5) vanish when 
evaluated at the limits — the starting and final points — we obtain by 
(2), as the condition of a minimum value of t, 

I (“ I -I +3 + - =®> 

or, since S.r, S?/, 8s are ai'bitrary, and this relation must hold Avhatever 
values are assigned to them, 

d 'X X ^ if , r, d z Z ^ 

dt v' dt ’ dt 

If we write vdjd,^ for djdt in these, we obtain 

d (\ dx\ ,X^ \ 

-> •••> [ 

or + = J 

Since the direction-cosines of the tangent to the path at an element 
ds are dx/ds, dyjds, dzjds, and tliose of the normal in the osculating 
plane are proportional to d'^xjds^^ ... (see § 17), we see that if on^ n 
are the direction-cosines of a normal to the osculating plane — the 

binormal — , , , 

,of.r , dy , dz . 

l-y =0, 

ds ds ds 

jd'\v dhj d'h 



Ir we nmJtiply tiie hrst or the ecpiations (8; by (i^xjds^j the second 
by d'^iilds^^ the third by dhjds^ and add, we obtain, since 


or 


wz?;“ 

7r 

mv- 

If 


l/R^‘{{dh:lds^y+,..}^, 
= -(x 

= —Fcos 9, 




.( 10 ) 


where 6 is the angle between the direction of the resultant i^'of the 
applied forces, and the normal to the element of the path at which 
the speed is v. This is the theorem already obtained in more re- 
stricted cases. As before (§ 102), we niiglit establish the relation 

'y = C'cos 9 (11) 


Equation (8) can be modihed by writing mo'dvj'dx for X, mv'dvjdd 
for E, and 7nv 'dvfdz for Z. Thus we obtain 


f\dx\__'d 1 d. 

(1 iA 

_3 1 

d 

(--) 

\ V ds ) 'dx 'd (is 

\v ds) 

% v' 

ds^ 

\v dsj 


<'«> 


These equations are exactly those of equilibrium of a uniform 
flexible thread, under tension l/i;, and in a field of force the com- 
ponents of which are derivable as shown from a function Ijv of the 
coordinates. Any one equation, it is to be noticed, can be derived 
from the other two. 

Now let vv'—Jc^^ wliere Jc is a constant, and take a new element 
of time df so that v'—dajdf Then, as the student may verify, the 
equations of motion become 

d'^v _ \ 'dv'^ dh/ _ \ dh_\ 'dv^ 

^2-2 


.(13) 


These are obviously the equations of motion of a free particle moving 
in the bi'achistochrone, and having speed v' at the ]xjint .r, ?/, z at 
time t'. Take tlie mass of each particle as unity, 
energy of the first is 


The equation of 


that is 


F=/^, 

1# . 


V2^ 

- - V+h ’ 

. 1 ^ 24 . .. 


(14) 


or, as we may write it, 
if „ P4/,'^1/,4/(_ ]7-q./,). 

By this theorem we can pass from brachistochrones to free paths, 
and vice veo'sa. For example, a unit particle moving under a cential 

force F has kinetic energy lv^=^ J Fdr. If p be the length of the 


peipendicular from the centre on the tangent at the point where the 
speed is Vj then vp = k. But d =Jc^lv=Jc^plh or d — Cp^ where (7 is a 
constant. Hence, under a law of force which gives v'^Cp, the path 
will be a brachistochrone. Other applications wdll be found in the 
Examples. 
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ti l rough its point of 


o 
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support, as shown in tlie diagram. 
If a be the radius of the circle and 
T the period of revolution, we have 
v = 27rajT. The force on the bob 
towards the centre of the circle is 
m . 4i7r-ajT^, and must be supplied by 
the inward pull of the sloping string. 
Thus, if F be the pull applied by the 
string to the bob and I be the length 
of the string, we have 

4}7rht 


T^a 


T2 


( 1 ) 


But the vertical component of F, that is Fh/L, where h is 
the height of the point of support above the plane of the 
circle, must balance mg, so that we have 


Fj = mg ( 2 ) 

Tims ]ila = gT^l^ir\i, and 

( 3 ) 


that is the bob revolves in the period of a simple pendulum 
of length 

From tliis result we can infer the period of a simple 
pendulum vibrating in the ordinary way through a small 
arc in a vertical circle. For if a be very small, the circular 
motion of the bob of the conical pendulum may be regarded 
as compounded of two simple-harmonic motions at right 
angles to one another, each being a vibration of the ordinary 
simple pendulum of length 1. Hence, for that pendulum, 

T=:2W%. 

We shall show later that the motion of the conical 
pendulum is stable, that is, if the bob be slightly disturbed, 
say pulled a little out or pushed a little in from the circle 
by extraneous force, and then left to itself, it will oscillate 



is of interent for its physical applications. To the bob 
(Fig. 44) of a simple pendulum of length a second simple 
pendulum of length with bob B., is attached. The masses 
of the bobs are it is required to find the modes of 

small vibration in one plane 
and their periods. We shall 
see that there are two modes 
of vibration, and that any 
actual vibration is com- 
pounded of these. Let 0, & 
be tlic angles, B^OA^, B^CA^, 

Fig. 44, which the two tlireads 
make with the vertical at 
time t, and let be the 
force applied by the upper 
string to tlie bob B^ of mass 
77q, and ^2 that applied by the 
lower string to the bob B^ of 
mass OTky. Then —F^ is the 
force applied by the lower 
string to the upper bob. 

Since the oscillations are 
small, we may use and 60 instead of sin 0;^ and sin dg, 
and if x-^, a’g be the horizontal displacements of the bobs 
from the vertical through the point of support, we can write 

x^ = 1^0^ , X 2 = ^101 + ^ 202 - 

The equations of motion are — J\0^ + -F202, and 

7710 X 2 = ““Fodo, which, by the values of x^, cTg just found, can 
be written ^ _(^^n,+m 2 )ge^+m^ge 2 .] 

for, since the vertical accelerations are negligible, we have, 
very apijroximately, 

-^l = ('»b + ™2)5'> = 



( 1 ) 


( 2 ) 


it we now assmne tnat tne -cwo penaniuras vi orate 
together in tlie same period, we can settle what the periods 
of the modes are veiy easily. For we have then 


e^~ ^ ^ 

where T is the mode of vihratioii adopted by the system. 
Multiplying both numerator and denominator of the first 
ratio by and of the second by ig* we get, since — 

i^e,+ker ^2 " ^ 

and therefore, by the second of (1), we have approximately, 

“^2- (•>) 

If the ratio xjx., constant, as we here assume it to be, 

this is the equation of motion of a simple pendulum of 
length — performing small vibrations. Thus 


T-27r 



h 

9 


( 6 ) 


Hence, if in Fig. 44 we produce tlie line back to 
meet the vertical in (7, the length of the ecpii valent simple 
pendulmti is CB,, or CjU. .The ratio xjx^ is constant if the 
displacements are in the same phase — and we shall 

prove immediately that this is the case — and C is a fixed 
point. 

Again, if the deflections 0^, 6^ be in opposite directions (as 

in Fig. 44), we get in the same way -- 02^7^2(‘^i + ^ 2 )M’ 2 ^ 2 ’ 

and / — j 

T= 27r ^ 

V g 

The point G is now found by the construction in Fig. 44, 
and the length of the equivalent simple pendulum is, as 
before, CB^ or 

These results, as to tlie lengths of the equivalent simple 
pendulums in the two modes of vibration, are due to John 
Bernoulli, who appears to have been the first to consider 
this question. [^De Pevdidis MnUlfiUhns, Op. Om. tom. 
iv. p. 813 et seq.'\ 


or course or the tact that the dellections are in opposite 
directions in the second mode; but we shall now justify 
this assumption by hnding an equation for the determina- 
tion of the periods, the roots of which are proportional to 
the squares of the reciprocals of the periods, and are 
real and positive. 

Denoting the essentially .positive quantities 

by a-^y \y ag, respectively, we can write (1) in the form 

1 

ri;o= a^x^-\x.^y] 

where x^, x<^ have the same meanings as before, 
noticed that here = These are the equations of motion 
of the system of two spiral springs shown in Fig. 45.] 


( 1 ) 

[It will be 


Let now x^=^A^e 


x, = A/^ 


(where 7'=\/ — 1), which 


will give simple-harmonic motion if n be real. The real part 
and the imaginary part of will satisfy the differential 
equations separately, as will be found on trial, so that we 
can easily “realise” the solution. Substituting in (1), 


we obtain 


(n^ — + h^x^ ~ 0 ,\ 

-\-{n^ — \)x.2^ = 0.) 


.( 2 ) 


These give for the determination of the equation 
{'in?' — a^) {v? — b^) — — 0 

or — {a^ + (^) 


The roots of this quadratic in r? are real if 
{a^ + h2'f'^4i{a^b^ — a^b^), that is if 

which is always the case since and b^ are positive. 
Moreover, the roots are both positive. For the expression 
on the left of (3) is positive when + oo , and also when 
r?—0, since aJ)^'^aJbj] it is negative when 7? = a^ and 
when n- — b^. One root, therefore, lies between + oo and the 



greater of a^, \ (that is and the other root lies between, 
the lesser of these (that is and 0. 

Equation (3) also gives, as the student will easily per- 
ceive, the two modes of steady vibration of the system 
as a double conical pendulum. 

We can show that when the two connected pendulums 
are vibrating according to cither one of tlie two modes, the 
vibrations are in the same phase. For, realising the values 
of assumed above, we write 

== K cos nt + L sin = M cos ni -|- N sin nt 

Substitution of these values in (2) gives 
{ (n^ — a^)K+ \M} cos oit + — a^)L+ h^N} sin nt = 0,^ 

{(n--h2)M+a^K}Qo^oit + {{n-’-h^)N+a2L}Hmnt==^Oj ^ 

and these must hold for all values of t. They will so liold 
if (n^—a{){n^—\) — a^b^ = 0 (which is the equation already 
found for the determination of 7?/^), and we obtain 

K_ ^1 /r\ 

M — 0-2 ' ^ 

Thus we have b^X 2 = (ai — n^)Xj^, or, whicli is tlie same, 
^^(' 2^1 = 02 — n^)X 2 - Either of these shows that x^ and x^ 
have the same pha.se in the same mode of vibration. 
Taking the latter, we get 

X^ I2 X2 ^ ^ 

since b 2 = a 2 — 9lh’ Thus, for the period, we have 

0 ) 

which verifie.s the result otherwise obtained above, as to 
the length of the equivalent simple pendulum. 

107. Double Pendulum. Discussion of Oases. Now it has 
been proved (§ 106) above that n^, for one mode of vibration, 
is greater than (the greater of rq and b^), and for the 
other mode is less tliaii b^. The period is 2'Tr/n, and we 
see from (7) that in the former case, thn.-l-. nf o. oivin.llm* 


penua, une icitio is negative, Lnar- is me peiiaumms 
are at the same moment deflected in opposite directions, 
and that in the latter case, wlien the period has the greater 
value, the ratio is positive, that is the pendulums are 
at the same moment deflected in the same direction. It is 
obvious from the action of tlie forces applied by the cords 
to the bobs that such a difference of period must exist 
in the two cases. 

If be very great in comparison with two cases 
arise, namely, small and large in comparison with /g. 
In the former we have, approximately, ct^ = (jlli, and, 
exactly, ci^ = hz=gll 2 ^ while is very small. Equation (5) 
of §106 gives approximately n^ = a^ + ajbj{a^’-h 2 \ 

= — Ss)- Thus the period of the first mode 

of vibration — which is nearly ^irsJTJg and is that for 
whicli xjx^ is negative — is diminished in the ratio of 
\jsl\ + (i^bJa^{a-^ — h^), and the period of the vsecond mode — 
wliich is nearly and is that for which xjx^ is 

positive — is increased in the ratio of llJl—a^Jb,^{a^ — b^. 

In tlie case of \ large in comparison with we have 
still, if be so great as to make 6^ sufficiently small, 
both these approximations. 

In all cases regard must be had to the genesis of the 
motion, and this will be fully considered later in the dis- 
cussion of tlie compound pendulum [Chap. VII.]. But in 
the case of large in comparison with if the large upper 
pendulum be set into oscillation, and so made to drive the 
lower pendulum, the period of the former will be little 
affected, but a steady oscillation of the lower will be set 
up, and the deflections from the original vertical will be on 
the same side for both — that is the oscillations of the 
driven pendulum will be, as we say, direct — and the actual 
jDeriod of the driver will be somewhat increased. But if 
the natural period of the lower pendulum be greater than 
that of the other, the effect of driving the lower by the 
upper will be to produce in course of time inverse oscillation 
of the former, that is the deflections will be on opposite 
sides of the vertical at each instant. The actual period 
of the driver will be slightly diminished. 



108. Physical Analogues of Double Pendulum. We have a 
physical example in the fact that oceanic tides, produced 
by the rotation of the earth relatively to the tide-producing 
bodies, the sun and the moon, are, speaking generally, in- 
verted in low latitudes and direct in high latitudes. The 
rotating earth is here the driving pendulum. According to 
what is called the “ canal theory ” of the tides, the natural 
period (for an endless canal parallel to the equator) of 
oscillation of the water in low latitudes (where the canal 
is longer) is longer and in high latitudes is shorter than 
that of the tide -producing force, and hence the result stated. 

If the free period of the driven pendulum be equal or 
nearly equal to that of the driver, oscillations of the 
former of great amplitude will quickly arise. In the tidal 
case violent oscillations are not found at the latitude of 
transition from direct to inverted tides : the results of tlie 
theory illustrated by the complex pendulum are so modified 
by friction as to prevent such disturbances (see § 225). A 
good example, however, is that of two similar pendulums 
tuned to the same period, and liung opposite one another 
on the two sides of a plank of wood. When one is set in 
motion, the other is gradually started by the slight disturb- 
ances communicated to the common support. As the 
motion of the second pendulum increases, that of the first 
diminishes to almost zero. Then the motion of the second 
diminishes and that of the first increases, and so on con- 
tinnally until the whole energy has been dissipated in 
overcoming friction in the air and in the support by wliich 
tlie motion is transferred. The energy is continually 
exchanged from one pendulum to the otlier. 

A similar case of ‘‘ sympathy of vibrations ” was discussed 
by Euler in liis papers “ De Sympathicis Pendulis ” (Nova 
Comment Petrop. xix.). Tlie transference of oscillatory 
motion from a beam to the scales suspended from its ends 
and back again was observed by Daniel Bernoulli, and 
described by liim in the Petersburg Memoirs. Its theory 
was given by Euler in the papers referred to : his treatment 
of the problem and the discussions of later mathematicians 
have done much to furtliei* the theory of the oscillatory 
motion of connected svstems. 


Jjora Kelvin nas applied tne tneoiy oi the complex pen- 
dulum to the investigation of the influence of the mode of 
suspension of a clock or chronometer on the rate of the 
time-keeper. His paper contains many instructive observa- 
tions ; we can only notice the following. The practice of 
hanging a watch on a nail (often followed by watch* 
makers), or in a bag or watch-holder ” hung on a nail, is 
objectionable, as causing a serious change in tlie rate of the 
watcli : it is much better to lay it face up on a moderately 
hard cushion or under a pillow. A marine chronometer 
should be “ firmly attaclied to the middle of a two feet long 
plank, witli heavy weights near its ends,” and this plank 
should be strapjicd down on cushions to avoid damage from 
the tremors of the ship. [See also the worked examples on 
double pendulums in Chapter VII.] 


109. Two Connected Spiral Springs in Same Vertical. The 
theory of the double pendulum applies also to the arrange- 
ment shown in Fig. 45. A mass is hung by 
a spring from a fixed support, and from is 
hung a mass by a spring If the system be 
displaced from the equilibrium position along the 
vertical, vibrations ensue which are given by equa- 
tions perfectly analogous to those which hold for 
the double pendulum. For let be the down- 

ward di.^p]acements of oiio from the equilibrium 
positi(m, oq, Cg tlie forces, per unit elongation in each 
case, wliich tliese springs apply to the fastenings at 
their ends; then if, as we suppose, the masses of 
the springs be negligible, the spring pnlls up- 
wards on 7)\ with a force c^x-^ and tlie spring 


pulls downwards on 
a force c^(x, 
therefore 




and upwards on 771 ,^ with 


x^). Tlie equations of motion are 

mi.i’i = — + c^{Xo — x^), \ 


7)2>iyX() 


•( 1 ) 


Fig. 45 . 


or, if we write \ for ^ 2 ^ 2 ? 


C2/97?.2 (so tliat, as before, ~ 

j + h^X:^ , = a.^x^ — , 


.( 2 ) 


which are precisely equations (1) of §106. 



The solution is in every respect precisely as before, with 
a quadratic for identical with (3) of § 106, the roots of 
which are real and positive. The vibrations are along 
the vertical, and there are two modes, as above described, 
one in which the two masses move at Ccacli instant in the 
same direction, the other of shorter period, in which the 
masses are moving at each instant in opposite directions. 
The most general motion is compounded of these two 
motions superimposed. 

110. Three or More Connected Springs with Attached 
Masses. If a third mass be hung from by a spring 5.^, 
the equations of motion ai'e easily obtained. They are 
left as an exercise for tlie student, who may verify tliat a 
cubic is now obtained for 7^^, the roots of wliich are real 
and positive. Thus there are three modes of vibration in 
general, one in which the three masses are all moving at 
each instant in the same direction, one in which the two 
lower or tlie two upper masses move in one direction while 
the third moves in the opposite direction, and one in which 
the first and third masses move in the same direction while 
the second moves in the opposite direction. 

Similarly, the case of four or more springs with attached 
masses might be discussed. If there be p springs with p 
attached masses, an equation of the p^^^ degree in gives 
'p distinct modes of vibration. 

Lord Kelvin has applied the theory of an arrangement 
of this kind to the dynamical explanation of the phosphor- 
escence of bodies. To the series of masses thus connected 
by springs is attached a terminal spring carrying a handle, 
by means of wliich a forced vibration of any desired period 
can be applied. For a description of the apparatus see 
Popular Lectures and Addresses, vol, ii., or The Baltimore 
Lectures, passion. 


EXERCISES III. 

1. A particle of mas?^ m moves in a spherical bowl without friction. 
Axes are taken at the centre of the s\irface, ^ downwards. Show 
that tile equation of energy can be written 

hn (i;2 + ^ 

wTiArA A ia n rk f. 


If r be the radius of tlie l)owl, show thafc the normal force apj^lied 
by the surface to the particle is given by 

JV=^(2A + 37n^z), 

2. Prove that if 0 denote the constant double rate of description 
of area by the projection of the radius drawn from the centre of 
the bowl to the particle, on a horizontal plane, 

Hence, show that the equation of energy can be written 

3. Tlie time ^ for any part of the motion of the particle between 
the planes 2 =% and is given by 

f^i _rdz 

i ±v#)’ 

whure </j(«) = 2 (72. 

Prove that <f>{z)—0 has three real roots, one a between - oo and - r, 
another b between — r and and a third c between e,, and +'r, 
and that 6 + c is positive, so that c is always positive. [We have 
ah-\-bG + ca— — 

4 . Show that if initially, where b<z^)<OJ the value of z 

must always lie between h and c. 

5. If 6 be the angle which the projection of the radius-vector 
on the horizontal plane thi*ough the centre of the surface makes witli 
a fixed horizontal line, find 6^. If z be negative when z^z^^ (Ex. 4), 
show that z will continue to diminish until it reaches the value h, and 
that then the path of the ymrticle on the surface will have a horizontal 
tangent. Show further that z will then begin to increase, and will 
continue to do so until it reaches the value c (when again the particle 
will be moving liorizon tally), wdll again diminish to the value h, and 
so on continually. 

6. Show that the projection of the path on the horizontal plane 
touches the projection of the circle z = b internally, a7}d the pro- 
jection of the circle z=c externally, provided both b and c are positive. 
If, however, b be negative, so that the circle 2 = & is above and the 
circle z=c below the centre, show that the path touches both pro- 
jections externally and the circle z = 0 internally. 

Prove that if , B 2 be three successive points of contact with 

the projections of the circles z — b,z=c, the first and third with the 



projection of tlie former circle, and the second with the projection of 
the latter, = 

that these angles are described in the same time and correspond to 
equal areas described by the projection of the radius- vector. 

7. Prove that any angle traversed by the projection of the 
radius-vector from a point of contact with the projection of the circle 
z=K to the next point of contact with ® 

is greater than 7r/2. [Puiaeux, Journ. do. Math>, 7, 1842.J 



where <^(3)=2(/i/wi'-i'p2r)(5’^ — 

But (Ex. 3) a= - (r2 -h hc)l{h + c), 

so that ■ 4>(z)=^^iz-b){c-s)Hb + c)+r^+bc}, 

and therefore -C'^=^^(r-b){c-r){r+h){r+c), 
since — (7"=c^>(r). These results give 

0nc=r^/(r^-b^Xr^-c^) [^ (yz _ 

where F=z{h + c)-^r‘+hc, which is positive as 0 vanes from & to c, 
and has as superior and inferior limits c^+rH 2&c, b +r +ibc. 

Thus, if f ~ -b){c- z), 

rJ(ri-h'^)(r--c^) ^ ^ rJjr^ - ~ cj) j 

— \ 1 > uac > 

^12 4. 2f,c + ^hc 


Now, as the reader may verify, 

^ TT \/(?’ — b){T — + V(r -\r b) ('/' +_c) ^tts! 2t^ H - ^ho -{ - 2\/ (r^ — b'‘){r^ ~ c^) 

so that Oac licis between two limits which are bf)th greater than 7r/2. 

8. Show that as b and g approach equality, One approaches the 
value Trrj^Ir^ + 

[The value of Ono cannot exceed tt (lialphen, Fonct Ellip. t. ii., and 
de Saint-Germain, Bull, de Bci. Math.., 1901.] 


9. Prove that if the particle is projected horizontally on the 
surface, in the plane s==0, with speed the values of 9 and t from 
the starting point are connected by the relation 


Here = and therefore the values of t and 9 

(Exs. 3 and 7) become 

r Q_ r %rHz 

J 0 v' 2 i 72 (r 2 -^ 2 )-i>j 22 ’ J „ (r2 - z^)^'2^z{r^-z‘)-v\z'^ 

From these the result stated can be deduced. 

It is to be noticed that the upper limit of V zj\j'^g{r^ — z^) is 1, and 
that therefore z cannot exceed the value given by ^g£^-{-VQZ = 2g7'^. 
The value of z is given as an elliptic function of t, and this with the 
relation stated above enables .t;, y, and z to be expressed in terms of t 
[This theorem is due to Sir Geoi'ge GreenhilL] 

10. Rechoning ( from the instant at which the particle is at 
the lowest level it can reach, so that z must be negative, prove that, if 

z — c-{c~h)u^^ Jc^ — (c-b)l(o-~a), and X=\j2g{c- a)j2i\ 
z is an elliptic function c- (c- &)sn‘‘^A^, which has the real period 
2 p dn 

11. Write down the equations of motion for a position of the 
particle very close to the bottom of the bowl, and hence show that 
the .r and // equations are 

,i;+2.,;=o, ^-t-f.y=o. 

Hence prove that if when <5 = 0, .r=.r,), y=0, cc—O, ^^ = 7^0? 
the particle is an ellijjse of semi-axes VQ^rlg. 


12. A particle moves on a concave surface of revolution, the 
axis of which is vertical. The origin of coordinates p is taken on 
the axis ; 2 is measured downward, p horizontally, and z—f{p) is the 
equation of the surface. Prove that the enei'gy equation is 

-^m{p%l +/'^) i-p^&^}=^mgf(p)-h/iy 


where f' stands for ./' '(p)* 

Prove also that the description of areas by the horizontal radius p 
leads to the ecpiations 

CP 


t = 


Jp„ V vh'//(/>)+r 




Jp, 


+ f'2 

' I 




where t is the time of passage from the distance po fi'om the axis to 

flio rl n nnrl P — IH f.lia n.noplp flii’niirrlT f.lip Vi or*! a 1 


me square oi one I'esuitanu speea at time t is 

Eliniiiiabiiig 6 from the energy equation l\y the equation C~frOj we get 
the expression for t, and putting dt=p^dOIOj we get the equation for 0. 

13. Let OL be the angle which the direction of motion at any 
point makes with a meridian (the intersection with the surface of 
a vertical plane through the axis of the surface and the point) 
through the point : prove that 

0=vp sin OL = VqPij sin ao , 

if po, olq Le tlie initial values of Vj p, a. 

Clearly p6 = v^m a, and therefore vp sin ol= C. 


14. Prove that a particle moving under gravity on a surface of 
revolution with its axis vertical cannot describe a parallel on the 
surface unless the vertex of the cone of semi-vertical angle Jtt-/?, 
formed by the normals drawn to the surface from points on the parallel, 
is above the parallel. 

It is obvious that the vertex must be as stated, in order that the 
reaction may balance mj. For equilibrium, we have 


o;2 

— tan f3—g. 

Bub cob /?= -dzjdp^ -f(p)- Since zh taken positive downward the 
vertex of the cone will be above the parallel if f(p) be negative. 

Thus, we get , 

'v=^-gpf{p), 


where p is the radius of the parallel and v the speed with which it is 
traversed. 


15, Show that, if c^=C^ml2h, the equations of Ex. 12 become when 
the particle is under no force, except the reaction of the surface, 




16. Prove that the particle in this case moves along a geodesic 
curve on the surface. 

The value of v is in this constant and equal to v^). Also /i=-|?WQ, 
and therefore Ghnl'^h — C'^jv^. Hence (Ex. 13) 

p sin a — c. 

This relation is a characteristic property of a geodesic. [A geodesic is 
a curve drawn on a surface so that its osculating plane at each point 
contains the normal to the siirbice at that point.] 


X/. iUiia tue patn or tne particle on a rignt circular cylinder 
when no force except tlie reaction of the surface acts oh the particle. 

Here p is constant, —a say, and therefore sin oL — c/a. The path is 
therefore a helix on the surface. This is otherwise evident. 

18. An india-rubber tire of cross-sectional ai’ea a is sliruuk on the 
wheel of a motor car, and the tensile force per unit area in the tire 
is T. If r be the ’radius of the wheel and P the normal force per unit 
length of the rim exerted upon the wheel by the tire, show that when 
the car is at rest P~aTjr. 

The density of india-rubber is 112 lbs. per cubic foot. If the 
tensile force in the tire when the car is at rest is 224 j^ds. per square 
inch, show that the maximum possible rim-velocity is nearly 65 miles 
per hour. 

19. A particle suspended from a fixed point by a string of le ngth a 
hangs vertically ; it is ])rojected horizontally with speed s/lag ; 
show that the string will become slack when the particle has risen to 
a height 3a/2. 

20. A particle is projected from the lowest point of a vertical section 
of a smooth hollow circular cylinder, of radius ?•, whose axis is 
horizontal, so as to move round the inside of tlie section. Prove that 
if the velocity of projection is 2\/gr the particle will leave the circle 
when the radius through it is inclined to the vertical at cos“^(2/3). 

Prove also that the particle will rise to a total height of 50r/27 
above the point of projection. 

21. A particle moves under gravity in a smooth groove in a vertical 
plane. Write down the equations from which the velocity, and the 
reaction of the groove on the particle in any position, can be obtained. 

If the groove have the form of the parabola — with axis 

vei’tical and vertex upward, and a particle of unit mass is projected 
horizontally from the vertex along the groove with speed Uj show 
that at a point where p is the radius of curvature, the reaction of the 
groove on the particle is - 1)1 p. 

22. A particle starts from rest at the highest point of an ellipse of 
eccentricity e placed with its major axis vertical. Show that if there 
be no friction the particle will leave the curve at a point for which the 
cosine, z, of the eccentric angle fulfils the equation 

e%3_3^^2 = 0. 

23. A heavy particle moves on the inside of a smooth paraboloid of 
revolution, axis vertical, vertex downwards, latus rectum 4a. Prove 
that when it describes a horizontal circle its angular velocity about 
the axis is \/gl2a. 

If .^ 1 , a'g are its greatest and least heig hts a bove the vertex, show 
that the corresponding speeds are 4^gx\ , respectively. Prove 

also that when it is at a height .v its angular velocity about the axis is 
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24. A tniiii is running smoothly along a curve at the rate of 
GO miles an hour, and a pendulum which would ordinarily oscillate 
seconds is observed to oscillate 121 times in 2 minutes. Show that 
the radius of the curve in which the train is running is very nearly a 
quarter of a mile. 

25. A heavy particle of mass 771 moves within a smooth circular 
tube (radius 1) in a vertical plane. It starts with speed V from 
the lowest point ; show that when the line joining the particle to the 
centre of the tube makes an angle 0 with the vertical, the force 
applied by the particle to the tube is cos 0 ~ 27)ig 

A carriage of mass 30 pounds moves round the inside of a vertical 
circular track of radius 8 feet. Its speed when at the lowest point 
is 40 feet per second. Find the speed at the highest point, and the 
reaction of the carriage against the track. 

26. The bob of a simple conical peiKhilum of length suspended 
from a point 0, is constrained to desci'ibe a horizontal circle of I’adius 

on the inner surface of a smooth sphere of radius a, of which 0 is 
the highest point. If the angular speed of the pendulum be 
determine the stretching force in the pendulum thread, and the thrust 
on the surface of the sphere. 

27. The bob of a simple pendulum is drawn aside through a right 
angle and let go. Prove that when the thread makes an angle 9 with 
the vertical, the resultant acceleration is \/\ +3cos‘'^6?. 

28. Two spiral springs are connected in a vertical series. The two 
supported masses are 500 grammes each, and each spring is of such 
strength that 100 grammes produces an extension of 3 cms. Find the 
period-equation and solve it. Give also the integral equation when 
the initial displacements are (1)4-1 cm., +1 cm., (2) 4-1 cm., -1 cm., 
and the initial speeds are zero in each case. 

29. A rocket is fired ofi’ and rises vertically. If m is the mass 
burnt, and E the mechanical energy generated per unit time by tlie 
burning, prove that the speed of the burnt products relative to 
the rest of the rocket is s/'^Ejon. 

30. PQ is a focal chord of a parabola lju'ng in a vertical plane. 
If PQ is vertical, and TP and TQ are tangents drawn to the jmrabola 
at P and Q respectively, show that heavy particles started simul- 
taneously from rest at P and and falling along the lines PQ, TQ, 
will reach Q at the same instant. 



32. A particle falling freely from rest in vacuum acquires a speed L 
in p seconds. The same particle falls from I’est in a medium in 
which the resistance varies as the speed ; its limiting speed is L. 
Show that the speed after time seconds from the start of the 
motion is nearly \L^ and that after seconds it is neaHy 


33. A particle of mass on moves in a straight line under a constant 
force F in the direction of motion and a resistance where c is a 
constant and v the speed. Show that if V be the speed acquired in 
traversing a distance S from rest, 


S 


on 

2c 


log 


F 

F~gV'^' 


34. A train moves on a level at Kfeet per second under a resistance 
of H pounds per ton given by y^ = 6 + *009r^. Its mass is 100 tons, 
and a speed of 30 miles per hour is acquired in travelling 1 mile from 
rest under a comstant tractive force F. Show that 7^'' is T31 Tons and 
that the limiting speed is nearly 36 miles per liour. 

35. A particle is projected vertically upwards with an initial speed 
V in a medium whose resistance varies as the square of the speed. 
If L be the speed for which the resistance offered by the medium is 
ecpial to the weight of the particle, show that the time of ascent 
is /y(tarr'^ VIL)lg^ and the distance ascended is Z‘'^{log(l+ 

If the speed of projection be small in comparison with show that 
the particle returns to the point of projection with speed 1^(1 — 

36. An engine capable of exerting a maximum pull of P Tons 
can draw a train weighing j¥ tons with speed V on the level, against 
resistances which vary as the square of the speed. Prove that the 
limiting speed of the train w]\en running without steam down a hill 
inclined at an angle a. to the horizontal is iVi/sin a/P, and that 
the maximum speed with which the train can ascend the incline is 
IV 1 -j!/ sin ol/P, 

37. A ship of 1000 tons displacement is towed at a uniform speed 
of 15 miles per hour, the pull required being 25 Tons. If the towing 
rope be slipped, prove that the speed of the ship will fall in five 
minutes to about jh of its initial value. [Assume tlie resistance to 
vary as the square of the speed.] 

38. The engines of a steamer going at full speed are reversed and 
the steamer is brought to rest in a distance d. Prove that 

d=^(MV^l2F)\og,2, 

where M is the mass of the steamer, V is full speed, and F is the 
propelling force (supposed the same for motion ahead and astern). 
Tile resistance to the motion is supposed to vary as the square of 
the sDp.Rd. 



39. On the experimental law tliat the resistance of similar steamers 
is proportional to the wetted surface and to the scjuare of the speed, 
prove that if a 6 ft. model run at a speed of 2 knots in an ex])erimental 
tank experiences a resistance of 0'2 pound, a similar steamer 600 ft. long 
and having a displacement of 10000 tons would experience when run 
at 20 knots a resistance equivalent to an incline of 1/112, and require 
over 12000 effective horse-power. 

40- A shii:> is steaming at a speed of x knots (relatively to the 
water) against a tide the speed of which is a knots. If the resistance 
to motion varies as the power of the ship’s speed through the 
water, show that for maximum economy in fuel consumption 

9^ + 1 

a. 

n 

41. The motion of the bob of a simple pendulum, of length is 
resistod by a force proportional to the speed. _Tlie force is equal to 
the weight of the bob when its speed is nJgl^ whei’e n is a large 
miinber. The pendulum is performing small oscillations. Prove that 
if 1/??,'^ is negligible, the period is unaffected by the resistance, while 
the amplitude of the oscillations diminishes in n periods to about 1/20 
of its original value. 

42. A til in uniform spherical shell of mass m is filled with a 
fricbioulesK liquid of the same density. The system descends a rough 
incliuod plane from rest in time and a solid spliere of the same 
density and radius makes the same devseent in time If M be the 
whole "mass in each case, show that 

%\MI{\f>{M- m)+ 10m}. 

43. A system which has one degree of freedom has kinetic energy 

and potential energy V—f{0). Prove that the motion is 
tautochronous if V—G{^ . [Appell, C.E., 1892.] 

Put : then V~-hOsi Hence the theorem by Ex. 8, § 98. 

44. Under what condition may the system for which 

-J (A 0‘^ + 9,B0^+ F==/( 6, 0) 

where A, C are functions of 6 and (/>, be tautochronous? [Appell, 
loc. ciV.] 

Pub and use the last examjffe. 

45. Prove that if a particle move under gravity from rest on one 
curve in a vertical plane, to another curve in the same plane, in the 
slioi'test time, the path is a cycloid which meets the lower curve at 
right angles and has a cusp on the upper, and that the tangents where 
the path" meets the cjirve are parallel. 

It follows from § 101 that the path is a cycloid, with a cusp as 
stated. The variation of the time of passage due to displacements of 

+ •ilrtnfT the curve is tn he friiind The vn.lnes this when -first. 


one eiia, uiieu tne uuner, is liAeu iiiu«o vtiiiisii ciim biie resuius 

stated are verilied. 

46. Prove that a given plane curve will be a brachistochrone for a 

central force F~fj,j7'^\ and a free path for a central force if 

= 2 and the speed in each case varies as a power of the distances. 
[See the last paragraph of 103.] 

47. Show that the lemniscate of Bei’noulli is a brachistochrone in a 
field of potential /x?’®, where r is measured from the node. Find the 
necessary speed, 

48. Show that a given plane curve is a brachistochrone for a 
particle under a central force varying as pdpjdr when the speed 
vanishes with^?. 



CHAPTER IV. 


RESISTED MOTION OF A PARTICLE IN A UNIFORM 
FIELD OF FORCE. 

111. Uniform Field. Resistance kv. We have considered 
in § 43 the motion of a particle under a force proportional 
to its distance along its path from a hxed point in the 
path, and resisted by a force proportional to its speed at 
eacli instant, and in §§84 ... S(i the rectilineal motion of a 
particle under a constant force in the line of motion, and 
resistance varying according to different powers of the 
speed. Wo now take the more general case of a projectile 
in a uniform field of applied force (such as tliat to which 
the field of gravity is an approximation), in wliicli a particle 
is acted on by a force proportional to its mass, and shall 
suppose that the particle is subject to a resistance according 
to some power of the speed. For the sake of brevity of 
reference, we call any direction perpendicular to the field a 
horizontal direction, and refer to any line of applied force 
as a vertical, and speak of the downward or upAvard vertical 
according as the direction is , with or against tlie applied 
force. 

We have then, for the horizontal motion of a particle 
of mass m under a resistance kn proportional to the speed .s, 
the equation / 



It will be noticed that the component resistance in the 
direction of x is in this case proportional to x. Tlie same 
thing holds of course for ?/. 

For the motion along the upward vertical, we have 

m(i/ + ki/)= - mg, 


( 2 ) 



wnere g aenoLes me iiniiorni lorce per miit mass on me 
moving particle. Thus, we have the two differential 

equations = y + ky=-g (3) 

It is clear, in the first place, that y is zero when y is such 
tliat ^"^+^ = 0, that is when y=--glk. Tims, when the 
particle has a downward speed =glk, the resistance just 
balances the downward force of gravity, and there is no 
acceleration. The jjarticle then falls with uniform speed 
We denote this limit of speed by L. 

Integi'ating (3), and putting Fees rx., Fsin a for the initial 
values of i‘, y, we obtain 

X + hx = V cos a, 2 / + Ml = ^ ^ i^) 

We multiply by and again integrate, determining tlie 

constants by the conditions that a; = 0, j/ = 0 when ^ = 0. 
The results are 


]cx= Fcosa(l ky= —gt-h{L+ Fsin a)(l — (5) 

From the first of these, we get 

1 Vcosoc 

/cc = log-77 

” Kcosa— '/uT 

and therefore tlie second becomes 


2/=-7,1oc 


F cos rx 
Fcos a — /. 





which is the equation of tlie path (the trajectory) of a 
particle projected from the point ;r = i/ = 0, with speed V in 
a direction inclined at the angle a to a plane drawn through 
the point of projection perpendicular to the field. 

Tlie first of (5) shows that when t is veiy great, 
rc= Fcosa/fc, and that then the horizontal velocity is zero. 
The second of (5) show^s that the speed is then L, and that 
the motion is then vertically downward. Hence a vertical 
line at distance Fcosa//c from the point of projection is a 
tangent to the path at a great distance from the origin, 
measured along the path ; that is it is an asymptote to the 
path. 

If a tangent to the path be drawn from the point of 
projection 0, to intersect this vertical asymptote in then, 
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clearly, V^k . OT^. But any point P, at which the speed 
is V, may be taken as tlie point of projection. Hence, if the 
tangent at P (Fig, 46) intersect tlie vertical asymptote in 2\ 
we have v = k. PT. 



[The points O, O' are not on the same level.] 

If in (5) we put it= — oo , we find an asymptote at a point 
far anterior to the point of projection. The inclination 
of the trajectory there to the axis of x is 

tan"^(2//ii*)i=^:o I^sin a^Pcosa} ; 

and a line touching the trajectory at the point tlius 
suggested is another asymptote. We shall write (3 for 
tan Psinot.)/ Fcos oc}. This asymptote is of much 
use in the construction of the trajectory. 

The equation of the trajectory, with reference to horizontal 


wliich shows that if a line be drawn from any point, P say, 
at inclination /3 to tlie axis of x, a point on the curve whose 
abscissa with reference to P is x, is, after an interval t, 
vertically below the corresponding point on the straight 
line at a distance equal to that whicli a particle would 
travel in time t at the speed L. Moreover, tlae perpendicular 
distance of the point x, y on the curve from the line 
y = x tan B is Lt cos B' 

The component velocity at right angles to this line has 
tlms the constant value Zcos/3. It follows that at the 
point M (Fig. 46), where the direction of the tangent is 
perpendicular to the line PU, y.= x in>n By speed is 
/yCOS/3, and this is the minimum speed in“ the path, as we 
shall see 

Differentiating ^ the time, we obtain 

i ) = ( 8 ) 

or, if we put ?/ foi? i;, y, - 

tlie equation of the InWd^^^^^feich is ITml ®^ft^‘glit 
line ap (Fig. 47) inclined at tffe™^le B fo tha axis of x. 




Fig. 47 . 


and passing through the point 0, j; = — L. The velocity 
at any point P of the path is represented in magnitude and 
direction by the line op drawn from tlie hodographic origin 
in the direction of the tangent to the path at P to intersect 

/Q\ -I/-, t - 1 . /n i rir\r\ Ij' »/■’(« T'l'i Ci'i* 1 m O 


am which meets tlie hodograph at rig] it angles. Hence, 
as stated above, Lcos^ is the minim uni* speed. 


112. Eesistance kv. Trajectory. For the purpose of giving 
a graphical representation of the path, we calculate the co- 
ordinates (1) of the vertex, (2) of the point at which the 
speed has the least value. By (4) of § 111 , .r = V cos ()L--kx, 
liencc ’ y — (V cos a — kx) tan and therefore at tlie 

vertex, where y = 0, 

kx = V cos OL — = Fsin oc cot /3, (1) 


since tan ^ = (L+ Vsm (jl)I V cos rx. Tlie liorizontal distance 
of the vertex from the vertical asymptote is thus X//.'jtan/5?. 
Again, by (4) of §111, wlien y = {), ?/— Fsin rx/fe 
But by the hrst of (5) we can elimiimte t from the ex- 
pression for y and obtain with the value of x in (1), 


fcT/ = — L log - - 


V cos rx tan /3 


L 


+ Fsin rx. 


‘"'^ 0 ’ ih denote the initial hoi-izontal and vertical speeds, 
and the minimum speed, we obtain for the vertex 


/r.r = i* 

sin/5’ 

%--=yo-^'og 0^ 

^ m 

Again, at the point M of minimum speed 

./■ = L cos 13 sin /3, y = —L cos-/?. 
Hence, for tliis point, since 

d; = V COS a - kx, y + ky = —yt + Tsin a. 


.( 2 ) 


/c,T = a'u — Ujjjsin 

hi = %ncas /? + //o - A ] Og H 

If for any point (for example, the point P) on the 
trajectory, a line be drawn at inclination ^ to the hori- 
zontal, the intersections of this line, and the tangent at P 



wliicli is tlie same wherever P may be on the curve. For 
we hnd for the distance in question the value 

■^(cos OL tan ^ — sin a) = ^ (4) 

by tlie value of tan /3. By this means we can draw a 
tangent to the curve at any point P, the position of which 
is known. We have only to draw a line from P at tlie 
angle ^ to the horizontal intersecting the vertical asymptote 
in V, then measure down a distance Ljh to a point T on 
the asymptote. FT is tlie direction of the tangent at P. 

In comparing for a given initial speed the trajectories 
in different media, each of which resists directly as the 
speed, we take in each case the vertex V (Fig. 46) as 
the point of projection, so that the initial speed is hori- 
zontal. We have then 

tanj8=-^ = |=i or /c = -|.-cot/3 (5) 

Now the distance of the vertical asymptote from the vertex 
is Vjh, Thus if D denote this distance {O' L in Fig. 46), 

tanyQ=-^ or k — (6) 

For .simplicity we take k as equal to cot/3, that is we 
choose the scale of the diagram so tliat ^/F=l ; (6) shows 
that this amounts to making in the drawing P = i. 

113. Construction of Trajectory. We shall now draw the 
trajectory in this way for /3 = 30°, and therefore make 
k — We lay down first the vertical asymptote, and 

choosing a point L upon it lay off* the arbitrary length LK, 
From L we draw the line LQ inclined at 30° to the vertical, 
and through K draw the line KM 0' at right angles to LQ, 
meeting iQ in ilf and the horizontal line through L in O'. 
Then, if wo suppose O'L to represent the speed L, the line 
LQ is the hodograph turned through 90° in the plane of 
the diagram. Hence, any line O'Q represents the velocity 
at a point P in the path where the tangent is at right 
angles to O'Q. As the projectile moves in the path, the 


the i)ath ; and Q moves as a particle in a medium rcHiHtinjL^ 
as the first poAver of tlie speed. 

With the value of k taken, we have for the coordinates 
of the vertex referred to any origin 0 on the trajectory, 

n' = a;o tan/3 — V = Vo tan /3 - £ tan /3 lo/j; ...(I)' 

° ^ GOB 13 Vui 

(where a*Q, refer also to the point 0), and for the co- 
ordinates of the point of mininiinn speed, 

, . ^ sin“/3 

03 — tan p Vm 0 > 

y = 'y,,i sin ^ + tan /3 - Z tan /? log 

Thus, since the distance of the asymptote from tlie origin 0 
is xjk, the distance of the asymptote from the vertex is 
v,Jcob 8 ^ Hence, if we take M as the point of mininunn 
speed, O'M is v^,i and O'L is ?;„,/cos /5, and tlie vert(^x is on 
the ordinate through O', as already shown above. ^Flu^ 
c(}ordinates of 0 ' relatively to 0 are 

a/ = ;/: tan/3 — - 

" cos p 

j/'==v^tan^-7.tan^log;^--^ 

Subtracting y' from tlie value of y for the vertex, we Hnd 
that the distance of the vertex from 0 ' is 

Xtan^log(l/sin'^^) or Z tan ^ X log,,4, 

for p = 30°. Multiplying the distance LK of the diagram 
by logt4, and laying off a length ecjual to the result from 
0 ' along the vertical, we reacli the vertex. 

114. Eesisted Motion. Tangential and Normal Besolution. 
We now consider the motion of ji projectile under a resisOmce in iUs 
line of motion proportional to a higher ]30WGr of the speed than tlu^ 
first. It is convenient to use here the tangential and nonna-l vesohi- 
tion of accelerations that has been exjilained in S Id above. '’J^here it 
has been .shown (1) that the acceleration along the normal to its path 
at each instant is V(jj towards the centre of curvature, wher(\ </) is tin* 
angular speed (taken positive) with which the tangent is turning at the 




[joiiib, iinci bnab tne acceieracion in tne airection or motion is 
siinpiy v. It has also been shown (g§ 10 and 19) that 




dH 




•( 1 ) 


wliere p denotes the length of the radius of curvature. 

If the resistance per unit mass he some function /(?^) of v, we have 


« = - ^2 = -/(s') - S' sin , 


.( 2 ) 


where yj/ is the angle (Fig. 46) which the forward drawn horizontal 
line PJI at the point makes with the forward drawn tangent FT to 
the path. But now (/■>= -i/', and therefore, if u=x = vcos-^, 

- vip ~g cos ^|r, - =^gv cos ^—gii (3) 

Also, since the force in the horizontal direction is the resolved part 
of the resistance in the line of motion, 

-/Wco^f (4) 


Tlie first of equations (3) gives, since = y cost//-, 
- uip^g cos'-^t/t 


(b) 


Lot taiii/r { — dgjdix^ be denoted by p; then, if w be known as a 
function of the following relations derived from (5) are useful. 
Divide (5) by ; then, since 

ij/ju — dyjrjdx an d i//-/cfjr)/cos“ t/^ = dpjd.v. 


we have 

Divided by this is 


dx 

^~'g 




( 6 ) 

(') 


Again, multiplying (6) by p, we get -pdx/dp=pK^lff. 
p = dyjdv, pd:vldp=dyldp. Hence 


di/ 

dp 



But since 
(«) 


Also \[l ^ ^xjdp — dsjdp^ where ds is an element of the path. 

Hence - ~ =:^/f+^ — 

dp ^ g 


Thus the last four equations enable .r, y and 5 to be found by 
direct integration if n is known as a function of p. 


115, Resistance = kv“. We now suppose that /('y)=^v”, where 
n is some positive integer. If the particle were to fall vertically in 
the resisting medium, it would finally attain a velocity Z, at which 
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thii downward acceleration would bo zero. TJuui and 

I 

therefore A=(r///;)’t Now, from ( 4 ) and ( 5 ) of 55 IM, wo ol>tain, with 

. y.. 

d\lr (J r/\cosY^/ 

since {<hcldt)l{dy^jdi)^duld’\jr. Tlin.s wo liavo 
/•« ~ 

^ '' '' 

Integrating from i//' = (x,, to Homo current value of -v//-, wo obtain 
(LY /XV _ f/Ak 

\?/J VMa/ (COH ^ 

Now/ 7 ==tiinVj ‘»-Jid therefore com = “ 1 "/^^ d\lr^cnd‘^\jr . d/)^ ho 

that o?^/r/(coH \lry''^-^—dpl(coH — (1 Henco, sbarti ng 

from the point of projection, wo get 

(■') 

^ ct 

Here, if n be even, so that 7?, — 1 in odd, the ])OHitive H(|uare root of 
(I is to be taken, .since the Hiibjcot of integration in to be 
])ositivo throughout the possible range of integration, that Ih from 
to ^=- 00. 

If tlie starting point of tito integration Ije the vertex of the path, 
where ^=0, and 7^0 now refer to that ])Qint, we got, ])utting 

F(p)^ 

.M) 

the equation (5) 

w ^-= > ' ((J) 

N/l-h/r J 

which is tlie polar equation of the l\odograj)]i in term.s of r and \//. 

116. Particular Cases. Hodograph. Intrinsic Equation of 
Path. If 1, and we ul)tain, still tjiking the vertex as 
starting YJoint, X(l/7/,„- \lu)~p an equation which can also be deduced 
from (8) of § 111. We have akso 

1 

V ' \Un ^ / x/l -l- b-’ 


(I) 


2 F{p) —psi 1 + + log(^ + Vl 

Thevefore _^Vr+p-log(p + 's/T+?;2)| , (3) 

tho ociuafcion of the liodograph. Expressed in terms of coordinates 

4',?/, it is /r \2 ri ^ 

(-) log (4) 

If 7<’. = f3, ZF{p) — dp-\-p\ and so the equation of the liodograph is 

or (5) 

l^rom the nature of the ease, $ cannot have a negative value ; its 
smallest value is zero. It will be seen that each hodograph gives for 
^=0, 7]=-L, I-Ience we infer that in each case the path has a 
vertical asymptote. 

If the expression on the right of (5), § 115, be denoted by ft Ave 
have, by equations (6), (8), (9) of § 114 for the equation of the path, 

■’ 9 Jo <?'■*’ 9 Jo ^ ’ 

the bust of which is the “intrinsic” equation. For the time of passage, 
we have, by (7) of § 114, 

<’> 

117. Intrinsic Equation of Path for Resistance kv^. We can 

iind the intrinsic equation of the path for the case of resistance pro- 
portional to v% as follows. By (4) of § 114, we have 

( 1 ) 

Hence, dividing both sides by u and integrating, we find 

u=nQe-^% ( 2 ) 

if s start from the point at which u~Uq. Now, from (3) of §116, 

we have ^2 /2 

-P'JTTp'^ - iog(p + Vi+p2) (3) 



and Uioreloi'f^ blie value ot u ]iust touiid gives 

^o(l + “l-?r), ( 0 

% 

wliicli is the equation sought. The point for wliieli a •-'<((, is hero that 
for which ;;=0. 

Tlie same equation can be olitained at once from the hist of ((>) 
(§ 116). For here - and since 

•hi 


F'{p) = ‘J'l +p“. Thus, iiitogratiiig the (.H|uatioii just raferrod to, wu 
get, aiuce = j jj. 


wliich agrees with (4). 

It is clear from the relation ?6= that as ,s’ increases towards 

4-cc, ?t diminishes towards zero. Equation (4) shows that then }-) 
increases numerically towards - co , that is the motion a[)proaches 
more and more nearly without limit to the vertical. The patli ha.s, 
like that for the case of resistance simply proportional tospeed, a vertical 
asymptote at a finite distance from the vertex on tlie right, as shown 
in Fig. 46. To see that this distance is finite, consider the integral 
[see (6), § 115] 

x= - 



taken from 'p——q (where q is a small finite positive quantity) to 
- 00 . Then .a is the horizontal distance between the ])oints foi* 
which p has these values. Now, if we take from (5) of 115 (with 
the value of F{p) for ?i = 2), L-jn-=p- throughout this integration, we 
.shall take too small, and therefore too great. Tlius we have 




dp 

-7 J 


that is .v< \//cq. Thus a; is finite taken between tliese limits, and 
must also be liiiite taken from to p = — co . 


118. Flat Trajectory when Eesistance = kv“. Tf the trajectory 
be so flat that we may identify ,s’ with .r, equations (6) of ^ 114 and 
(2) of § 117 give for tlie case of resistance the relation 

( 1 ) 

dx \nj 

Hence, integrating and determining the constant by the condition 
that, when .r=0, p — q^ we obtain 


( 2 ) 



( 3 ) 


begraoing again, and putting wnen a’ = 0, we hncl 


the equation of the patli. 

For tiie time of Higlit we get, by (2) of § 117, 

dx XI Wo 

011 ce, integrating and determining the constant by the condition 
at when = .r = 0, we obtain 


d) 

the resistance to the motion were to cease at the point .^•=?y = 0, the 
■rticle would thereafter move in a parabola of semi-latus rectum 
= (see § 21). Hence we may write (4) in the form 






,,(5) 


] nations (3) and (5) are formulae sometimes used by artillerists. 
Expanding y from (3) in jiowers of Avr, we get 








.( 6 ) 


hi(;h shows, by the third term on the right, liow, in the case of slight 
isistance, the trajectory deviates from the parabolic form given by 


xj=qx^ 


%V 


.(V) 


119. Experimental Laws of Resistance to Shot. Ballistic 
ables are given in the Text^Book of iJxminerj} used at the Ordnance 
ollege, Woolwich, and contain the results of very elaborate experi- 
eiits made by tlie llev. F. Bashforth, B.D., in 1865-1867 and in 
S78-187b, by means of a chronograph which enabled the speed at 
iflerent points in the path of tlie projectile to be ascertained. We 
ive no space in wliich to pursue tlie subject in its more technical 
^pects, but the reader will find full information in the text-book 
ifei’red to as to resistances for different speeds and different 
I'ojectiles, times of flight and distances traversed between different 
jeeds, altitudes attained and so forth, with examples of tlie solution 
p practical problems by the tables. One point may however be referred 
■>. No simple law of resistance is found to fit the experimental 
3 sults. For very low speeds the cui’ves there given show resistance 
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nitn’c rapidly, a siuldoti furtlior iiirreiiHo al> a ovrr 1()(K) fV.oi 

pnr second, and then a range from about 1 100 ft./wc. to ii'iOU ft./sec., 
wJjich the tablcH show to be one of rewi, stance nearly proportional 
to tlio cube of th(5 Hpeed. About i^300 ft./s<-e. thenj ih a Hudden 
lowering of the upward slope of tlie curve of njuistaiuMi, that is at tlie 
H])eod at wliich air rushcH into a va(uu>us Hj)ace Hiich as presuinably e.xiHtH 
at tbeba.se of a very (piickly moving projectile. When th(^ projectih; 
inovo.s at a higher speed than that of sound — about IKK) rt./see.- 
waves produced by its’ progress canm>t ontstri]) it, and thci’efore the 
projeetdo constantly moves forward into inulisturlxid air. 

Observations were made by ISlewton in H)H7, of the tiino taken 
by balls of dilferent diameters and vveiglits (glass shells I'iIKhI witli 
different materials) to fall a distance of !2il(.) feet from the dome of 
St. KauFs Cathedral ; and it was then found that tlie I’csistaiice at a 
given speed was proportional to tins square of the diameter, 'riiis 
res\dt was conlirmed by Kashforth for projectiles of diiVi'-reut shu])es. 
Whatever the shape of tlie shot used — ogival,"^ hemisplieroidal, 
spherical, or Hat headed — the resistance for (sach Hha])e was propor- 
tioiial to the square of the diameter. The relative I'esistances ma.y 
be taken as 2 for flat luwlcd sliot, 1'7 for sjdierical cannon balls, 
'95 for modern ]jointed projoctile.s, and ‘8 for the magazine riile 
bullet. 

Mr. Bashforth constructed a table of values of a eoelVicient A', winch, 
used in the ecpiation 


gave the resistance p in ])ounds on an ogival Invaded shot c)f j iiudi 
(iiamoter moving at a .speed of v ft./scii. 'J'lie following slioi’t extract 
gives some of the numbers : 



EXERCISES IV. 

1 . If r denote the retardati<m produced by the resistance of tho^. air 
(a given function of the speed) and yjr denote the angle delined in 
§114, prove that at a point of minimum speed ?•+// siin//-=:0, that 
where the curvature of the path is greatest (tliat is, where is 

•^Sliob having a cylindrical body and a pointed head the longitudinal 
scotioii of which i.s formed of two are.s of etpial circles. 


§119] 


EXERCISES. 
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nmnevically a maximum), ?’ 4 -w ,<7 sim/^=0, and that where \p is 
numerically a maximum, r-\-2g^in^|r~0. 

2. Let the resistance vary as the speed, and draw through an 

origin 0 on the path a line parallel to the oblique asymptote 
meeting the vertical through a point F on .tlie path in F. Show 
that if f, ?; denote OF, PF, be the speed at 6>, a the elevation at 0, 
a]id t be the time from 0 to P, + sin a)^ (1 - 

7 ; — ijt. 

3. In a medium in which the retardation is IcF-, the length of the 
arc, measured from tlie point of projection to any point at which 
tan is ,s’. If the medium had been non-resisting the length of 
this arc would have been 3. Prove that 

4. Sliow that if the semi-latus rectum of the unresisted trajectory 
be I, and (x. be the angle of elevation, 

for a flat trajectory. 

5. A projectile under gravity is resisted by force k\f\ The speeds 
at the two ])oiiits where the inclinations of the direction of motion to 
the horizontal are i/r and tt--^ are v^, and v is the speed at the 
vertex. ITove that 

Prove also that f'^ sec^'^^’y//- d’yjr, 

Jo 

6. If the equation of the trajectory be cos-^fr^^p cos-f-), find the 
law of resistance. 

[Here, by (^) and (4), § 114, - r cosi^, v— ~r~ gi^in yf/', where r is 

the retardation, so that rvd{cos^jr)/dv~ d{v cos ■\jr)jdo ; and, 
since v^lp=g cos-\jr, cost /^=/’(?; 7 ^), so that, since the function /is given, 
T is found.] 

7. If pcos-yfr is constant, the path is the catenary of equal strength. 
Let tlie concavity be downward. Show that v is constant, and that 
r~ - gsin^jr, so that 7’ is a positive acceleration on the upward slojiie 
M.nd a nnsitivfi retardation on the downwn.rd. 



(^lIAFri^ll V. 


vnm MOTION OK A KAUTIOKK UNDKU A KOROK 
DiUKAlTKl) TO A KIXKD lM)IN'r. 

120. Path lies in a Plane. Differential Equation. lA)r a. 
])a-rti(il(': niovinjn’ a-(!('i()ii of ;i r()r (!0 continually 

(lin'ctcd towards a ])oint or “ oT ForcoA tlu^ 

(Mjuat.ion ol‘ motion lias boon bmiid in and 50. It 

lia.s luMMi sc.on that th<'- ])a.th li(‘s in a jdanc, and idat 
tla^ full d<‘, termination of the motion is tlieor('.ti<‘a,]!y 
po.Svsil)le when tlu‘. tuv ol* I’oi’ci^ is ^ivam, and tla* dillennitial 
e(|nation can he. inte^ratiMl in accordaiUM^ Avitli tin'- spec.i(i(‘d 
initial conditions. 

Jhdon^ ])roeiMalino; to (.he dis(mssion of some impoi’tant 
part-ieuhir cavStvs, <i;iv(‘ anotlun* proof of tli(‘ rinida.n\enta,l 
dillerential c(|uation, incdiulino* tln^ ea.si* in wliicd a, forces 
ac.ts on tile pa.rti(d(‘. in tlie. lin(‘ of motion; so tliat W(^ may 
ha\M‘. liefoni ns all that is m'eessa.ry to d(‘a.l Avith tla^ motion 
of tlie pa.rtic‘.le in a resisting' m(‘divnn, or ii^ainst such a. 
resistiiiij!; forcie as there, se.e.ms reason to be.lie.ve may he 
ex])m’i(mce.d liy a plamd ahsorlaiiir the smi s i’a<liant luait 
and lio'lit, a-iul kept at (a^riilihrinni of b'mpt'ratnn^ by its 
own radia-tion. [Se(‘ A^u/vcec, An<^^ 4, 1{)1(). | 

L(it 1/76 lie, tluMlistama'. of the nnivini!^ ])a.rticle. (Fiiji;. 4S) 

at tinn.', / from tlie cmitre of forc(^ 0 or, as we t;all it, 

the leii<i;tli of the ra(lins-V(‘etor — a,nd 0 tlie. ani>ie wliich tln‘ 
lino OJ^ mak(‘H witli a IIxihI Hik' in ihe ])lane of motion, 
ddie mommitum in the outwa^rd din'ction alono’ tlie. radins- 
veetor is l/v6)/d7 = — (7?6 d.76/(//)/aA Tlie tiiuo-rato of 
dmii,<rc of tliiH is 

u- (It- vd’ (.U 



to tlie radius-vector is mOjib ; and because of tins, and tlie 
turning I'ound of the radius-vector and lines connected 
with it at angular speed 0, momentum in the outward 
direction along the radius-vector is growing up at time- 
rate — (see SS9). Hence the whole rate of growth 

of momentum along the radius-vector in the position which 
it occupies at time t is 


d 


— m 


dt 



Now let h = so that at the instant the angular 

momentum about the centre of force is m/6 = 77i0/^6^; then 
mQ'^ju^mhhb^. Also we have dt = dQI]mi^, so that the rate 
of growth of momentum along OP is 


Hence, if mF is the inward force towards the centre, we 


get 


A. 

de'' 


(' 41 )+'““ 


F_ 

hv? 


.( 1 ) 


as the radial equation of motion. 


121. Effect of Force transverse to Radius-vector. If, as is 
here supposed, ]i is not constant, a force transverse to OP in 
the plane of motion must account for the variation of //. 
If 8 be the force, per unit mass of the particle, reckoned 
positive when in the forward direction, we have dhldt = S/'ib, 
or, taking as befoi'e the moving particle as timekeeper, tlmt 
is putting dt = dQjlm^, we obtain 

hv?A^S (!) 


This enables us, when S is 
the form 


known, to widte (1) of S 120 in 
F S dib 


F S du 
d do 2S 

dd (F'il 

,!(F+“ 

In tlie cases in which the particle is acted on by a 
force resisting or accelerating in the line of its motion, as 
well as by a force towards a fixed point 0, it is convenient 
to consider the particle as snbj'ect to two component ac- 
celerations, one in tlie forward direction of motion, the 
other towards 0, and to write two corresponding e(juations 
of motion. We sliall show first that these accelerations 
can be written in tlie forms 


II 

dd 


and 


Id r 

¥ n 


h? dp ^ 
jd dr 


where p is tlie radius of cuiwature of the path and p tlie 
length of tlie perpendicular let fall from 0 on tlie tangumt 



to the path at the position P of tlie particle at time t. 
For, denoting the tangential and radial accelerations by 
aiy (ir, the angle between tlie radius- vector OP and the 


( 4 ) 


of cui.'vature at F by p, we have by §10, 
dv 

~ ~ 

since vdvjd,s and v'^/p are tlae rectangnlar components of 
accolei'ation along the tangent in the direction of motion 
and towards the centre of curvature respectively. The 
second of these gives, since sin fp^pjr and h—pv, 

^2 ^ 2 ^ 

But if p-\-dp be the length of the pei-pendicular from 0 
on tlie tangent at a point Q at a distance ds ahead of F on 
the path, the diagram shows that dpjr ^ = dsl p, which, 
since cos f/> = (foy(is‘, gives d'p/dr = Tjp. Hence also 

__]d‘ dp r /K\ 


py'' dr pi^ p 

We liave now, by (4), 

dpdr^ 

d^^ p3 dr ds'~'^ds p^ ds 

But since v = hlp, vdvlds — {hdlilds)lp^ — {]i^dplds)lp^, and 
therefore , m 


(hi-— -n- 

ds 

Tims if F be the force toward the point 0 and 8 the 
tangential force in tlie forward direction, each taken per 
unit mass of tlie particle, we liave the two equations of 
motion ,,, , . ,, 

(7) 

//r^ dr jr ds 

If li is constant, S is zero ; but tlie first of these equations 
still holds, and may be used as an alternative for (1) of 
§ 120 . 

As an example, let ^ be a resistance proportional to the 
speed V, that is, let S= —hv. Then Qi dhjds)lp'^= — kv. 


Multiplying botli sides by v ( = (ls/d{) and Hubstitutin^li; /d/v- 

for tA wo obtain - 7, 

^ 1 dh j ) 

h dt ““ 

HO th at h = Ca “ • • * ( 

vvluiro C i.H tlic value of A wlien /; = (). 

Again, let H= —kv^; thou, after reduction, wo got 

1 dli _ 1 

so tliat hz=zCe'' ( D) 

where C is the value of h at the point from wliich n is 
measured. 

Thus A diminishes exponentially as the time increases in 
the former case, and as the distance travelled increases, 
in the latter. The resistance wliich a planet experiences in 
its orbit, according to the modern theory of light jiressure, 
is directly proportional to tlui speed, and therefore A 
diminishes in that case exponentially as the time increases, 
according to (8). The coefficient k of the resistances is, 
however, inversely proportional to tlie radius of tin* planet, 
so that except for a planet of exceedingly small size the 
effect here calculated is ([uite insensible. 

When S is zero A is constant, and tlie single diMerentiaf 


equation 

h:^ d'p „ 
p/ dr~ ’ 

(10) 

or its equivalent 

d‘^u F 

(H) 




determines the motion. 


It is useful to remember that, since , 

s'“ = 9 and 

A = r-0=p-i;, we have 



" {(do) 

(12) 




is the length of the radius-vector to the position of the 
particle ; and let the particle describe any path in the 
held of force from a position at distance from 

tlie centre 0, to a position at a final distance 

If V be the speed of the particle at the instant under 

consideration, the distance ds=^vdt is described along the 
patli at P in time dt If 0 be the angle which the 
direction of motion makes with the line drawn from P to 
the point 0, the increase of speed dv is /x cos <56 
But dt^dsjVy and therefore 'ucto = /xcZscos^/r^ By 

Fig. 4(S it will be seen that ds cos cj>= — dr, and so 
vdv— — (X dr Thus we obtain, if or <1, 






•( 1 ) 


Tliis is the ecjuation of energy. On the left is the increase 
of kinetic energy per unit mass of the particle, and on 
the riglit the work done by the force of the field in the 
displacement. Tlie latter it will be seen is independent of 
the path of transference. 

If the particle start from rest at ro== 00 , and if 1, 




01-^ 7^^ 


( 2 ) 


and is the speed acquired in the transference of the 
particle under the action of the field from infinity to the 
distance It is called the speed from infinity at distance 
r^. In the very important case of ti = 2, we have v\ = yjn\. 
Tlie quantity on the right of (2), multiplied by m, is the 
amount of potential energy transformed into kinetic 
energy in the passage of the body of mass m from infinity 
to tlie point at distance r-^ from the centre of force. We 
shall refer to tliis as the “exhaustion of potential energy 
from infinity.” 

The quantity on the right of (1) is the exhaustion of 
potential energy from distance r^ to distance r^, per unit 
mass, 


Q.D. 


p 


As an example, we may find the speed froin infinity to 
the surface of the earth, accpiired under the influence of 
the earth's attraction. Here n = 2. Tlie speed ac(iuir(id in 
time dt at distance r is if we suppose tlie path to 

be a straight line towards the eartii's centr(3. ihit at 
distance the earth's radius, the speed acrpiinHl in tinn^ 
dt is g dt = fjLdtjrl, and tlierefore (jL=gT\. Tlius wo obtain 

^v{-=^g')\ or v\-=2gi\ (Il) 

The speed acquired is tlierefore that which would he 
acquired by the particle in falling through a distance (Mpial 
to the earth’s radius under constant acceleration //, lupuil 
to that of a falling body at the surface. Taking, as rougli 
values of g and 82 ft./sec.- and 21 x ft. respectively, 

we obtain ^ 2 = 2 x 32 x 21 x 1()« i't.7sec.“ 

or = 36700 ft./sec (4) 

nearly. 

When tlie contribution made by the term 

1/(72. — in (1) is zero for Tq=cc; but when b this 
contribution is infinite. We take in that case the 
speed acquired by the particle in passing to 0, the centre 
of force, from rest at F., distant r. from 0, and have then 




If 72. = !, both the speed from infinitj^ 2 ind tlie speed from 
F^ to 0 are infinite. We shall see presently liow the 
determination of the orbit in particular cases depends on 
the speed from infinity. 


123. Concavity or Convexity of Orbit towards Centre of 
Porce. It is evident that, if the central force is an 
attraction, tlie patli, or orlrit as we shall call it, is concave 
towards the centre of force. For tlie attraction is con- 
tinually causing the direction of motion to deviate from 
the tangent in the direction towards the centre 0, that is 
to bend round 0. ' If the central force is a repulsion tlie 
bending is the other way, that is the orbit is convex 
towards the centre of force. It is easv to arrive' ni. I.U.vyo 
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the equation 

P'V“f‘ 

It follows that if F is positive, that iS; is an attraction, 
dp I dr is positive (for p is always taken positive), that is 
p increases with r and diminishes with r, in other words 
the orbit is concave toward 0. If F is negative the force 
is a repulsion, and p increases or diminishes as r diminishes 
or increases, and the path is convex toward 0. 


124. Force varying directly as Distance. Consider a particle 
moving under the influence of a force whicli acts along tlie 
line joining the position of the particle to a fixed point 0, 
and is proportional to the length r of this line. If /ur, 
where /ul is positive, be the magnitude of the force per unit 
mass of the particle, the equations of motion with reference 
to axes of x and y with origin at 0 are 

.r + //(r = 0, y + fiy^O, (1) 

if the force is an attraction, and 


= y--/zj/ = 0, (2) 

if it is a repulsion. 

The axes need not be at right angles to one another, 
and we may choose their directions so that Ox is in the 
direction of the initial displacement and Oy in that of 
the initial motion. Thus initially we have x = a, a' = 0, 
y = 0, y = v^, since tlie complete solution of either differential 
equation gives for x or y a value of the form 

A cos J sin J pt 
For the case of attraction then, we have 

x — aQ.osJ (it, y — hBmsI (it, (3) 

where h^vjj(i. For these values of x and y satisfy the 
differential equations and the chosen initial conditions. 
Eliminating t by the relation cos^\/ya^ + sin^N///^ = l, we get 






( 4 ) 


the equation of an ellipse of which the axes of coordinates 
are a pair of conjugate axes and the centre is the centre of 
force. 

In the case of repulsion the complete solution of eitlier 
differential equation gives for x or y ix value of tlie 
form and, in accordance with this, values of 

X and y which satisfy the same initial conditions are 

y — (5) 

where From these we get 


the equation of a hyperbola of whicli the axes of cooi’diiiates 
are conjugate axes, and of whicli the centre is tlio centi'c 
of force. 

The construction of the path in either case is simply the 
construction of a conic of which a pair of conjugate axes 
are given in position and magnitude. The reader may 
verify that the criterion of concavity or convexity stated 
in last section is satisfied. 

It is clear that the period of description of the path is 
2irjs/ fji in the case of tlie ellipse, that is, since twice the 
area is ^wah sin a, where a is the angle between the axes, 
tlie double rate of description of area is jutah sin (x, or 
J jULCth if a, h be the principal semi-axes. In tlic case of tlie 
hyperbola, if we calculate (xy — yx)mioL from the values 
of X and y given above, we obtain 

h = {xy — yx) sin (ji> = V jj.ah sin a. 

It will be observed that by (8) the rate of description of 
area leads in the case of the ellipse to the value sj yi for the 
eccentric angle described in any time t, and that the period 
of revolution depends only on fx, and is therefore tlie same 
for all ellipses described about tlie same centre of force. 


125. 


Examples of Force in Different Cases. 


dp W r 


Tlie equations 





ii^x. 1. To find F when the orbit is an ellijt>^e with the centre of 
force at a focus 0. 

I distance of a point P on the orbit from 0. p. p’ the 

iengtlis of the pei’pendicidars from 0 and the other focus on the tangent 
at / , and 2« the sum of the focal distances of P. Then, for the ellipse 
plp=:{2a-r) r or, since pp' = b'^ (where h is the length of the semi- 
axis minor), ¥lp^—(2a’-'r)(r. Thus difierentiating, we obtain 

(dpjdr)lp^ = a/bh'\ 

and therefore 1 —!!l 1. 

52 ,,2 I ,,2> 


where I is the length of the semi-latus rectum. Thus the force varies 
as the inverse square of the distance from 0. 

Ex. 2. Prove that at P (Ex. 1) the curvature, 1/p, of the ellipse 
has the value c6&nvUjjlb% where </) is the angle between OP and the 
tangent at P. 

By § 121 we have yp=^(dpldr)lr=ap'^lhh'’\ But we have similarly 
from the other focal distance 2(z — t and perpendicular p'j 

1 /p = ap'^jh-{2a - ry. 

since r sin {2a - r) sin <p^p'. Hence 

1 (T . .. , 

- = 7., siircp. 
p ^ 

Ex. 3. To find F when the orbit is an equiangular spiral with the 
centre of force at the pole of the spiral. . 

The equation of the spiral is (see Ex. 3, at ~ 

end of Chapter I.) r = where ^ is the 

constant inclination of the tangent to the 
radius-vector from the oi’igin to "tlie point of 
contact. We have then 

p=rsin(/) and f/^/ffr = sin c/j. 

Hence 

p'^ dr sm^(p F 

Since (/) is constant, F varies as the inverse 
cube of the distance r. Since l/p = sin </>/?•, F 
also varies as the cube of the curvature. 

Ex. 4. To find F when the orbit is the 
lenniiscate of Bernoulli, and the centre of force — 

is the node of the curve (Fig. 49). 



Fig. 49. 


(since ^un (j>^rd9/dyi), l/p^~(dr^-\~r-dd'^)/rhl9‘^~a‘^ji^^ We got by 

differentiation for the value of F, 

A-' dp Ii^a^ 

pi ^,7 

Tlie force vaiies as the invei'se seven tli power of the distance r. Tlie 
curvatui'e is ^rjdK 

111 this case the orbit passes through the centre of force (). At 
that point the speed is iniinibe, for it will be seen that the force 
when the pai'ticle is near the origin is along the ])ath and is very 
great. It will be observed that tlie acceleration is very gi'eab when 
the particle is fipproacliiiig the centre, and that the retardation is 
correspoTidingly great after the particle has passed tlie centre, so that 
at ail infinite distance the speed is finite. 


Ex. 5. To find the force when the orbit is the curve of which the 
equation is r''‘=»’'cos?i6^. 

This curve is the leinniscate when ?i = 2. By the same j^rocess as in 
Ex. 4, we get Hence 

0,,a„+r 


F= 


126. Solution of Differential Equation in Various Cases. 
Energy Relations. We can use the differential eciuatioii 

d^u . F 


de^ 


-76"' 


either to find the force when the orbit is given or to find 
the orbit when the force is given. In the latter case the 
differential equation must be solved, and this is not always 
possible except under special conditions, for example 
equality of the speed of projection to the so-called speed 
from infinity. 

We now consider first tlie motion of a particle under 
:‘avitational attraction directed towai-d.s a fixed point 0. 

'2, so that and the equation of 


gr 

In this case 
motion is 


n- 


hr 


■Q) 


The complete solution of this equation is 


— cos(0— a), (2) 

where A and a are constants. (See § 28 above for another 


0~a = 7r, — If the first value 

ol' r be denoted by a(l— e) and the second by a(l + e), or 
the first be denoted by a(e — 1) and the second by —a{l + e), 
according as jujh^^ or <-4, we obtain in the first case 


and in tlie second 


' a{l 




In the first case e<il and in the second Equation 

(2) becomes 1 

^ ^o l+ecos(0— a) ' 

in the former case, and 

u l + eQ 08 {d- 0 L) 

in the latter. In each case the equation is that of a conic 
section of which the centre of force is a focus The curve 
is an ellipse in the former case and a hyperbola in the latter, 
tlie length of the major axis is 2a and the eccentricity e in 
both cases b while 2a(l— is the so-called parameter of 
the ellipse, and 2a{(?—\) that of the hyperbola, that is 
twice the length of the radius-vector drawn from 0 at 
right angles to the major axis. 

AT 72//'^'^^^! 2! 7 4 +^H 2 ecos( 0 -a) 

Now = +uq = /r ...(7) 

But by what precedes ]i^l(i(yY — e-) = p or — 1) = 

according as or > 1, that is according as the curve is an 
ellipse or a hyperbola. Thus we have 

±a{l—e-) C6(l — e^)J ' \r aJ ^ ^ 


C6(l — 


according as the orbit is an ellipse or a hyperbola. 

When"e = l, the orbit is a parabola, and the equation 

( 9 ) 



infinity to the point in que.stion. Hoiico JUixjr is called 
the parabolic speed. 

It will be shown later [see Ex. 15, SEll] that '})ipl2a is 
the time-average of the kinetic energy in either orbit, so 
that (8) asserts that the kinetic energy imr- of the par- 
ticle at distance r from the centre of force in the hyper- 
bolic orbit exceeds, and in the elliptic orbit falls short of, 
the exhaustion of potential energy (S'! 22) mpjr, from iii- 
finity to the distance r, by the time-average of the kinetic 
energy in the orbit. 


127. Discrimination of Orbit. The speed from inlinity to 
the distance r is, as we have seen (S 122), 2pjr. llonci'- 
we have, by (8) of §126 (putting now 
from infinity), ; 2 

= r = : 

a a^{l — (fy 

in the case of the ellipse, and 


for tlie speed 
...( 1 ) 


1 )^ —7/^ = 






.(2) 


in the case of the hyperbola. Thus the speed from infinity 
is greater or less than v, according as e is less or greatei* 
than 1, that is according as the orbit is an ellipse or a 
hyperbola, and conversely. Thus a comx)arison of the 
speed at any distance with the speed from infinity enables 
us to discriminate between the two forms of orbit. 

The^ reader may satisfy himself that when the force is a 
repulsion the only possible orbit is a hyperbola, and that 
the motion is in the branch wliich does not contain the 
focus at which the centre of force is situated. When the 
force is an attraction the particle moves along the brancli 
within which lies the centre of force. 

Now let (1) rQ = a(l — e), (2) rQ = a.(ci — 1) ; then by (5) and 
(6) of §126, du/dO^O, and = in both cases. 

But h^ = pa(l—e^) in the first case and = fia^e^—l) in 
the second; therefore vl = ij.{l + e)ja.{l -e) in case (1) and 
'yo = /Ct(e + l)/<x(c~'l) in case (2). This agrees with (8) 


01 slzb, which gives in the lormer case = — l/2c6) 

and in the latter = 

Equation (8) of §126 may be taken as that of energy. 
For we may write it 

=Fm~ (3) 

On the left we have the kinetic energy of the particle, 
and a term, —mfijr, depending on the position of the particle 
with reference to the centre of force, which may be taken 
as the potential energy of the system, while on the right 
we have a constant, --m/x/2a or 7?^/>t/2a, the constant sum 
of the kinetic and potential energies. 

128. Period of Particle in Orbit. The period of revolution, 
or time of description, in an elliptic orbit is finite, in a 
parabolic or hyperbolic orbit it is infinite. If a be the 
semi-axis major of an elliptic orbit of eccentricity e, the 
length of the semi-axis minor is — so that the area 
of the orbit is TraVl — But twice the rate of description 
of area is fxa{l — e^), so that if T denote the period, 

( 1 ) 

fX 

the period of a simple pendulum of length a under 
acceleration ///a^. 

It is to be observed that the squares of the periods in 
different orbits about the same centre of force are by this 
equation proportional to the cubes of the corresponding 
values of a. This, as we shall see, is one of the observations 
made by Kepler regarding the planetary motions. 

It is important to remark that by equation (8) of § 1 26 
the length a of the semi-axis major depends only on the 
speed and the distance of the point of projection from 
the focus. Thus, if a number of particles be projected 
with the same speed, greater than that from infinity, in 
different directions from the same point under tlae attraction 
of the same centre of force, the major axes of the orbits of 
the different particles will all be of the same length, and 
the periods will be the same. The particles will therefore 
all return after the lapse of a period to the same point. 


129, Determination of Orbit from Distance and Velocity, etc. 
When the direction and speed of projection, the centre of 
force and its constant, /u, are given, the orbit can be at once 
constructed. We join the centre of force 0 (Fig. 50) with 
the point F of projection, and calculate the value of 
2/J2— where R is the distance and V the speed of 
projection. If the result is positive, the orbit is an ellipse, 
and the value found is the reciprocal 1/a of the length of 

the semi-axis major. If 
the result is negative, the 
N. “ orbit is a hyperbola, and 

N. the reciprocal 1/a of the 

/V semi-axis is 

^ . V^Jjul--2/R, 

2 a^r 7^ Now draw the direc- 

tion of projection through 
1 \\ P and produce it both 

\ U-'" ' ^ 50). The line so drawn 

\ is a tangent to the path. 

37ig. 50 . In the case of the ellipse 

draw from P a line P0\ 
making the angle OPU equal to the angle O'PT, and take 
the length PO' = 2a — r. Then 0' is the second focus, and 
the orbit is determined completely. It can be drawn in 
the usual way. The eccentricity c is the ratio of the length 
00' to 2c&. 


It is to be observed that any point of an orbit and the 
velocity there may be taken as the point and velocity of 
projection. The relation v^ = 2ij./t — fx/a enables the orbit 
to be drawn if v, r, and /i are given, and the line OP is 
given in position, provided one other datum is supplied. 
That may be the direction of the tangent at P, or it may 
be the condition that the particle sliall pass through another 
given point Q (Fig. 51). In the latter case we find a as 
described above, and with radius 2a — r describe a circle 
from P as centre in the plane of 0, P, Q. Then from Q as 

centre with radius 2a — t' (where r' = 0Q), we draw another 

£ 


CONSTRUCTION OT ORBIT. 
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§ 129 ] 


generally intersect it in two points, 0\ 0". Either of these 
points is the second focus of an orbit which passes through 
0 and O'. It will be seen that as Fig. 51 is drawn, if the 
second focus be 0' the two points P, Q are on the same 
side of the major axivS, and 
that if the second focus 
0" be taken, P, Q are on 
opposite sides of the major 
axis. If the circles meet in 
one point) 0' only, that is 
if P, O', Q be in line, one 
orbit only can be drawn; 
if tlie two circles neither 
intersect nor touch, a solu - 
tion of the problem does 
not exist. 

To construct a hyperbolic 
orbit, we draw (Fig. 52) 

PO' so that lO'PU= l UPO, and take the distance 

P0' = 2a4-0P 

as the second focus, and again the orbit is determined 
completely. 

It will be seen that both for the ellipse and for the 

liyperbola, if the plane of motion is fixed, but not the 

direction of motion, the 
locus of the second focus 

is a circle with centre 

at P. The student may 

prove that the locus of 

tlie centres of the pos- 
sible orbits is a circle 
with centre at the middle 
point M of OP (Fig. 50) 
and radius = iPO'. If 
the plane of motion is 
not fixed, these loci are 





Fig. 53 . 

equidistant from the 


aliV./ U1 loi- XlAlt' JL U UAIV^ 

tangent in T. This line is in tlui 
direction of the axis of tlie carve. 
A perpendicular ON let fall on the 
tangent and a pei'pendicular NA. 
on or, determine the vertex A of 
the path, and a distance 0D= 20 A 
laid off along OT gives the directrix, 
to be drawn through D perpen- 
dicular to the axis. Further p)oints 
on the path can be found from tlio 
condition that every such point is 
directrix and focus. 


130. Newton's Revolving Orbit. If an orbit for a central 
force /(u) is known, an orbit for the centi’al force 
can be found. 

When the force is /(^6) the differential equation of tlie 




de^ 




and if the force is made/(it)+/,i^tt® tlie equation is 


d^v.- 





( 2 ) 


If in this we substitute dd'js/l- (or dd'jl^ For df), 
and put h'^ for we obtain 

(d) 

a differential equation of the same form as that brst 
written above. Hence if '^6 = ^(0) be the equation, of an 
orbit for the force f{ib), u = f/)(0') is the equation of an 
orbit for the force /(t6) + /;[p^3. 

We imagine, thus, the particle to describe the first orbit, 
and that orbit to revolve at the same time with angular 

O 


speed (/ii — 1)0 in its own plane about the origin. The path 
of the particle is tlien the second orbit required. This is 
the theorem of Newton’s revolving orbit. Or we may 
suppose the orbit u=cj){9) constructed, and then con- 
struct another in which the u for any value 0 is the to 
for an angle kd in the former orbit. [lYinc/ipia, Lib. I. 
Sect, ix.] 


131. Examples. 

Ex. 1 . If /{%) ~ prove that the orbit for the force H- lias 
tlie equation 

__ +a( l-c^ ) 

^ ”1 + e cos (kO) * 

The orbit for the force has the equation 
^ ” 1 H-e cos 0 ’ 

where the positiA^e sign is to be taken for an ellipse and the negative 
for a liyperbola, for which, of course, e^> l. The orbit for tlie force 
//,/?•“ i.s, by the theorem, 

rfc »(! — e^) 

1 -he cos 0' 

But 0' is the actual vectorial angle 6 in the new orbit, correspond- 
ing to the radius-vector r, multiplied by and so we have 

' 1 -h e cos {k0 ) ' 

Ex. 2. Prove tliat if the force ixr towards or from tlie centre of a 
conic be increased by /x^/r^ the orbit is changed from 

cos'*^ ± sin*'^ OjJ)^ = 1 

bo co.s‘^(/^ ± — Ijr^. 

Ex. 3. To find the law of force towards tlie same centre, by whicli 
the inverse of a given orbit with respect to a circle, with its centre at 
the centre of force, may be described bj^ a particle. 

For the knowm orbit, we liave F~{liklpldr)lp^^ and if F\ h\p\ r’ be 
corresponding quantities for the inverse, we can, by the relations 
rlp^r'lp'==c^lpr,p=f{r) and lilr^^h'iy\ find F’ idr')lp'\ Or 
we may derive from tlie equation jo=/(r) of the known orbit the relation 
cyir'^~f{c‘^lr'), and since F— --hdv’^jdr, write 

Between these two last equations is eliminated and F' obtained as a 



scribes the inverse of an ellipse, a focus of which is the centre of force, 
is given by ^ ^ 

where the accents used in Ex. 3 are dropped. 

Ex. 5. If the centre of the ellipse is the centre of force, prove tliafc 
^ / 2 (a‘^ + ?^) \ 

a^b'A ' r^ 7' 

Ex. 6. When the orbit is the reciprocal of a known orbit, and the 
centre of force is the same for both : to find the law of force. 

In this case rp —T'p—c\ and if the equation of the known orbit l>e 
’*=/(p)5 c^lp—fic^jr'). As before, also, F' ~ -■Ui'hi{'llp'^)ldr, 

and from these relations F' can be determined. 

Ex. 7. Show that if the orbit be the reciprocal of a conic, a focus of 
which is at the centre of force, 

F=c^' 


¥ 




and that if the centre be the centre of force, 

p=^hh-. 

Ex. 8. Find F for the pedal of a given orhit, and sliow that, 
according as the central pedal or the focal pedal of an ellipse, witli 
centre of force at the focus, is taken, 


F-- 




2 (aH 62 )\ 
^ P 




?>aVih 


Ex. 9. Find F when the orbit is the pedal of a circle (radius a) 
with the centre of force at an eccentric point in tlie iilane of the circle 
distant c from the centre, 

Ex. 10. Show that for the cardioid derived from this circle. 


F. 


3aK^ 


Ex. 11 Verify tlie second result of Ex. 8 from the fact that the 
local pedal ot a conic is the circle described on the major axis as 
diameter, by hnding the force required to give a circular orbit of 
radius a, when the centre of force is at a distance from the 

C0n uL^0« 


Ex. 12. Prove that if e be the eccentricity of an orbit described 
under a force and v be the speed at a point where cji is the angle 
between the tangent and the radius-vector, 


/ua (1 — ~ si 


= 1 — 2 1 fii n^c/) 

IJ. 

(G. W. Hill.) 


For brevity, we shall work out for an ellipse. The modifications of 
the proof for a hyperbola are obvious. 

Clearly si n^c/), and it is proved in §126 that = 

Hence //«(! - e^)—vh'^sm^<p. 

From (5), § 126, we have c cos(^-ol) = «7(1 1, so that 


e cos(6^-a) = ^ — 1 

by the foi’mer result. 

Now produce the tangent and major-axis to meet, and let be the 
angle of intersection (see Fig. 54). Let fall perpendiculars (lengths^;/) 
from tlie foci on the .tangent. The distance between the foci is 
2ae, and by the figure 

2ao cos \/r = (2a - r) cos <jf) -I- r cos c/j = 2a cos c/). 

Hence c cos -v/r = cos </), 

which is a very useful relation. 



Again, p' -p = (2a-r)sin (p-rsin (p = 2 (a -9') sin </>. But also 
p' -p — 2ae sin yj/-. 

Hence, we have ae sin — — r') sin 

But in the figure L-AOP^Q-cl^ so that sin(^-a)=sin(<i-|-TZr), and 
therefore 

aiii (0 — ciA — q sin cb cos lir-l- e p.na cb si n y!r := sin r/^ pfMS /-A ^ csi n r/x .-A 


fc it is proved in § 126 that v^=ix{2/r-lla), and therefore we get 

• //-> \ -yV.sin </) coa 

esln(^?-a-) = 

IL 

squaring this relation and the corresponding one found above for 
)s(^ — oc.), and adding, we obtain 

« - 'yb’'-^Bin^cj£) 

2 r q-... „ 

/A /r 

Sx. 13. A particle describes an elliptic orbit about a centre of force 
a focus, in the period T— 27rN/a^//x, where a is the mean distance : to 
er the time required by the particle to reach the centre of force 
placed at rest at any distance. 

[t is to be noticed first that the period deyjends only on the mean 
tance ; hence if we keep a unchanged and make a approach unity, 
shall, without altering the period, cause the orbit to approximate 
a very narrow ellipse with the centre of force, 0, close to one 
u’emity. The motion from the other extremity to very near 0 
then a path differing little from a straight lino towards 0, The 
msverse speed of the particle at the remote extremity of the path is 
nulled by the small transverse component of the central force, 
d the generation of motion toward 0 takes place as if the particle 
cl been given at rest at the remote exti'emity. Thus we have for the 
:ie T, from a distance 2«, 

T = .V-- 

[f tlie particle were placed at rest at any other distance 2a', we 
ould have for the time t' required for it to reach the centre of force 



■r instance, if 2a' = a, the mean distance in the orhit, we get 

^ 2s''2V A^~W2’ 

Thus, if the earth were deprived of its orbital motion at any instant, 
would begin to fall into the sun, which it would reach in about 
days.] 

Ex, 14. Verify the results of the preceding example by direct 
;egration from the differential e(piation 


/X 


Ex. 15. To find the value of J for a complete period of a 

particle describing an elliptic orbit under attraction to a focus ac- 
cording to the Newtonian law, and to show that it is independent of 
the eccentricity of the orbit. r 

Since this integral may be written vds, and is tlien 

called the “action’’ (per unit mass) for the path along which it is 
taken. We are to take it once round the orbit. Now we have 



2a — 7’ _ /X 0^ 
ar ~~ a 


where / is the distance of the particle from the “ empty ” focus. 
But if 'p be the lengths of the perpendiculars from the centre of 
force and the other focus to the position of the particle at the instant 
considered, we have r'lr—p'jp^ and therefore, since pp — r' Ir—p'^jl)^, 


Hence 


jvds^'sj'-^jp'ds. 


But clearly J p ds taken I’ound tlie orbit is twice its area, that is ‘2.7rab, 

and therefore r . ^ 

/ V ds=^Tr\f pa. 


The action for one revolution is thus pa^ and is the sjime for 
all orbits, whatever their eccentricities, for which a has the same 
value. Tf we denote it by A, then 

A = pa = 2iT'-^jY'===^~ 


A is the value of the integral jv^dt taken over the period T\ 

therefore the time-average of the kinetic energy (per unit mass) of 
the particle is ^/27’, and we have 



[Thus while the area described about the centre of force by the 
radius vector is proportional to the time, the area described by the 
radius vector to the particle from the empty focus is proportional to 
the action.* It is shown in § 100 that the actual motion of the 
particle is brachistochronic for a centre of force in the empty focus. 
Thus the mode of representing the time in the free motion about that 
focus has become the representation of the action. Now we can write 
the energy equation (13), of § 127, in the form 




mp p 

2a r 


* Since this Example was written we have found that this fact had been 
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hyperbolic orbit. We thus get the curious theorem that the kinetic 
energy of the particle, at distance r from the same centre of force, 
in a hyperbolic orbit, of semi-transverse axis a, exceeds, and in an 
elliptic orbit, of major semi-axis a, falls short of the exhaustion mfilr 
of potential energy from infinity to the distance r (see ^ 122), by 
the time-average of the kinetic energy of the elliptic motion. We 
infer that tlie ultimate constant velocity in the hyperbolic orbit at 
a very great distance from the centre of force— that is along the 
asymptote — is the square root, \//x/a, of twice the time-average of the 
kmetic energy in the elliptic orbit. Further, since the time along the 
asymptote at the constant speed s/fxja is infinite, the mean kinetic 
energy in the hyperbola is the same as that in tlie ellipse. 

This can he seen to be the case by a consideration of areas in the 
hyperbola. 

It is worth noticing that for one revolution jvds—s^fijahjd.^jp, 
so that f dfi 27 r ^ n 

Ex. 16. To find the angular speed of a planet about the “ empty ” 
focus. 

If Ty r be the lengths of the radii from the centre of force and 
the empty focus to any position of the particle, and (i, O' be the 
corresponding angular speeds, then rO = r'&. For if (/> denote, as 
before, the inclination of the tangent to either radius-vector, we have 
'Am<f^^rd0jds^7*'dQ’jdsy and therefore the relation stated. Plence 
O' — rOji'^ —hli'v'y since O—hjr^. Now, by the properties of the ellipse, 
r=a-eXy /=a + e.?7, if be the distance, parallel to the axis, of 7^ 
from the centre. Thus we get 



Thus if powers of e above the first can be neglected, & may be taken 
as constant. [See Exercise 4, p. 301, below.] 


Ex. 17. To integrate the equation of central orbits for the case of a 
central force /x(a-i-6cos 20)//-^. 


LJL 

The equation is + cos 26>), 

which may be written 






¥ 


A particular integral is easily found by substitution to be 


differential equation when 6=0) is the complete integral. Thus 
we get 

u = A cos d-^B sin 6^ + ^ (3a - 6 cos 2Q). 

By putting .r=rcos^, 7/=rsin^ (?' = 1/?^), we can show that this is 
an algebraic curve of the fourth degree, unless 6=0, when it reduces 
to a conic. 

Let it be given that at the point where ?^=c, ^=0, the velocity is at 
right angles to the radius vector, that is, that the value of dnjdO is 
there zero. Then we get 

c = yl + />t(3a — or A = { S/iM — [x (3a - 6) } 

and by differentiation and the condition dujdO=0^ we find B = 0. 
The equation is then 

u — ^ - /X (3a - 6) } cos 0 + /X (3a - 6 cos 2 0)], 

and the orbit is completely determined. 

Bx. 18. To find the locus of the centres of all the orbits that can 
be drawn for a given centre of force 0 and given speed l^of projection 
from a fixed point P. 

Let R be the distance OP, and suppose for the present that the 
orbits are ellipses. The value of a is found from the equation 
hV- = ix{l/R-ll2a)^ and is {j.Rj{%ix- V'^Ll). The second focus lies on 
tluj circle described from P (see Fig. 51), with i*adius==2«-/?. if the 
origin of coordinates be taken at 0^ and a., ft be the coordinates of 
tlie point of projection, the equation of the circle is 
{x - olY + ( ?/ - fty = (2a - Rf. 

The coordinates of the centre of the orl)it are — and 

therefore the equation just written can be put in the form 

whicli shows that the point ?/ lie.s on a circle with centre at the 
point a./2, /J/2, that is the middle point M of OP [Fig. 50]. The 
radius is a — RI9>^ that is hPO'^ if (/ be a second focus. 

V/’e have ae — W0\ so that 

+ 7 ft — (a - Rj^ft - ^ {a? + /?-) + + 7;/i? = cd - a /f + 

Thus 

a a- 

which gives as depending on 

The modification of this process for hyperbolic orbits may be 
written out by the student. 

[The present discussion affords another proof of the expression for 
d given in Ex. 12. Taking the axis of ^ along OP, we make ft—0^ and 
the equation of the locus of centres found above may be written 
^^■^rft-d^’-aR-^^R^ 



since now cl — li , JDuii i^ig. ou snows tuat 

^ + {a — hR) cos 2c/> = 72 sin^ cj)-\-a cos 2<j). 

Hence — — — + 

= — 2a li siii^c/j) 4- /^^sin^ <j5). 

But + and l/ct=(2^- V-R)liJ.R, and so we get 

^ ^Rsin^cb , K^siii^cb 
a 

^ „ FVisiii^c/) , V‘Ut^shi^il) 

/x^ 

as before. It will be noticed that, when R — a, this gives 'c3e/3/x=0, 
and also 'de/dR = 0 (for then l"-a=/x),] 


132. Acceleration in terms of Tangential and Eadial Porces. 
Returning now to equations (4) and (7) of § 121, we liave 

dv h dll dp ^ j^dr ^ 

f¥~^ ^ ^ 

Hence we obtain by integration, 





( 2 ) 


where 7 "q, Sq, r, s are corresponding values of r and of 
distance travelled along the path from some chosen point. 
If F is some function f(r) of r, 


^^[\sd,s-[f(r)dr. 
J ^C) J ’ 0 


.(.3) 


Thus, if ;S = 0, t; is a function of r, and is the same at the 
same distance from the centi’c of force. It follows therefore 
that when S=0, dto/dO is the same at the same distance, 
that is the radius-vector makes the same angle with the 
For 


tangent. 






]■ 


and, since li is constant and r has the same value for the 
same value of u, dujdQ must also return to the same value 
when u does. 

Again, by (4), § 121, v'^jp = F sin cj>, that is 

v^ — 2Fx I chord of curvature at position of particle, ...(4) 


me speeci v at any position or me parncje in tne oroit is 
thus eipal to the speed wliich the particle would acquire if 
it traversed from rest, under constant acceleration F, a 
distance equal to I of the length of the chord of curvature. 
It will be noticed that this theorem holds whether a 
tangential force S acts or not: the radius of curvature 
p, for a given speed v, however, is affected by such a force. 

Since, when S = 0, the speed is the same at the same 
distance, and also the angle wliich the tangent makes witii 
the radius- vector, the chord of curvature and tlie radius of 
curvature of the orbit are the same at the same distance 
from the centre of force. 

133. Hodograph. of Particle describing Orbit. The relation 
v = ]i.lp shows that any polar reciprocal of the path, turned 
through 90°, represents the hodograph of tlie particle’s 
motion, whatever the orbit may be. When the path is a 
conic section with the centre of force at a focus, the circle 
described on the axis of length 2a as diameter may be 
taken as the hodograph, pro- 
vided tlie hodographic origin 
be taken at the “ empty ” 
focus, and tlie direction of 
motion be taken turned back 
through 90°. For let 0, 0' 
be the foci, of wliich the 
former is the centre of force, 
and a tangent be drawn to 
the path at any position P. 

If the tangent meet the circle 
referred to in 71/, 71/', as shown 
in Fig. 55, the lines Oi/, O'M' 
are, by a property of the 
ellipse, perpendiculars to tlie 
tangent, and if p, p be their lengths, the product pp' is 
equal to IP, where h is the length of the minor semi-axis 
GB, — for the ellipse, and the length of the conjugate 
semi-axis, 1, for the hyperbola. Thus we have 

h h ,_1 / /X , 

~p ~ a“(l — e^) ~ ay a(l — 



Ftg. 55 . 


V 


( 1 ) 



lor the ellipse, ancl 


■■-J- ^— 


p 


..( 2 ) 


for the hyperbola. Thus 0' is the hodographic origin, ancl 
the velocity is represented on the scale indicated in (2) by 

the line M'0\ which is 
the direction of motion 
turned forward 90°. ’ 

A circle of radius 
2a described from the 
focus 0 as centre serves 
still more conveniently 
as liodograph. For it 
will be seen that if the 
perpendicular O'M' from 
O' (Fig. 56) be continued 
to meet the circle in 
Q, then 0'P = PQ, and 
.0'Q = 2p'. Thus, since 
V oc p\ we may take O'Q 
as representing the 
velocity at P along 
the tangent to the path turned back tlirough 90°. Tlie 
true direction is O'S. Fig. 56, which we shall use in 
what folloM^'s, reprcxsents the path and the hodograph thus 
constructed. 



134. Velocity resoluble into Two Components of Constant 
Amounts. It will be noticed that the velocity represented 
by O'Q can be resolved into two components O'O and OQ. 
Of these O'O is fixed both in amount and in direction, the 
other, OQ, is fixed in amount but changes in direction 
with OP, The lines O'R, RS, perpendicular to OQ and 
O'O respectively, represent tlie true directions of these 
components. We can find their magnitudes very simply 
from the consideration that their sum must be the speed 
with which the particle moves at right angles to the line 
joining it to the centre of force, when the length of that 
line has its least value. For the ellipse the least length of 
the line is (^(l—e), and the speed is therefore h/a(l — e). 


inis IS maae iip oi wo components pi-oportional to tne 
lengths of 00' and OQ, that is to 2ae and 2a. Thus the 
components are e/t/a(l — = 6V/a/a(l — e^) = ej fiajh, and 

tlie same divided by e. For the components in the case of 
the hyperbola we have in the same waj?^, 

eIila{G^ — 1) = eV iuLla(e'^ ^i) = ej [xa/b, 

and the same divided by e. 

Jn the latter case, since the constant speed a-t right 
angles to the axis is greater than the component at 
right angles to the radins-vector, and we see from another 
point of view why the orbit is closed when 6<C1 and is 
infinite when e'^1. 

As an example of motion with such components as exist 
for the particle moving round a centre of force, we may 
take a steamer rounding a buoy moored in a tidal stream 
which flows past the buoy with constant speed. If the 
steamer have, besides the motion of the water, always a 
constant speed at right angles to the direction of the buoy, 
it will describe a conic section relatively to the land, with the 
buoy in a focus, just as if it were a satellite moving round 
a stationary primary which attracts with a force inversely 
proportional to the s(iuare of tlie distance. If the speed of 
the stream be greater than that of the steamer, the path 
will be a hyperbola, and in the contrary case an ellipse. 
If the two speeds are the same, the orbit is a parabola. 

135. Deduction of Law of Force from Form of Orbit and 
Uniform Description of Area. If we assume that the orbit 
is an ellipse with the centre of force in a focus 0, and 
that the radius-vector to the particle describes equal areas 
on the plane of the orbit in equal times, we can prove that 
the particle is acted on by a force which values inversely 
as the square of the distance from the focus. For join the 
centre 0 of the circle to Q, then, as the particle moves in 
time (it along the path from P to an adjacent point P', 
Q moves along the circle to an adjacent point Q'. The 
lines O'Q, O'Q' (Fig. 56) represent on a certain scale the 
velocities at the beginning and end of the interval dt. 
Thus QQ' represents on the same scale the change of 



velocity which the particle lias sustained in the interval. 
But QQ' = 2a0 and = so that QQ' = 2a^ The 

acceleration is therefore, on the scale of the diagram, 2a/t/V’^ 
and, since the hodograph, witli the lines of construction, is 
turned back through 90°, is directed towards 0. Its 
absolute value is obtained by inultijdyiug 2ahjr^ by the 
factor \l fJLla{l — e^)j2a for the ellipse, and is therefore iul/t\ 

In the same way the hyperbolic orbit might be dealt 
with and the same result obtained. 

136. Kepler’s Laws. Verification. The manner in which 
the planets move about the sun was inferred by Kejjler 
from a large number of observations, especially those made 
of the planet Mars by Tycho Brahe, who preceded him 
as astronomer at Prague. The results are contained in 
liis Astronomia Nova, which appeared in 1629, and though 
the ideas on dynamics set forth in it are in great part 
erroneous, this work led to the establishment of the physical 
theory of gravitation which accounts for the motions of the 
planets by a consistent dynamical theory. As Newton 
showed, the planets move in obedience to mutual forces 
between the different bodies along the lines joining them, 
and tending to bring them together, a tendency prevented 
by the relative motions from having the apparently direct 
and simple edect which the ordinary undynamical intelli- 
gence expects. 

Kepler in vain endeavoured to fit the observations of 
positions and times into the hypothesis that each planet 
moved in a circle with uniform angular speed about an 
eccentric point, midway between which and the sun the 
centre of the circle was supposed to lie [see Ex. 16, § ISl]. 
Observing the motion of tlie earth in tlie manner indicated 
in the next paragi^aph, he noticed tliat at the points of 
greatest and least distance from the sun, the earth liad. 
speeds inversely as these distances, and (of course witli 
deviation from tlie hypothesis of uniform angular speed 
about the eccentric point) concluded that the speed of 
the earth in the imagined circular orbit was at every point 
inversely proportional to its distance from the sun. He 
noticed, moreover, that at the neatest and least distances 



for the -wliole motion. This conclusion, however, he found 
to be utterly iri*econcileable with the hypothesis of a 
circular orbit when applied to the planet Marsj and so 
finally he abandoned that hypothesis in favour of the true 
notion of an elliptic orbit with the sun in a focus. He thus 
formulated the two laws of tlie planetary motions : 

I. The radiuS’ vector from tltc nnon to each planet sioecps 
over equal areas on the pUme of the orbit in equal times. 

II. Planets move round the sun in ellipses which have a 
common foetus at ivhich the sun is situated. 

The observations of Kepler on the motion of the earth 
can be verified by anyone who cares to examine the 
tabulated values of the sun’s apparent diameter from day 
to day throughout the year, as they are set forth in 
the Nautical Almanac, and to compare these with the 
longitudes of the earth’s position at different times. The 
longitude from the perihelion position (the position nearest 
the sun) is the angle for a planet moving in the plane of 
the ecliptic denoted by 9 — a in equation (5) of §126. 
Now the apparent diameter of the sun is the angle which tlie 
sun’s diameter subtends at the earth, and in radians is djr, 
where d is the actual diameter and r the earth’s distance 
from the sun. This apparent diameter is measured in 
various ways, e.g. by observing the time taken by the sun’s 
disk to pass over the cross-wires of a telescope ; while the 
advance of the earth in longitude is obtained for successive 
equal intervals of time by observing with an equatorial 
telescope the corresponding changes of the sun’s Right 
Ascension (that is of the angle between a meridian 
containing the sun’s centre and a certain zero meridian — 
that of the ‘'first point of Aries”). The advance in Right 
Ascension (say in an hour) is not exactly the same as 
tlie advance in longitude, but enables the latter to be 
calculated, and is roughly proportional to the square of the 
sun’s apparent diameter, as anyone may verify by means of 
the Nautical Almanac. 


Taking the tabulated values, which, of course, are derived 
from and checked by observations, we find djr varying 
with the longitude from perihelion according to the equation 

^=D{l+ecoa(0-a)}, (1) 


where D is a mean value of the apparent diameter for the 
different positions, that is we have, if J be a constant. 


l + ecos(i9 — oc)’ 


( 2 ) 


which, if e<^], is the equation of an ellipse (see § 126). 

The value of e can be calculated with great ease. Take 
the apparent diameter of the sun when the earth is at 
perihelion, that is about Dec. 21, and again at Midsummer, 
June 21, when the earth is at aphelion — these are the 
greatest and least values. Call them and Then we 
have by (1), D^-D{l + e), £>3 = 19(1 -6), and so 


<3 = 




(3) 


which we find to be 8/481 = 1/60, nearly. Thus the 
orbit is an ellipse of small eccentricity, that is an ellipse 
differing perceptibly but not greatly from a circle. Taking 
the sun’s mean distance as 92,600,000 miles, this eccentricity 
gives as the distance of the focus at which the sun is 
situated from the centre of the ellipse about 1,540,000 miles, 
which is rather less than 1*8 times the sun’s diameter. 

We see then how the law of the elliptic orbit is establislied 
for the earth at least ; that of the e(|uable description of 
areas is proved by the fact, referred to above, tliat the 
daily or hourly advance in longitude varies directly as 
the square of the sun’s apparent diameter, that is, by what 
precedes, inversely as the square of the length of the radius- 
vector. Thus it is verified that is constant and is 
twice the rate of description of areas, as has been shown 
in § 25 above. 

By the mean distance of a planet from the sun is meant 
the length of the major semi-axis. We have already seen 
that the period of a particle about a centre of for p.e of 



«M>nstant //, is 27r\/a^//x. Hence, if jix is the same for 
clHlbrent particles revolving about centres of force at 
tUlIerent distances a^, and T^, be the 

jHuiods of revolution, 


Tl Tl Tl 



(4) 


^11 id conversely. By comparing the mean distances of the 
iliflerent planets from the sun, measured in terms- of the 
(Mirtli’s distance, with their periods, Kepler found that this 
relation of periodic times to mean distances held good, and 
I H'. enunciated a third law of the planetary motions : 

III. The sqiuires of the •periodic times of the different 
/f/nnets are proportional to the cubes of their mean 
1 1 istances from the sun. 


Kepler’s third law, dynamically interpreted, thus shows 
f .liat p is the same for the forces between the sun and the 
1 1 i f lerent planets of the solar system. The law, however, 
as we shall see presently, requires a correction which could 
only be foreseen and applied when the dynamical theory 
Inid been worked out, and the agreement of whicli with 
observation affords a strong confirmation of the truth of 
tlieory. 


137. Newton’s Dynamical Deductions from Kepler’s Laws. 
l<''r()m these laws, which, so far as they go, merely state the 
observational facts of the motions of the planets, Newton 
made certain dynamical deductions [Prircipia, Lib. I. 
Props. II. XI. XY,]. 

(I) From the law of areas : that the force, if any, between 
i lu'. sun and a planet is along the line joining the planet 
witli the sun. 

For the product, mr^0, of the double rate of descrip- 
hi on of areas by the mass m of the planet, is the angular 
momentum of the planet about the centre, and this cannot 
i‘omain constant under the action of force on the planet in 
id 10 plane of the orbit unless the force have no moment 
c* hanging mr^0, that is, the force must be in a line through 
Llie sun’s centre. A comnonent of force nernendicular to 



§125, Ex. 1, and again in a simple form in §135. 

(3) From Kepler s third law : that the forces towards 
tlie sun on the different planets at any given instant of 
time are inversely proportional to tlie squares of the 
distances of the planets at the instant. 

This deduction was proved above, when it was shown 
that if the squares of tlie periodic times are proportional to 
the cubes of the mean distances, //, the so-called "‘ force of 
the centre is the same for all the bodies. 

Tlie coi'rection of this law, referred to above, is necessary 
to take account of the acceleration of the sun towards the 
planet, which is sensible when the mass of the planet is 
comparable with the mass of the sun, For if P and S be 
the masses of the planet and sun, we have, since tlie force 
F on the planet towards the sun is equal to the force on 
the sun towards the planet, 

acceleration of sun towards planet _ FjS __^P 
acceleration of planet towards ^\m~~FjP~ S' 

so that if P be very small in comparison with M the sun 
may be taken as being at rest. In the cases of the large 
planets, such as Jupiter and Saturn, the masses are so great 
that they must be taken into account. We shall now show 
how this may be done. 

138. Effect of Mass of Planet. vSince the observed motion 
of a ]Dlsbnet is taken with refei'ence to the sun’s centre, 
regarded as at rest, the foregoing theory must be corrected 
by substituting for the actual acceleration, of the planet 
the acceleration with reference to that point. We have 
seen that, on the supposition that the sun is at rest, the 
accelerations of the planets along tlie lines joining them to 
the sun would be tlie same at the same distance : let us suppose 
this ^ be true in the actual case and compare the result 



proportional to their masses. Hence we take kSjT^, where 
k is a constant and S the mass of the sun, as the force per 
unit mass on eacli planet^ or its real acceleration, so that 
fjL — kS. The whole force on a planet of mass P is kSPjr^ 
at distance and this must be equal to the opposite force 
on the sun. The acceleration of the sun in the opposite 
direction is therefore kPjr^. These two oppositely directed 
accelerations may be taken as relative to the centi-’oid of 
sun and planet, the position of which cannot be affected by 
tlieir mutual action. 

To enable the theory set forth above to give the motion 
of a planet relatively to the sun, we must apply to both 
planet and sun an acceleration kPjr^ in the direction from 
planet to sun. This does not alter the relative motion, but 
cancels the planetward acceleration of the sun and gives 
k{S-{-P)lr^ for the sunward acceleration of the planet. 
Hence, in the application of the foregoing theory, we take 
yW, for a planet of mass P, equal to k{S+P). Thus we 
liave different values of fi for the different planets in the 
iield of solar attraction. The differences, however, are but 
slight, since S is great in comparison with every P : 
for example, = 332000 for the earth and =1047 for 
Jupiter. 

If the student does not perceive why the process here 
described is followed, the following discussion may serve 
to explain it. The position of the centroid G of the two 
bodies is not affected by their mutual action, and is con- 
venient, therefore, as a point of reference from which to 
measure the distances of the sun and planet. We denote 
these distances by and the distance of the planet 

from the sun is r^+T 2 = r, say. The two bodies remain in 
line with their centroid, and so the lines joining their 
centres to G, remaining as they do parts of one straight 
line, are turning with the same angular speed 6 in the same 
direction at each instant. Tlius, since the forces per unit 
mass on the sun and planet are respectively kPjr’^, kSjr^, 
we have p ^ 


.( 1 ) 


w'tj aiiiut} f I't- f\ = ! i 

T — = h 


S+P 


( 2 ) 


which is the differential equation of time-rate of variation 
of momentum along r for either body. 

Again, for the angular momentum (]^er unit mass) of tlie 
planet about the centroid, we have 


^10 ( 3 ) 

or, since = Sr/(S + P), 

= = h (4) 

These lead, in the manner already explained, to the differ- 
ential equation 

(PU , S + P /rx 

( 6 ) 


where Jc(8+F) takes the place of fi. 

For the period of revolution § 128 above gives wdth this 
value of ju. the equation 


T=2w 


I 

"^h(s+~ry 


,( 6 ) 


where a is the mean distance. For another planet of mass 
P' and mean distance a', the period T is given by 

if k be tlie same as in the former case. Thus we obtain 


sVp' 


139. Correction of Kepler’s Third Law by Theory of G-ravita- 
tion. Now Kepler’s third law asserted, as we have seen, 
that T^IT'^ = c(fla'^, Equation (6) shoWvS that, according to 
the theory just explained, this statement is not quite 
correct. The following table, taken mainly from Maxwell’s 
MaMer and Motion^ shows that observation confirms equa- 
tion (7). The values of a are the mean distances of the 
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unity ; in the same way the periods T are taken. It will 
be seen that for the planets of smaller mass than that of 
the earth, is veiy small and negative, while for the 

iriuch larger planets, Jupiter, Saturn, Uranus and Neptune, 
it is positive. In proportion to or to this difference is 
greatest for Jupiter, the planet of greatest mass. 

We have here referred to the sun and a planet as the 
two bodies, but of course the same theory is applicable to 
any primary and a satellite of that primary. 



M ovciiry . 

Venus. 

Earth. 

jMavs. 

1\ - - 

0*476 

0*82 

1 

0*1073 

a, - - 

0*387098 

0*72333 

1 

1*52369 

T, - ■ 

0*24084 

0*61518 

1 

1*88082 

cr\ - 

0-0580046 

0*378451 

1 

3-53746 

~ 

0*0580049 

0-378453 

1 

3*53747 

a'^ - T\- 

- 0 *0000003 

- 0*000002 

0 

-0*00001 


Jupiter. 

Siitiini. 

Uranus, 

Neptune. 

- - 

317 

94*8 

14*6 

17 

a, - 

5*2028 

9*5388 

19*1824 

30*037 

T, - - 

11*8618 

29*4560 

84*0123 

164*616 

- 

140*832 

867*914 

7058*44 

27100*0 

T\- - 

140*701 

867*658 

7058*07 

27098*4 


+ 0*131 

+ 0*256 

" +0*37 

+ 1*6 


The thi]’d law of Kepler is thus corrected by the gravita- 
tional tlieory of the motion of a planet about the sun. 
This is an important result of the theory of The Motion of 
Ttuo Bodies, as it is called ; but it is to be remembered that 
both the sun and the planet considered are acted on by all 
the other planets, to say nothing of more distant bodies. 
While the problem of two bodies is thus comparatively 
simple, the solution of that of three bodies has so far only 
been obtained by successive approximations, and the same 
method has enabled the various perturbations due to the 
other planets to be evaluated in each case of motion, and 
tables of the approximate positions of all the planets for 
future time to be constructed. 
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140. Weighing the Planets. The determination of the mass 
of a planet can be effected by this theory if the jdanet has 
a satellite the period and distance of which are known. 
Let the mass of the satellite be m, the period T^, and the 
semi-axis major of its orbit Assuming what observation 
.shows to be the case, that the same constant /c applies to 
the attraction between a planet and its satellite as to the 
solar attraction, we get 

2"i = 2x 

On the other hand, for the period of the planet, we liave 



Therefore S = 4^’ 

Q? P+m 

and if m be neglected, 

„ ( 4 ) 

ry-T’ai 

Ex. 1. Take the case of the earth and the moon. We have 
Tj/ 7’= 1/13*369, and the mean values of the angles subtended by the 
earth^s radius at the sun’s centre and moon’s centre are 8*8" and 
57' 2" respectively, so that X 60^/8*8^ approximately. Thus 

we get, neglecting m, 

s L_ (57n^)3x60- '‘ 

F 13-3692 8-83 ^ •S29000. 

The accepted value of this ratio is slightly greater, 332000. 

Ex. 2. A satellite of Saturn makes one revolution about the 
primary in 16 days (true period 15 d. 22 h. 41 m. 23*2 s.), while the 
Saturnian year is (see Table, § 139) 10760 days nearly. The radius 
of the orbit of the satellite subtends at the sun an angle of 1764 : 
seconds, so that the ratio a^ja of the distaiice of the satellite fi’om the 
primary to the distance of the latter from the sun is 176*25/206265. 
Thus we obtain 5/16 V20626.Y> , 

P V 10760/ 176-2.')3 ^ 

TiOiirlv T'llP enn’c vnQca f.Tnic3 r>r>-moa rii-if f.irtToo -i-miacj SlnfuiTn 


TJ CUXXM. A.I.X>J V^JL lllUL/llO CUllVJ I. 1±X XUClOli C-^CA/lli JJ aCO 

ot' Kepler’s third law with its Newtonian correction. The 
observed distances of the moons enable their accelerations 
to be calculated, and a comparison of these with the ac- 
celeration of the planet towards the sun confirms the 
supposition that it is the same constant k which enters 
into the value of all the attractions between different 
planets. This constant, commonly called the constant of 
gravitation, is the force of attraction between two units 
of mass, say two grammes of matter, concentrated at two 
points at unit distance, say a centimetre, apart. An 
experimental comparison of the gravity pull on a body 
at tlie earth’s surface, with the pull between that body and 
a sphere of lead,* has enabled the earth’s mass to be deter- 
mined and the value of k to be calculated. For the units 
just specified it is about 6’7 x 10"® dynes. 

If we alter the units of lengtli, mass, and time to, say 
L cms., M grammes, T seconds, the value of this constant 
will be altered in tlie ratio of 1 to For the 

force F, between two masses m, m\ at distance r apart, is 
hnmjr-, so that k == Fr^lmm ' ; and so the multiplier would 
be as stated. If we take L=l, M — 1, and T®=10®/6‘7, 
k will become 1. Thus the new unit of time would be 
10‘7\/fi'7 = 3(S62, ill seconds, 262 seconds more than an hour. 
This has been called by M. Lippmann Theure naturelle ” 
(O.K 1899), but it would hardly be a convenient interval 
of time to adopt in practice. 

141. Newton’s Theory of Universal Gravitation. It occurred 
to Newton to compare the acceleration of the moon in its 
orbit relative to the earth with the acceleration of a body 
falling at the earth’s surface. The former can be calculated 
if the moon’s distance from the earth is known, for the 
orbit is nearly circular, and the average period of revolution 
has been very exactly determined. In Newton’s time, the 
i*atio of the moon’s mean distance to the earth’s radius was 
fairly accurately known ; the radius of the earth, however, 
had been very inaccurately estimated, and the moon’s 
distance deduced from it was in error, of course, to the 
See Gray’s Treatise, on Physics, Cha]). XIII. 


same exueiiu xnus ms cmuuiLiijiuii ux v/^. 

the moon towards the earth was in error, and when mnlti- 
plied by the proper ratio failed to give as the corresponding 
acceleration at the surface of the earth a value sufficiently 
nearly equal to the observed acceleration of a falling body. 
The comparison was effected on the assumption that the 
force towards the earth on a particle at or near tlie surlh-ce 
was the same as it would have been if the matter of the 
earth had been collected at the caT*th’s centre. Newton 
laid the calculation aside until, in l()cS2, he learned at 
a meeting of the Royal Society tliat a new measurement of 
an arc of* the meridian had been carried out by M. Picard 
in France, which increased the former estimate of the 
earth’s radius in the ratio of 7 to 6. Resuming the calcula- 
tion, he now found very fair agreement between tlie 
calculated and observed values of the acceleration of a 
falling body. He found, in fact, that the acceleration of 
the moon towards the earth was to the acceleration of a 
falling body in the inverse ratio of the moon’s distance and 
the earth’s radius. It was not, however, until three years 
later that he published his conclusion thnt it was the same 
gravitation that kept the moon in its orbit and caused the 
fall of a stone at the earth’s surface. In the interval he 
had overcome the difficulty of obtaining a satisfactory 
proof of the assumption above referred to, on the basis 
of the theory of universal gravitation to which his in- 
vestigations had led him. According to this theory tliere 
existed a force between every pair of particles of matter, 
urging each toward the other, which was directly pro- 
portional to the product of the masses of the particles and 
inversely proportional to the square of the distance between 
them ; tliat, in fact, if m, m' be the masses of two pai'ticles 
(that is portions of matter of dimeuvsions vso small in com- 
parison with the distance between any point in one and 
any point in the other that they might be regarded as 
concentrated at points) and r the distance just referred to, 
the mutual force F between them was given by the equation 


wnere a. is a consi-am : — uie "consLaiu oi gravitation already 
referred to — which is tlie same for every pair of particles. 
Now, on this principle, Newton at length succeeded in 
proving that the whole force exerted on a particle of 
matter in consequence of the presence of a sphere of matter, 
either uniform in density or made up of concentric shells 
wliich were each of uniform density, but differed in density 
from one another, was the same as if the whole mass were 
collected at tlie common centre. The agreement of the two 
eartliward accelerations — that of the moon and a stone at 
the earth\s surface — was vstrong presumptive proof of the 
truth of Newton's theory, and later investigations, in which 
the theory has been applied in an immense number of ways, 
with in all cases results which agree with observation, have 
confirmed it in the most complete and triumphant manner. 

That the force between two particles is referred to as an 
attraction is sometiine.s made a ground of criticism of 
this theory : for it may be, it is urged, that each body is 
pushed toward the other. It is true that this might be a 
perfectly correct way of describing what takes place*; but 
when we say that two bodies A and B mutually attract 
one another we mean no more than that A is urged toward 
B and B is urged towards A, with equal forces, in con- 
sc(]uence of the presence of the two bodies in the field. 
The ca'iise of gravitational action is in no way prejudged 
by this mode of referring to the phenomenon. 

The comparison made by Newton may be restated as 
follows, taking the earth as a sphere and neglecting its 
rotation. If the moon's mean distance from the earth be 
383000 kilometres, and its time of revolution be 27*32 
mean solar days, its acceleration towards the earth is, in 
cm./sec.- units, 

The acceleration of a falling body at the surface of the 
eartli, taken as a sphere of radius C365 kilometres, ought 
tlierefore to be, in the same units, 



moon in its orbit and causes a stone to lali to the earth. 


Now we have 


/383000' 
\ 6365 , 


1^*271 = 982 * 4 , 


which is nearly the (uncorrected) value in cm./sec.^ units of 
tlie acceleration of a body falling freely under gravity at 
tlie earth’s surface. Laplace (Mecanique Celeste, Parti e, 
Lib. II.) calculates from accelerations estimated from the 
distances the value of the moon’s horizontal parallax, and 
compares the calculated value with the observed value. 


142. Does Newtonian Grravitation extend to the Fixed Stars ? 
The question of the extension of the theory of gravitational 
attraction to the fixed stars is not one that can be settled 
by means of observation alone. For though it is seen that 
the components of a binary star revolve round one another, 
so that it is clear that each component is acted on by a 
force toward the other, observation cannot decide what the 
position of the primary of such a pair is with respect to 
the relative orbit described about it by tlie secondary. For 
the apparent orbit is only seen projected on a tangent plane 
to the celestial sphere at the point, and it is the projected 
position of the primary that is observed, not the real 
position. Now the orbits as seen are always ellipses, and 
the real paths are no doubt also ellipses ; they are certainly 
ellipses if they are plane curves. But the position of the 
primary is neither at the centre nor at a focus of the ellipse 
observed. It may, however, be situated at a focus of the 
real ellipse, for when an ellipse is projected on a plane 
the foci do not project into foci of the curve obtained by 
projection, though the centre projects into the centre. 

The relative movements of the components of a large 
number of double stars are known, and these motions are 
very different in different systems: and we are led to 
assume that the central force is such that each component 
describes an elliptic orbit about the other, which depends 
only upon the position and velocity of the body at the 
initial instant. If then we take axes Ox, Oy, drawn from 
the centre of the primary in the plane of the real orbit, we 


may write for the relative motion of a secondary, the 
coordinates of which are x, y, the equations 

mx = — Fxjr, my = -^Fy jr, 

where and inquire what function F is of x, y 

in order tliat the orbit may be a conic whatever are the 
initial values of x, y and of Wj y. 

Tins problem was proposed by Bertrand in Goiivptes 
Rendus, 84, and the same volume of that journal contains 
solutions by Halphen and Darboux, who have shown by 
very different methods that two laws, equivalent to tlioso 
stated in § 158 below, are the only laws of force which give 
a conic as the orbit for any initial conditions. If the force 
is assumed to be independent of the vectorial angle, 

0 = tan“^^/a:j, 

that is, to be a function of the distance r only, there are 
only two laws which give always a conic, namely, 

F=mfxr and F=myLjT^. 

The first of these cannot be the law of force “ for the 
components of binary stars, since the primary would 
then be at the centre of the projected orbit, which is not 
found to be the case; there remain's therefore only the 
other law, which is that of the Newtonian gravitation. 

143. Experimental Illustration of Gravitational Attraction. 

The motion of a satellite round a primary can be illustrated experi- 
mentally for different initial conditions by the following arrangement, 
in which electrical forces varying inversely as the square of the distance 
from a fixed point are made to play the part of gravitational forces. 
Two Leyden jars are arranged on a table with their knobs on the same 
level, and from two to three feet apart. Between them is hung by a 
thin fibre of silk a pith ball, or, better, a small silvered bead made of 
thin glass, so as to be as light as possible. The silk fibre should be 
at least fifteen or twenty feet long, and the point of support should 
be adjusted so that the ball may hang about the level of the centres of 
the knobs, and midway between them. The jars are now removed 
and charged, one positively, the other negatively, and replaced in the 
same positions. The small ball will be attracted towards one of the 
knobs, will touch it, and tlien be repelled. As it is driven away from 
that knob it acquires speed under the continual repulsion, and if it 
moves, as it probably will, towards the other knob, the repulsion is 

nirlorl Uxr « f f n.i flio Uall £S^-r\c»i>iorxnoc! fUci 
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latter centre. Tims the ball arrives in the vicinity of the second knob 
with a considerable speed in a direction which depends on initial 
conditions, which are different in different experiments. When it lias 
thus arrived, with what we may call a “speed of projection,” at a 
point near the second knob, it is acted on by the attraction due to the 
charge on that, and liardly at all by the repulsion due to the charge 
on tile lirst. The orbit round the second will be clearly seen by tlio 
persistence of impressions on the retina, and will take different forms 
according to the speed and direction of “projection.” Sometimes the 
ball will be seen to pass round the second knob like a comet in its 
perihelion passage round tlie sun, passing off in what apjjears at first 
to be a long ellipse till it comes again under the inliuence of the first 
knob, to be thrown back again, perhaps, to describe a second orbit 
round the other. Or, on coming into the held of the second knob, tlie 
ball may be moving with just the velocit}^ necessary to eiiabh^ it to 
describe a circular orbit round the centre of force, which it will do 
two or three times in quick succession before the adjustment of force 
and velocity necessary for the circular path has broken down, and the 
ball falls in on the centre. It will be seen that, except in so far as 
tlie charge on the adjacent knob is disturbed by that on the ball, 
tlie arrangement, when the ball is near the first knob, is such a.s to 
give force varying inversely as the square of the distance from tlie 
centres of the knobs. The action of gravity is well-nigli annulled, 
and this is essential, by making the fibre very long. Tlie spectators 
should stand some little way off, to prevent disturbances from air- 
currents, which should be otherwise avoided as far as possible. 

144. Elements of an Orbit. The orbit o£ a planet lies in a 
plane coinciding more or less nearly with the plane of the 
ecliptic or path of tlie earth round the sun. The line of 
intersection of the plane of the orbit with the ecliptic is 
called the line of nodes : the nodes are the points on tlio 
orbit which lie in the ecliptic. To an eye placed away 
beyond the north pole of the earth a planet will appear at 
one node to come from the south to the north side of the 
ecliptic, and at the other to pass from the north side to 
the south. The former is called the ascending, the latter 
the descending node. Let a line be drawn from the sun’s 
centre to the ascending node and another from the same 
point to the vernal equinox : the angle between these lines 
is called the heliocentric longitude of the ascending node. 
Let a line be drawn from the sun s centre to the -Derihelion 


Jielioconfcric longitude oi the planets perihelion. llie 
longitude of tlie planet at a specified instant is defined 
in the same way by the projections of a line drawn from 
tlie sun’s centre to the planet and the line to the vernal 
equinox. These angles are reckoned positive only when 
measured one way round, so as to avoid confusion. 

'Idius for the complete determination of an orbit six 
elements are reijuired : 

1. The major semi-axis, a. 

2. Tlie eccentricity, 

8. The inclination of the plane of the orbit to the plane 
of the ecliptic. 

4. The longitude of the perihelion, a. 

5. The longitude of the ascending node. 

6. The longitude of the planet at a given instant, 6. 

145. Time in an Elliptic Orbit. In Fig. 57 let APA' be 
tlie orbit, with foci 0, 0' and centre C, NP the ordinate 
perpendicular to tlie major 
axis AA\ to the position 
P of the particle, meeting 
when produced the circle 
described on A A' as dia- 
meter in Q. P is joined to 
0 and Q to C and 0. As 
P moves, let the ordinate 
PfPQ accompany it : the 
point Q is called the 
ar.centrio follower of P. 

Tile angle AOP is called 
the tribe anomaly of P 
and tlie angle AGQ the 
eccent') %c anomaly, W e 
denote the former by 6 and the latter by lo. [This is the 
usual notation, though u is also generally used for 1/r.] 

The mean angular speed n with which the radius-vector 
turns as the particle moves is But 

2'=2wJaFly~27rahlh, so that n = Jfxla? — lijah, 

The quantity nt, where t is the time in wliich the particle 




moves from A to P, is called the mean anomaly. Wo shall 
now find relations connecting 0, lo and nt. 

In the first place we may regard the ellipse as derived 
from the circle in Fig. 57 by shortening every ordinate 
(as NQ to NF) in the ratio h/a. Hence 

area AOF = ^ area >40Q = ^(area ^CQ — area OCQ) 

= — *J-C6^6 sin u). 

a 


But if t be the time in which the particle moves from 
A to F, area AOF—yit=^^ahnt Equating this to the 
result just found, we get 

nt = u--G?mxu ( 1 ) 

To connect 0 with u, we have W0 = a(e-“cos ^6) and 
also ON = — OF cos 0, with OF = a(l — e cos u), so that 


ON = a{e cos u— 1) cos 0. 

Thus we obtain 


cos 0 = 


e — cos u 
e cos u — 1 ' 


cos = 


e + cos 0 
1 + cos 0 ■ 


This equation may also be written 

1— cos0_l+e 1—cosu >1 
l + cos0'~ i — e l + cos^6 

or tan i 0 = \ tan I u. 


( 2 ) 


Also we have 


sin n 




sin 0 


1 + e cos 0’ 
Finally, by (1), (2) and (3), we obtain 


.(3) 


nt = 2 tan'-i 


-ejl - 


, sin 0 
i+ecos 0‘ 


...(4) 


From this last equation the time can be reckoned from 
perihelion when the true anomaly 0 is known. 


146. Time of Describing any Arc. Lambert's and Euler’s 


where the radius- vector is ri, to a point where the radius- vector 
is can be found for any central orbit by the equation 



where^ and angles corresponding to rj, rjj. The in- 

tegration can be carried out by the relation connecting r and 0. 

For an elliptic orbit the following theorem has been given by 
Laiiil.)ert for this case. Let, besides the length c of the chord 

P[P>> be known ; then, if 0, c// be angles defined by the equations 


sinic/>=:\/(ri-|-?’g-{-c)/4a, sin 4<// = V(?\-I-r2-c)/4a, 

n{t 2 - 1{) = (/) - sin (^ - ((j!)' - sin </>') (2) 

To im)ve it we note First that if Ui, be the eccentric anomalies for 
the positions P^, P^, we have 

% - sin Wj) (3) 


Taking c6 and t/F first as undetermined, putting 6 - cb' and 
clinosing shhat 

cos c/)') == e cos 5 (^1 -f ^ 2 ), 

wc get 71 {to - (sin - sin c/y), 

the form (2) given to theorem. 

If .^ 2 , 7/2 coordinates of P^^ P 2 , 

c^=(a;2-a-i)2+(y2-yi)’^ 

= «^(cos Wg ~ cos ?ij)^ -h ?;2(sin 7^2 ” ^^ 1 )^ 

= 4a‘'^ si ( 7 ^ 2 " '2b){ 1 - cos‘^^ (7q -}- 
~ia^ sin^-|(c/) - c//) sin^^((^-h<^'). 

Thus c = 2a sin ^((/i - c/)') sin 2 (^A+ </0j 

where the positive value of the square root has of course been taken. 
Again, 

7\ ■i-r ,2 = a{l ~e cos ?^j) -H a (1 - e cos 7 ^ 2 ) ~ 2«{ 1 - cos if (c/) - (ji) cos ^ ((/) + c//) j- . 
Hence 7’i + 72 + «^ = 2a(l -cos (/>) =4asin2^</), 

7 * 1 4- 7*2 “ ^ = 2a(l - cos (j}) ~ 4a sin^-| c//, 

that is sin ic/,= sin (4) 

The theorem is therefore proved. The ambiguity resulting from 
the radicals in these efiuations is of no consequence if the positions of 
Pj, P 2 on the ellipse are known ; the student may consider different 
possible cases for given values of ?’j, 7*2 

Inserting the value of ?7, \//x/a4 in (2), we get 


Now let the eccentricity of the ellipse be increased towarcis iiniLy, a 
will increase towards infinity, and the ellipse will approximate it) a 
i:)arabola in the part near the centre of force. When a is very gr(‘at 
we may take c/j — sin <jf) = <|!)'“Siii <//== since <\y and f/) are now 

very small. We have then 


a^(cf)-sin cW = J-(n+ro + c’)‘% a'^ ((//-sm c//) = Kn + ’‘ 2 ~' 0 ‘h 

and so find for an ellipse of eccentricity nearly ecpial to 1 (when 
A, L\ are taken well on the same side of the- minor axis as that 
on which the centre of force lies), or for a parabola 


ifg — 1 

This theorem is due to Euler, and was discovered previous to that 
of Lambert, from which we have here derived it. 

It will be observed that we have here proved incidentally that 
the area of a focal sector of an ellipse, of which the terminal radii are 
?'!, ^2 and the chord c, has [since (jSg- twice area described in time 

- ^j] the value 

— sin (p - (f// - sin c//) }. 

Similarly, the area of a focal sector of a paral)ola for yvhieli the 
same quantities ro, c are given is, since h in this case is -s/pi, wliere I 
is the length of the semi-latns rectum, 

(^'i + ^2 + “ O’l + ■" <^‘) ■ }• 

For a solution of KepleFs Problem — the expansion of the true 
anomaly 0 and the radius- vector r, in terms of the time t — the reader 
is referred to Kouth’s Dpiamic,^ of a Particle^ S47C et or to Ta-it 
and Steele’s Jfjnamica of a Parihle^ § 1G3. The expansion of u in terms 
of t is given in Gray and Mathews’ Bessd P'unctions^ Chap. I. ji. 4 ; sec 
also the other books cited. 


147. Disturbed Orbits. (1) Tangential Impulse. We now 
find the effect of a small impnlse on the particle in changing 
the elliptic orbit which it describes about tlie given centre 
of force. The impulse may produce an increase of the 
speed of the particle without clianging the direction of 
motion, or generate a small speed in the direction at right 
angles to that of motion, or some combination of these. 

Let first the impulse be tangential, and change the 
speed from v to v + 8v without changing the direction. 
The distance r of the particle fi^om the centre is thus given, 
and the problem is to find (1) what change in the 
eccentricity of the orbit is produced, and (2) the amount 
of turning of the major axis. The most convenient method 


of dealing with such problems consists in finding first what 
change is produced in the position of the empty focus. 
From that the change of eccentricity and the new position 
of the major axis can be found at once. Let P (Fig. 58) be 
the position of the particle when the impulse is applied, 
PT a tangent meeting the axis produced in 2\ 0 the centre 
of force and 0' the empty focus. The point A, at which the 
major axis intersects the orbit, is an apse (§152), and the 



alteration of direction of the major axis is often referred 
to as the change of the position of the apse A, The effect 
of Sv is to change the focus O' to 0", where O'O" is twice 
the distance Sa obtained by differentiating the equation 





27 ? 

that is Sa — — a^Sv (1) 

Now we have 0PH-P0" = 2((X + (Sa), and 0" must lie on PO' 
produced, since the equal angles OPT, SPO' are unaltered. 
The distance 00' is 2ae, and 00" is 2{a+Sa){e + Se), so 
that 00" — 00' = '2.{aSe + eSa). Now, by Fig. 58, 

00''-00'=0'0"cosz.00T. 

But if ^=lOPT=lSPO' and lPTO, 

then lOO'P = ^ — and lO'OP — (p+’sir* 

We have, since 0'0" — 2Sa, 


2(a Se+e Sa) — 2Sa cos(0 — V^), 



IS 

= - {cos(^ — i/r) — 6} = - { 2a cos (f/> — -v/^) — 2 ck3} (2) 

C6 

by the value of 8a, found in (1) above. 

Now, by Fig. 55, 2ae = (2a — r)cos(9() — \^)+r 008(0+^/^), 
and therefore 

2a cos((^ -T — 2ae = 2r sin 0 sin Y/ (3) 

Also, by the equation for already used, 

'?;//x = \/(2a — T)l[xar. 

Hence we get 

^ _ 2 i siu V- * (4) 

^ fid ^ sjfxa ^ ^ ^ 

since if p, p' be the lengths of the perpendiculars let 
fall from 0 and 0' on the tangent at P, rsin0=j>, 
(2a — r)sin (j> =p\ and pp' = If'. 

Now, to find the change in position of the apse A, we 
have only to find the alteration of the angle OTF = y]jr. 
The figure shows that 2a cos 9^) = 2ae cos i/r, so that 
(3C0S Y^ = cos 0, the relation already proved in Ex. 12, § 131. 
In the changes here considered 0 remains constant, and so 

Se = sin ^Y^ = ^ tan Y^ S^J/' (5) 

Thus we have eS\I/' = T-^^==2-^GOB\lrSv (6) 

^ tanY^ Yyaa ^ ^ ^ 

148. Disturbed Orbit. (2) Normal Impulse. We consider 
next the effect of a normal impulse, which produces a 
speed Su in the normal direction inwards. No change, 
at least to the first order of small quantities, is produced*"!!! 
the speed of the particle, but its direction of motion is 
turned, as shown in Fig. 59, through the small angle Stv/v, 
Since the angle OPT is increased by this amount, tlie line 
PO' must turn through 28u/v to make the angles OPT and 
O'PS again equal. 0' therefore comes to 0", and P0'-= P0'\ 
Now 0'0" = PO'x2Siolv-={2a-T)2Sulv, since lO'PO'^=^ 
2lSPS. 
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Then, since 3a = 0, 

(K2ae) = 2afe= -0'0"siiii00T= -{2a-r)nm{<j>-^|r)^. 
But v=ij fji{2a~r)lar, and therefore 


Se=- sin ((p - 1/^) Su. 



Now (2a"--r)/r ==sin(<'/^ + '^//')/sin((5^>-•^/r), and so we get 


= — /L=Vsin(f/>+V^)sin(0~\/^)3a== — ^^sJcos'-\ly—cos^(p.Su, 
\J fxa ' V fjicv 

hv 

that is Se=- — r^— cos -x^r Sio, ( 1 ) 

v 

since cos (j) = e cos \{r. 

For tlie alteration in the angle \l/', we have 
S\lr == O'O"', cos(0 — \J/')l2ae = {2a — T)GOB((p’-\[r)Sufaev. 

But if X be the abscissa of the point P measured from the 

centre along the major axis, cos(0~Y/') = (rr+a^)/(2a—r). 

Hence we have x+ae 

eSxl/'— Sn 

^ av 

If in this we put 1/t; =\/ar///(2c6 — r), we get 


( 2 ) 


Now 2ae sin ^^ = 2(66 — '?") sin0, so taati sin r/j = o-e sin Yy'/i^c6““7 
Substituting in the last equation, we get, since ci,-r = ex, 

eS\lr = — r=^ smA/r (5u (4) 

b^JjUia X 

It will be observed that by (4) and (6) of §147 a tangential 
impulse with the motion (see Fig. 57) increases or diminishes 
the eccentricity according as the particle, in its motion in 
the direction is between B' and B, or between 

B and B\ wliile the apse advances or recedes according 
as the particle is between A and A' or between A' and A, 

On the other hand, for a normal impulse applied inwards, 
the eccentricity is diminished or increased according as the 
particle is between A and A' or between A' and A (see 
Fig. 57); the apse, on the other hand, advances when the 
particle is between K' and if, and recedes when tlie par- 
ticle is between K and K'. 

From the last result we get at once Callandreau’s theorem,^ 
that if the orbit of a comet lie within the orbit of 
Jupiter, so that the comet finds itself near the planet 
only in the vicinity of aphelion, the distuibing action of 
Jupiter’s attraction is to turn the major axis of the orlnt 
round in tlie direction of the comet’s motion. Here the 
normal impulse acts outwards, and of course when this is 
the case, and the tangential impulse retards the motion, 
the values of de and ed\(r found above must be reversed. 

If the impulse is in neither the tangential nor tlie normal 
direction, it must be resolved into its tangential and normal 
components, and the effects, found as above, added together. 

The effect of continuous action, the law of variation of 
which is known, can be formed by integration from the 
results obtained above, in which and 5u are then to be 
regarded as the chano;es of velocity in the tangential and 
normal directions produced in time dt, over and above those 
which arise from the displacement in the orbit 

149. Disturbed Orbit. (3) Change of Intensity of Central 
Force. So far the constant p of the centre has been supposed 

* Annaks de VOhservaioire de Park^ 1892, t. 20. 
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t?‘^ = />t(2/r — 1 /c 6) = //'(2/?" — 1/a'), so that 


which gives the length of the new major semi-axis. Since 
tlie direction, of the motion and the position of the centre 
of force are not altered, the angle <■/> remains the same, and 
tlins the new position of the empty focus can be found at 
once from the value of a. Fig. 58 illusti’ates this case. If 
the chani»:e u! ^ a is a finite one, we get from Fig. 58, 
since lOPO' = 7r — 2(j), 

= ( 2r6' — r)^ +r' + 2T{2c(f — T)(ios2(f>, ( 1 ) 

wliicli gives e'. Tlie change in the position of the apse is 
shown in tlie figure. 

If the change in // is small, we see from Fig. 58 that the 
cliange in 2(Ui is 2Sa cof^{(p — -\jr), where 0 and -v/y are the 
angles OPT, OTP, and are related by the equation 

5e = ^^'{cos(0~>/^)-c} (2) 


But w^e have now, since v- is unchanged, 


Sa = — a 


2a — r (5/x 


( 8 ) 


80 that fjc = — {cos (0 — (4) 

It is interesting to note that if this vanislies, the relation, 
2ac = (2a — r) cos (</)- cos (^-j-A/y), becomes 

2a cos ( 0 — V^) = ( cos ( 0 - \p) + r cos ( ^ + yj/), 

that is cos ((j> — yJP) = cos (0 + or i//* = 0. The change there- 
fore takes place when tlie particle is at the extremity of 
the minor axis. 


150. Examples of Disturbed Orbits. 

Ex. 1. A par bide describing an elliptic orbit about a focus 0 is at 
one end of the latus rectum through 0, when the centre of force 
is suddenly moved a small distance towards the particle : find the 
alteration of period and tlie turning of the apse line. 



XJtJO — C ^ UC UilC CI/111UU.11U <JX OllVJi. V11\J JVyiif^uix V / »-'x 

the seini-latua rectum. Now — I /r— I /'2aj ii>nd hare r^a(l ~ e^). 

Thus 8a~2a^?)r/r^, But 3r~ - aa,(l - e^), and so 3a= - 2oc«/(l - e^\ so 
tliafc a has become fl{l -2a./(l - e^)}. The period has therefore been 

changed in the ratio of {l-2cL/{l-e^)Y^ to 1, that is in the ratio of 
1 -3 dc/( 1-5‘^) to 1. 

The shortening of the radius-vector OP is «rx.(l - e^) and the 
shortening of 2a is 4acL/{l-e-). Thus tlie shortening of the radius- 
vector from the empty focus is 

4mjL/(l — — aa.(l - e“) = {4flcx-- ara-(l -C“y^}/(1 

The directions of the radii-vectores are not altered. 

Now if 0’ be the inclination of the latter rad iu.s- vector to the major 
axis, we have sin ^' = «(1 - e^)l { 2a-a{l- e-) } = (1 - e-)/(\ -|- e“). Hence, 
in consequence of the shortening of tlie radius-v,ector just calculated, 
the second focus is raised above the former major axis a distance 

[{4aa.-aoc(l -e^)“}/(l -c2)]sin 0'“{4rtoc-rta(l -e-)“}/(l -fe^). 

The fii’st focus has been lifted a distance a(ji(l~e^) ; hence relatively 
the second focus has been lifted a distance 


{4aoL-ao(.(l —e^y^\/(l — - e-)“2rr«.(l +e“)/(l -fe^) = 2aa.. 

Thus the major axis has been turned through the angle 2rtfjL/2ae=oL/<2. 

Ex. 2. A particle is moving in an ellipse about a centre of attraction 
in a focus, and the centre of force is transferred to one end of the 
latus rectum as the particle passes through the othei’, to find the new 
orbit. 

If we assume that the new orbit is an ellipse and denote the new 
semi-axis major by a', it conies out negative. The change of the 
centre of force to the more remote point has therefore made the given 
speed greater than the speed from inlinity for the new centre. The 
new orbit is therefore a hyperbola, and we must write, if a' be 
the semi-axis major for the new orbit, and a that for the old. 


which gives 


1 1 11 
a{l-(}^) 2a 2a(l-c2)'^2a'’ 


Thus the two radii-vectores to the foci Jire now 
2a(l-e2) and = 


The distance between the foci is now 2a' e\ where e' is the new value 
of the eccentricity : also the angle between the tangent and either 
radius-vector, is such that cos2c/i=: —(1 - e^)j(\ e-). Hence, we get 


4r^'V2=:4^^2(l -e2)2|(i:^ 


,2>i2 ]_g2 

+ 1 + 2^ 

e‘ 






that IS 


Hence e'^=l + 4e2 

Tf 0^ O' he the foci in tlie old orbit, the foci in the new are 0^, 0" 
(see Fig. GO). The diagram is drawn to scale. Since 

OL = CL^^a{l-^ L^B^^ae\ 



Hence, increasing OL in the ratio of CB^ to we get «(] ~€^)le^. 

Adding to twice tliis length 20Ly we obtain LO'. 

Kx. 3. A body, tlie ratio of whose nms.s to that of the snn is 7n, 
falls into the snii. To find tlie cliange in the earth’s mean distance 
and in the length of the year. 

Dilferentiating tlie equation == 1 /r — 1 /Set on the supposition 

that only fi and a vary, we get 

or —^a~d^ /4^. 

Inserting the value of we get 



whicli gives the alteration of mean distance consequent on a change 
8fi in //,. . Also here 

Again, = 47 rV//>t, and so by differentiation we get 



where as before Sfilfi—m. 

For example, if the body falls into the snn at the extremity of the 
minor axis, we have 

= — cm., 8T— - 2 7 m. 


Ex. 4. A body descnbea an ellipse about a centre oi lorce 
focus when the “intensity of the centre” is suddenly increased in 
any i*atio m ; to find the new mean distance and the direction of the 
line of apsides. 

Let a be the mean distance before the increase of intensity, and ?• 
the distance of the particle from the centre of force at the instant of 
change. The energy equation before and after the change has the 
forms .y'i 2 1 _2 1 

fi ~ r a oiifjb r a*' 
if a' be the new mean distance. Thus we get 
ur , ontir 

2ju.“'rV — 

The new empty focus lies on the line P0\ at a distance from 
y^= -r~ - vh')^ 

and the new line of apsides is the line joining the point thus de- 
termined with the focus 0. 

The new eccentricity e is given by the equation 

AiChf- — {2a - o'Y + r" + 2r {2a! - r) cos 2 (/>, 
which, by the value of tt! found above, becomes 

— 2mfivh' + + vh'{2mfji — vh) cos 

For instance, take} the cas(5 of 
??^=2 and r — o, then 

2d — r — v\i^\{A /a - 
But now ?;-//x=l/a, and so 

2d - T = fia/{4[L - jt) = 0-/3. 

If a diagram (Fig. (H) be drawn 
of the elli])sc^ with a tangent at an 
extremity /L)f the minor axis, and 
a perpendicular be let fall from 
the empty focus 0' to meet the tangent in //, and O'P and 01/ be 
joined, it will be seen that the lines 0'/\ O/Z'meet in a ])oint which 
is distant from P. But this, as we liave seen, is the position of 
the new empty focus. 

The equation for gives for these values of r and m, 
e'-=i + -|c-^ = Kl+3e'0. 

Ex. 5. A body is describing a circle under an atti\action towards 
the centre when the force is suddenly reduced to one half its former 
value ; to find the new path. 

We have here r~a^ cos2c/)=~l, v% = /x, and we obtain ])y 

the last example, or directly, 

a' = 00, e' = l, 



and the path is a parabola. 
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Ex. 0. When the ratio is m and the original path is a circle, to 
liiid the path. 

Again, we have r = a, cos 2c/) ~ -1, = and obtain 

d ~ mal{^m - 1 ), e' 2 _ _ 1 

so that e'==(m-l)/w 2 . 


Ex. 7. A particle describing an ellqDse about a centre of force at 
a focus and is at one end of the minor axis when the centre of force 
is suddenly shifted a small distance act towards the particle, to lind 
tlio change, if any, of the eccentricity, the turning of the line of 
ajjsides and the alteration of period. 

It has been shown (Ex. IB, § 131) that 

= 1 - sin2 


It follows that, since 
'{3ci/lV=0, when r — a. Thus 
tlie eccentricity is not altered 
by the small shift of the centre. 
Again, by the equation 

v^llL~9.lr- 1/a, 

the change in a is twice the 
change in ?• when T = a. Thus 
when 7' is diminished by aa, 2a 
is diminished by 4fx-a. When 


Fig. 62. 


the particle is at therefore, the centre of force i.s brought to 0i 
and the second focus to where Hence (see Fig. 62) 



= .3o<.a\/l - = cxas! 1 - 6‘“, since si n</j = \/l — 


and therefo re th e line of a^jsides 0^0[ is inclined to the former at the 

angle 2cxa\f \ -- e^l2ae=oL\^e~- ~ 1. 

Tlie alteration of period is from ^Trs/d^lfx to 27r\/a^(l - 2tt.)‘V/>('5 that 
is to 27r(l - 3a)\/a'V/A. The period is thus diminished in the ratio 
of 1 • • 3a to 1. 


Ex. 8. A particle describes an elliptic orbit about a centre of force 
at a focus, and the centre of force is suddenly shifted a small distance 
cLCt towards the centre of the orbit: to find the change of eccentricity 
and the turning of the apsidal line. 

The distance r is altered by - ^aa cos (</)+t/^), where ^j/- is the angle 
between the tangent and the major axis, as shown in Fig. 58. Hence 
a is sliortened by aa^cos(c/) + T/^)/r2, and therefore 2a -r is shortened 

1-117 /n2^ />■/. l/.'\ //Vi2 13r\fll t.*l /I 1 1 •.! T.Ck fiiim tjrl f 1 1 1 »rl cs 


and this is 


nLf7^ 

- (2a 8e + e 8a) — -2{ade — 2e . cos (</> + yfr ) }, 
from which we obtain 8<?. 

Applying these results to the particular case when the parti (ilo 
is at an extremity of the latus rectum through the focus, we noti(;e 
that to the first order of small quantities Sa, = 0, and obtain 

8^ ~ 8e 

where I is the length of the semi-latus rectinn. 

To the second order of small quantities we have in the same (!aso 
8r = ^r{8cl>y^—hoLkt^ll, and therefore Sa = 2S'ra“/?*‘'^==aV7/'*. 'Dius 

(a + 8a)^ - a' (1 H- 

The period 2Tr\Ja^lfi is thus increased by tlie fi'action of its 

former value. 


151. Orbit slightly disturbed from Circular Form. In the 
preceding §§147-150, we have coiiHiclorecl the effect oi* a 
small disturbance of the motion of a particle about a centi'o 
of force attracting according to the law jix'Kr, and Imvo seen 
tliat it is to cause the particle to describe a new orlut, tlu 3 
deviation of which from the original orbit is specitied by 
the alterations produced in a, e, and We now suppose 
a particle which moves in a circular orbit about a centre of 
force situated at the centre of the circle, and attracting 
according to the law //u’t to be slightly disturbed from its 
path in such a way that the value of h is not altered. 

In the first place, if 1/c be the radius of the circular 
orbit and v the speed of the particle in it, — fjic?\ so that 
]i^=zv^lcr — Further, the equation of motion is 


dhb 


.( 1 ) 


Now let %b = c{l+x), where cc is small. Wo obtain 

^Q 2 = -(l+cc)+{l + (m-2)rc+...} (2) 



wlinro A and a aro coiiHtants. TIuls wo luivo 

'fo = c { I. + ^1 coH {\/H — n9 — (Ji) } , (5) 

and HH the radius vector turns tlirou^'li tlic angle 27r/V*^ — 
tlu„'. value, of i(, oscillates from the niaxiinmn value e(1.4-d.) 
to tlie iniiiiinuni back again. The value of 

A is to l)(^ found from the conditions of the disturbance to 
Avhicli the orbit is subjected. 

'I\) viivry i]w Holubioii to a higher degree of iipproxiuiation. wo write 
the diilertuithil etiuation hh 

= («. -- 3) { .);+ i ()t - 2).?;2}, (6) 

fnmi whieh all to.vxm iihovo .r- have been exeluded. Substituting the 
{i])proxiniato vaUw. of .r, d cos(s/3 — m 6^- rjL), just found in the term 
in .r-, wo got for the dillcreiitial equation to ho solved 

d 6 )^ (ii “ “h i (vi - 2) d d 1 + ties 2 (d3~vi 0) 

t\)r the solution of tliis form of equation the student may consult 
(Jih.son’s CfHculns, S but he will iind by substitution that it is 

satisliod by 

= ^-1 cos (n/3 — 0 — fx.) + d “ { J) cos (2d3 ~ ii 0 — (x.)}, {^) 

and will at the same time determine the two additional constants 
(\ />. In the same way the approximation may ho pushed still 
filrthor, but it will ])e found that the coefficient of 0 ia no longer a 
multiple. siuq>ly of n/3-vo 

If Vi >3 tlm solution of (7) is of the form 

.V = A + Be- ", 

.SO that unless d is zero ,v will increase indefinitely with 0. Wo must 
tluu'oforc regard the circular motion in this case as unstable, and 
wlioii Vi <3 as stable, inasmucli as whatever the constants A and a. 
may be the radial deviation can never exceed tlio values correspond- 
ing to the maximum and minimum values of u, 6*(H-d), o(l -d). 



lu win ue UUtttJi veVL UJiitou 11 n. — uiivj 111 


dh(, , }}. 


dht 


dff 


|r,+,i; = 0,. 


.(!)) 



and .V is under no restriction to be small. Thus we have 

^=: /■! cos(^-ot-)5 (10) 

^i=c{l +/i cos(^-a.)]-, (11) 

the eqnatioh of a conic of 
eccentricity A and seuii- 
latus rectum 1/c. Thus we 

f et again the solution fully 
iscussed above. But from 
the present point of view, 
we regard it (at least wlien 
A < \) as an oscillatory 
deviation from the circular 
orbit, described from the 
centre of force (a focus of 
the conic) as centre, with the 
senii-latus rectum OL— ljc 
as radius, as shown in Big. 
63. The period of oscilla- 
tion is that of revolution. 
For the ellipse which we 
have when A ( — e) <1, the 
radial deviation at the point nearest tlie centre is 
1/c - 1 /c;( 1 -{- i'J ) — e/c(l + fj), 

since A=e, and at the point furthest from the centre is 
l/c-l/c(l-d)=~c/c(l-e). 

The double rate of description of area retains the value 
fj II I c ( = \//xa (i — e^) ) 

in the elliptic orbit which it had in the circular orbit, but the 
period in the elli^jse is 

SttV = Stt/V jxd ( 1 — 

while in the circle it was ^Trjs/fjLC'K By tliis we can reckon easily the 
alteration of period produced by a slight disturbance of a circular 
orbit. Thus, if e be very small, the period is changed from 

27r /\/ fxd to (27r/\/ fid) (1 + i 6“^). 

If ?i=l, the differential equation of tlie approximately circular 
orbit is , 2 ,, 

+ ( 12 ) 

so that for jc we have the value 

iP=/l co.s(\/2^-a), 


.(13) 


Tluj Hbiuleiii; may ])r()V() that the area .swept over by tlie radiiLS- 
vector and tlio pei’iod J’emaiii unaltered to tlia .second order of small 
(p tail titles. 

152. Theory of Apsides. An apse is a point on tlie orbit 
at wJiich it is met at right anglovS by the radius- vector 
from the c(‘.iitre of force. The condition fulfilled at an 
ap.sc itS tlu'refore that is n is a maximum or a 

minimum. A planet is at an apse wlien in perihelion or 
aplielioii, l)ut not elsewliere in the orbit. At perilielion tt 
is a maximum and a minimum, at aphelion the reverse is 
the case. 

Tin) I'adi us- vector from the centre of force to an apse 
is called an (vpnidal disUmce. We can show that, wliatever 
may tlm numl>er of apsides in an orbit or a branch of an 
orbit, there cannot he more than two apsidal distances, if 
the central force is a function of the distance alone. For 
an apse may be taken avS the point of projection, and the 
velocity tliore as the velocity of projection. If two particles 
be projected in tlu‘. plane of tlie orbit from an apse in the 
two opposite directions at right angles to the apsidal radius- 
vector, under a central force which has always the same 
value at the. same distance, the patlis of the particles will 
lie symmetrically on tlie two sides of that line. Thus 
(ivery radius-vector on one side will be repeated on the 
other at an e(pial angular distance from the apsidal radius. 
The curve on one side will, in fact, coincide with the image 
of the curve on the other in a mirror at right angles to 
tlie plane of motion and coinciding with the apsidal radius. 

Now the radius of curvature at every point of an orbit 
must be the same for botli directions of motion along the 
tangent at an apse, since p = F^\n cjy\ and therefore a 
particle whicli lias reached an apse in its orbital motion 
will, if its motion were there suddenly reversed, simply 
return along tlie path by which it arrived. Thus an 
apsidal radius- vector divides an orbit into two parts, which 


we take any three apsidal radii to successive apsides A, B, 0, 
the radius to G is the same as that to A, and the radius to 
B is repeated again at the next apse in ordei*, D say, and 
so on. Thus there cannot be more than two apsidal dis- 
tances in any distinct branch of the orbit, and those are 
reached alteimatively as the particle describes it. 

We can prove a somewhat more general proposition 
analytically as follows. We have 

If F=i(jlu^\ where n is an integer, 

= 2 du = u»- 1 + a (1 ) 

Hence, for an apse, since there = where h is the 
angular momentum about the centre of force, we get 

® 

where C' is a constant ; in fact, it is twice the constant value 
of the energy of the motion. This is an equation in 
descending powers of u, if but whatever n may be 

the equation can always be so arranged, and as there are 
only three terms there cannot be more than two mutations 
of sign of the coefficients. Tlius, by Descartes' rule, the 
equation has no more than two positive roots. Thus there 
are, for this law of force, in all the branches of the curve 
(if there be more than one branch) not more than two 
apsidal distances. The case of n a fraction pjq (in its 
lowest terms), can be dealt with by writing = taking 
care that the sign of F is properly settled when q is even. 

Ex. 1. Let tile central force be iJ/W\ where n>Z. The value of C 
is zero when 1)? that is when the speed is the speed 

from infinity. To make G positive, therefore, we take 

— 1 ). 

Then Ave notice that a superior limit of the positive roots of (2) is a 
value of 'lb ( > 0), whicli makes the expression on the left of (2) positive. 


bncn ;i value or u is one wliicli satislies tlie equation 

«’■-“=(« -i)|- 

Hence \\%i cannot be less than a positive root of the equation 
Again, transforming (2) by substituting 1 jib for we get 


G 


2 //, ‘ 


? 6 - 1 




and a value of l/xo which makes the expression on the left positive is 
one Avhich satislies the equation {IjuY^Cjli^. Thus Ijxc cannot be 
gi-eater than the positive root of this equation. 


Ex. 2. To find the apsidal angle. 

By what has been stated above as to the sy in me try of the orbit 
about each apsidal radius-vector, it is clear that tliere is only one 
apsidal angle, that is the angle between two apsidal radii. It 
can be determined at once when the equation of the curve is known, 
by dift’erentiating xc with respect to ^ and putting dxildO=0. Thus, 
for the ellipse we have 

dxtjdd— — «sin (^-a.)/a(l — e^), 

and this vanishes for 0-a=O, tt, 27r, Stt, Thus the apsidal angle 

is TT and the apsidal distances are a{\ —e\ a {I -he). 

In the case of the approximately circular orbit, discussed in § 151, 
it will be seen tha t the apsidal angle for both the approximations 
tliero given is - xi. For a higher approximation, in whicli it 
is found that 

,v = A cos p{0-oL)-h A'^{C-hI> cos '2.p{0-oL)}-hA^E cos ^p(6~- cl), 

the values of C, D, E, and p are to be found by substituting in the 
diderentitil equation, and equating coefidcients on the two sides of 
the result. It is found that 

p^ = (3 - ?i){ 1 - (v2- ~ 2)(?^ + 1) A"}. 

The apsidal angle is then 7rjp. 

[For fuller infoi'ination regai’diiig the Theory of Apsides and the 
Classification of Orbits, the student is referred to Routh, Dpiax7ixos of 
a I^arttclc.] 


153. Centre attracting according to Inverse Cube of Distance. 
A discussion of the motion of a particle attracted according 
to tlie inverse cube of the distance (F=iiu^) is very 
instructive from the point of view of the effect of initial 
circumstances on the form of the orbit. The differential 
equation is 




( 1 ) 



cases we have, if /c = s/l — 

u = A cosk{6’-()i), (2) 

u= (3) 

respectively, and in the transition case of — 

^o^O(^ — ()C) or r(6 — a)G=l, (4) 


wliere the constants A, A-^, and 0 are assigned according 
to initial conditions. 

The speed from infinity to distance R is J jijR— V\ say. 
If the particle be projected with speed V at distance R, in 
a direction inclined at an angle (/> to the radius- vector, then 
h = VR sin 0, and thus ///A- = /x/ K^E^sin^*^ 0. The cases 
enumerated above are therefore those in which = , or 

< /ulR-sin^<p, If the particle moved in a circle of radius R 
under the attraction at distance R, we should have for 
its vspeed VllR = jix/R^ or V\ = ixlR'^, and thus V^-=V' the 
speed from infinity. This is called “ the speed in the 
equidistant circle.” Thus, according as T'^sin0>, =, or < 
the speed in the equidistant circle, we have the three cases 
enumerated above. 



(1) Fsin0>F', or \>fjLj}t^. Difl^erentiating the ex- 
pression for u above, we get dibjdQ^ ’-kA 
which vanishes when 6 — a = '}^ 7 ^/Z% where n is any integer, 
0 included. Measuring Q from the radius-vector for which 
n — Q, we get ^ kd = a (5) 


JLUJ. lyilt: Ui UllLJ pU/UU. JiillUJl VcllLltJ Ui fX glVeS U 

brand 1 of the curve, and these branches occur at successive 
intervals of irjk. They are all precisely alike in the sense 
that each in succession is the one before it, turned forward 
through an angle tt/A" in its own plane about the centre. 
The curves are represented in Fig. 64. 

(2) Fsin0= V\ or = The equation is then 

( 6 ) 

and the curve is known as the reciprocal spiral. It is 
shown in Fig. 65. 



(8) Fsin^<F' or Going back to the difFer- 

ontial equation, nuiltiplying both sides by 2duld6 and 
integrating, we get (chL/d6)^+u^ = u^iuilJC^+c, where c is 
a constant. Hence 


= = (7) 


is the energy equation. Initially, v=V, and so we have 
c = (K2-.Ff^)/A2, and 





¥ 


.( 8 ) 


If there is an apse, that is if we can suppose that the 
angle 0 may take the value 7r/2, then (iu/cZ0 = O, and we get 


]<?u^ == 


Y2 

~~W ' 


(9) 


where A:‘^ now denotes 1. 

Thus, with k = \/iuL/}i?—l, the necessary condition for an 
apse is V'^V, and there is no apse if this condition is 
contradicted. We fall back then on case (1). Assuming the 
existence of an apse, we take I/v^q for the apsidal distance, 
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and measure 6 from that position of the radius- vector. 
Thus, for the complete integral written above in (3), we get, 
since — cZu/d0 = O, for 0 = 0, = 

and there fore ^ ^ ^ - ke^ ( 10 ) 

Here k is positive, and therefore dii/dO is positive for all 
values of 0, that is r diminishes with increase of 0. The 




is the equation of the curve, 
(see Fig. 23, §43). In the 
so we have {dujdOf^ifJijh^ 
have seen, there is no apse, 
of the differential equation, ■ 


curve bends in towards the 
centre of force, as shown in 
Fig. 66. There are two 
branches described in oppo- 
site directions from the apse 
A, and each winds in closer 
and closer convolutions about 
the centre of force. 

Two other sub-cases of 
Case (3) remain : first, that 
in which V=V'; second, that 
in which V > V', In the 
first of these, divjdO — kw, and 
therefore 

= 6 ^-® ( 11 ) 

which is an equiangular spiral 
remaining case and 

-~l)u2 + (F"-F'2)///A As we 
If wo go back to the solution 
we get 


( 12 ) 

and, by squaring, 

l^J=Jcho^-4>k^A,A, (13) 


Thus the positive quantity (V^— —4}]<'^A^A2, 
that in this case A^, A^ have opposite signs, and are such 
that A^A^= V'^)j4d<?h^. Thus, writing for 



and therefore r diminishes. When 0 = 0, — and 

if initially A^ = b'^, then r=oo. Of course dvjjdO maybe 
either positive or negative, and so there are two branches, 
as in Fig, 67. They have a common asymptote, as shown 
in tlie diagram, and the curves are described as shown 
by the arrows. 



By putting Ae^^^A^, Ae-^^^Jd^jA^ we get A = h and 
/crx = log -d j — log 6, so that we can write the equation 


for ^0 in the form 

= (15) 

or, changing the initial value of 0, in the form 

= (16) 


which differs from that for the case of V' V only in the 
sign of the second term. 

The curves for the motions treated in this section are 
known as Cotes' Spirals (Harmonia Mensiirarum, 1722). 


154. Force varying as Inverse n^^ Power of Distance. The 
differential equation for the case of F= fjLU‘^{nb’^ 1), namely 


clHb 

W 




JX 


w 


?l-2 


•( 1 ) 


can (except in the case, just treated, of n = S) be integrated 
by aid of the energy eqxiation when the speed of the particle 
at every point of its path is the speed from infinity. If this 
is the case at one point — the point of projection — it will 
be the case at all. The energy equation can then be written 


{g)' 


+ ?6‘ 


= 

9 ? — 1 


U 


n~l 


•( 2 ) 


(3) 


ihis gives, alter a httie reduction, 


du 


— dQy 


where a^2iJLj{n — V}h?‘. 

By the substitution jz^ (wliich is only applicable 

if ny^S), this transforms into 


which gives 


dz 7 ?, — 3 

2 

(4) 

cos"^0 = — 2 — (6 — a), 

(5) 


where oc is a constant. Thus the equation of the orbit is 

cos -^(0 - OC.) = c ^ cos — 2 --( 0 -a.)... .(6) 

The result of the integration is unaffected by the 
ambiguity of sign introduced by the radical, which is to be 
interjireted according to tlie sign of the initial dujdO. 

This equation shows that when n'^S the path consists of 
one, two, or more loops, according to the value of n, with a 
common node at the centre of force, and a maximum radius 
vector equal to c, which recurs at the angular interval 
47r/(7^ — 3). When 7^<^3 the orbit has infinite branches; 
for example, when n — 2, it is a parabola, and c is the 
minimum radius- vector. 

As another example we take the case of 7 ? =5. We have 
r=:ccos(d — a), (7) 

the equation of a circle with the centre of force on the 
circumference. The maximum radius-vector is c*, the 
diameter of the circle. 

If n = 7 the equation of the curve is 

r^ = c^GOFi 2(6 — oi), (S) 

the equation of the lemniscate of Bernoulli (see above, 

Ex. 4, §125). 

In all these cases the condition is imposed that the speed 
at each point is that from infinity. But the integrations 
can be effected under other conditions in these and other 



Particle, and Greenliill, Elliptic Functions.) 

Ex. 1. Carry out the integration when the force is reijulsive, force 
varying as the inverse power of the distance, and the speed at 
each point is that from the centre of force to the point. 

Ex. a. Integrate the equation of energy when the force is repulsive 
and varies dir(3ctly as the power of tlie distance, and tlie speed 
at each point is as in Ex. 1. 

Ex. 3. If the speed at each point in a central orbit bear a constant 
ratio to that in an equidistant circle, find the orbit and the law 
of force (see § ir>3.) 

Ex. 4. The speed and direction of motion at any point and the 
centre and law of force : find the radiu.s of curvature of the orbit 
at the point. 

Ex. 5. Find the equation of the orbit when H- where 

?/. >! and ^-3, wlien the si)eed in the orbit for F—fjAC' is equal to the 
speed from inlinity (see § 130.) 


155. Different Centres for Same Orbit. Newton’s Theorem. 
Newton proved (Frincipia, Lib. I. Prop. VII. Cor. 3) tliat 
if tlie force towards a centre 0, by which an orbit can 
1)6 described, is known, ^ 
the force towards a new 
centre (\, by which the \ 

same orbit is described, \ P 

can be found. Clearly, \ / 

tlie orbit will be described \ / // \ 

if the force toward the \ ^ / / / \ 7 

centre of curvature have \ / / / \ / 

always the proper value. \ / /^ / V P 

Let P (Fig. 68) he any \ / / \ / 

point of tlie orbit, p the \ j/ / \ / 

radius of curvature there, \j/ / y 

r, Vy the distances, OP, ^ 

O.^P, and p,Pi the lengtlis / 

of the perpendiculars let / 

fall from 0, 0^ on the 

tangent drawn to tlie curve at P. Then, if v be the speed 
at P and P, the forces which give the same value of v'^/p, 

= JPF = F hi 1 ‘I h - 


SO that 


JLiit; LIUUU1V3 iclut; ux ux culcuj xn lo — u.ixi.ic;x uiic: 

force F towards 0 : if tlie force F-^ towards 0^ is taken for a 
new speed v\ we have k^—p{o\ so that — and 

in this ratio we must increase F^. Thus, we obtain for 
the forces towards 0 and 0^, either of which will enable 
the orbit to be described, 

m 

F ~ k^fr ^ ^ 

If we draw from 0^ a line O^JI parallel to OF to meet 
the tangent in J?, then pJp — O^Hjr, and tlierefore 

p^Ip\=t^IO^fp. 


Thus 


F" 


h\ 


( 2 ) 


As an example, take 0 as the focus of an elliptic orbit at 
which the centre of force is situated, and let 0^ be tlie 
centre of the ellipse. Then yu/r^, and from the geometry 
of the ellipse we liave O^H^a, so that 


7.2 

F ^UL 


.(3) 


Thus the force toward the centre of the ellipse under which 
the orbit can be described varies directly as the radius- 
vector r^, drawn from the centre. Writing fx{i\ for F-^ , we 

li\ 

= 


get 


(4) 


But when the orbit is described by a particle under a force 
toward the focus, — /xa(l — so that we obtain 

or (5) 

where a, h are the principal semi-axes. 


156. Hamilton’s Theorem. The force toward any centre 
0i (Fig- "i^iider which a particle will describe an orbit, 
is, as we have seen, given by the equation 

r 1 k^r /i \ 


jjoiar ijivi oi i}ne poinL wita I'espect to tne conic oe 
drawn, and tr, tir' denote the lengtlis of the perpendiculars 
let Fall from P and from the centre of the conic respectively 
to this polar, it can he proved that 


1_JL^ 3 

p ^ ' 


( 2 ) 



In proving this proposition we shall assume that the 
curve is an ellipse, but the proof may be easily modified 
to suit any other conic. Let /, g be the coordinates of 0^ 
with reference to the principal axes; tlie equation of the 
polar is 

If X, y be the coordinates of P, the perpendicular from P to 
the polar has length 






oX — 


^ — V^fx — a^gy 




' ¥ 

while that from the centre to the polar has length 


rrr ='- 


J fV/ ghb'^ 

' T 


(M). 



The length of the perpendicular from 0^ to the tangent 
at -P, of which the equation is 


’ 


is found in the same way to be 

rn — ~~ 

Hence we get, by (2), 


1 ^ _ 
07 0 0 -^ / 




But if we calculate l/p by tlie usual formula, 

d?y 


1 

P 


dx^ 




.(3) 


we find (disregarding sign, since 1/p is to be taken positive 
here) precisely this value. Hence by (1) we have 






(4) 


The values of r and w vary from point to point on the 
curve, the other quantities remain constant. Thus we 
have the theorem that if 0^ be any centre, a force varying 
as the distance of 0^ from P, and inversely as the cube of 
the length of the perpendicular from P on the polar of 0^ 
and directed towards 0^, will enable the conic to be 
described. This theorem is due to Sir W. R. Hamilton 
{ProG. Royal Irish Academy, voL 3). 

As an example, let 0-^ be the focus of the ellipse. Then 
the polar of 0^ is the directrix, and 

r^=^rje, zj' = aje. 

O '-e^) jui 


Hence 


given orbit, let, if possible, two 
tangents O^B (Fig. 70) be 
drawn from the proposed centre 
of force 0^ to the orbit, and 
from any point P of the orbit 
let fall perpendiculars to the 
lines O-Ji, AB: let the 

lengths of the first two be de- 
noted by a, the length of 
the third is since AB is the 
polar of 0^. Then, by the 
properties of conics, we have 
(xl3 = ku^, where k is a constant for the conic. Hence, 

writing k for we get 



Fig. 70. 


F=k 


( 1 ) 


The equivalence of these two statements of Hamilton’s 
theorem may be seen as follows. The general equation of 
the second degree referred to as origin may be written 

ax^ + 2hxy + hy^ + 2gx + 2fy + c = 0. 

The polar of the origin has equation gx+fy + c^^, and 
therefore if P be any point on the curve of coordinates x, y, 
the perpendicular from P to this polar has length * 

If ?y, be the coordinates of the centre of the conic, we 
obtain by transforming the equation of the conic to the 
centre as origin, 


Oj^A'hri-^g = 0, '0 ( 2 ) 


as the conditions that the new / and g should vanish. By 
these we write the equation of the curve in the form 


ax^ + 2hxy + by^ + gi +fn + c = ax^+ 2hxy + by^ + = 0, 


where A = + the result, multiplied 



Dy ao — ii^, 01 suDSuwLing Liie vames ui ri uurivtiu. 
from (2) in the expression (/£+/?? + c. But si nce rj are 
the coordinates of the centre, + is the 

length err' of the perpendicular let fall from the centre on 
the line ry^c+/ 2 / + c = 0, the polar of 0^ witli respect to the 
conic. Thus ^ 




Again, if \ be the lengths of the principal semi-axes 
of the conic, we get, by turning the axes so as to make 
the new h vanish, 


27 2 _ 


We obtain, therefore, 


A" 

{ah-li^f 


J_ == iah - li?) ^ A , 

But cr, y, the coordinates of P, satisfy tlie ecpiation 
ax^ + 2]ixy + hy^ + 2gx + 2fy + c = 0, 
which can evidently be written in the form 

c {ax^ + 2]ixy + hif) — {gx +/y )2 = — [gx -\-fy -f c)- ; 


that is, if we put A-g'^ — ac, B=f^~-hc, C=fg — ch, 
Ax^A 2 Oxy + By^ = {gx +fy -h (ff. 


We get then, by (1), with the meaning of li in (4), § 156, 

— , (5) 

(Ax^ + 2Cxy + By^f 

Now the equation Ax^+2Gxy + By^ = 0 represents two 
straight lines O^A, 0-^B meeting the curve at the jDoints 
A, B in which it is met by the polar of the point 0^. These 
lines are therefore, if real, tangents to the curve at A, B, 
If then cc, y be, as here, the coordinates of a point P on the 
curve which does not lie on either line, Ax^+2Gxy + By^ 
is, to a factor which is the same for all points on the curve, 
equal to the products of the lengths of the perpendiculai*s 
a, /3 let fall from P on the lines. The second form of 
Hamilton's theorem is thus established. 


158. Orljit a Conic touching Two Straight Lines drawn from 

C.F. The very important result follows that if 0^ be any 
centre of force and O^B be any two lines drawn from 
0^, any conic touching these two lines is an orbit for the 
centre of force, and the law of force is given by (5). 

Again, if a particle move under the action of a force 
directed to a fixed point 0^, and varying directly as the 
distance of the particle from the fixed point and inversely 
as the cube of its distance from a fixed straight line, the 
orbit is a conic with respect to which the given straight 
line is the polar of 

For if a point P in the plane of the two lines O^A, O^B, 
or in the plane of the centre of force 0^ and the fixed 
straight line, be specified and a velocity at that point be also 
specified in direction and magnitude, a conic passing througli 
P and touching O^A, OJB, or with respect to which the 
given straight line is the polar of 0^, can be determined, 
which is an orbit described about the centre of force 0^ 
under the influence of a force as specified in (4) of § 156 or 
(1) of §15*7, with velocity at P and direction of curvature as 
indicated. And every other possible orbit so described will 
coincide at P with the conic in regard to speed, direction 
of motion, and curvature, and the variation from P in 
direction of motion and curvature will be the same in 
both — that is the two orbits are solutions of the same 
differential equation which fulfil the same initial conditions. 
There is only one such solution, and the orbits are identical. 

Anal}ffical proofs of propositions equivalent to the state- 
ment that the two laws (or rather two versions of the 
same law) stated above are the only laws which always 
give conics as orbits have been given by MM. Halphen 
and Darboux {Gomptes Eendus, t. 84). 


159, Particle acted on by Forces from Several Centres. 
Bonnet’s Theorem. Provided a certain condition is satisfied, a 
particle can describe a given path under the combined action of any 
specified system of forces ... directed to any given fixed points. 

Let A and denote the normal and tangential components of force 
on the particle, due to these forces. Then 


T=-'2F,'^, 

^ k CC S 


( 1 ) 
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where pk denotes the length of the perpendicular let fall from the 
centre for the force F& to the tangent at I\ the position of the particle 
at the instant considered, and ?•* is the distance of F from that centre. 
Now if p be the radius of curvature of the path at P, we have 

2 T—d{v^)lds ~ d{Np)jds. 

Hence, inserting the values of N and T given above, we get 



But we have 






since \lp—{dpkldr]^lrk> Thus the equation just found can he written 



which is the required condition. Of course, the speed V of projection 
must be such that V^jp^N. 

Let Pi, p2, ... be central forces, each of which if it acts alone causes 
a particle to describe a central orbit ; then we can j^i’ove that any 
such system of forces acting together Avill enable the particle to 
describe the orbit, provided the speed v at any chosen point is given 
^ where ^?l, ... are the speeds at that point for the 

separate forces Pj, P2, — Thus, for the combined forces, the energy 
is the sum of the energies for the separate forces. 

Since each of the forces P^, P^, ... enables the particle to describe 
the orbit, we have v\jp — PiPijr^ ,vllp = • • • > Vidvjds = - P^drjds^ 

V2dv^Jds==: —Pi^drjds^ Nom^, with the value of v stated above, 

we have 



and the normal and tangential forces required are just furnished by 
the combined system. This is Bonnet’s theorem. [Liouville’s Journal, 
t. ix.]. 


160. Theorem of Curtis, The following is another general 
theorem with regard to the description of an orbit under conihiiied 
forces. 

If a given path is described by a particle under the sei^arate action 
of forces Pj, Pg? ••• 1 which act from fixed centres, it can be described 
also under the combined actions of forces Pg) ••• acting from the 
same centres, provided 



( 1 ) 


w e nave, as oerore, 



dv- 
^ ds 


^=-A 


dr^ 

W 


dv2 

^ ds 


= -P, 


du 

ds' 


...( 2 ) 


If, then, ••• ? acting from the same centres as ••• j enable 

tlie particle to describe the path, they must satisfy the simultaneous 
equations 


- V dvjds = F-^drJds H- F/lrJds + . . , , v’-^lp— + ( 3 ) 

?’2 

and these give the condition 

« 

or, with insertion of the values of ... from the first of (2), 


o . 


ds\l\V 


■0, 


that is by the second of (2) 


.(5) 


from which, noticing that vl — PkCk, by §132, and that the two first 
terms cancel one another by the first of (3), we get finally equation 
(1) as the condition to be satisfied [A. H. Curtis, Mess. Math. x. 1880]. 


161. Examples of Multiple Centres of Force. 


Ex. 1. Deduce from this theorem the relation 
1 d . o. 1 d , 

to be fulfilled for two forces Pj, towards the foci of an ellipse under 
which acting together a particle can describe the ellipse. 

[Note that directed towards the foci are forces under 

which the ellipse can be described.] 

Show that the general solution of the equation 


1 i ^ 2^ 


which holds for elliptic motion, is 

r\F^ = J rf {/i (»-i) +/2 (2a - rj } di\ + Cj, 

= J rlif (?’2)+/i(2a-?-2)}c^r2 + (72, 

where /i, are arbitrary functions and Pj, (7^ are constants, which 
may be included in the integrals if it is understood that different 
constants may be used for Fi and /' 2 - 



Ex. 2. Show tlicat by properly choosing the functions /, we obtain 
]P^ = /r ^ ^ — ctr^ + A?’^ + 1 ^ » 

= 2 2 + 2 + /^ 2 ’’ 2 "")’ 

as forces towards the foci under which a particle can describe the 
ellijpse. 

Ex. 3. A particle moves in an ellipse with the speed 
asli<{a- r)jr(2a - r), 

where 2a is the length of the major axis and i< is a constant : to show 
that its acceleration consists of two components, one towards the near 
focus and the other from the farther focus, both varying as the 
inverse square of the distance. 

If ?- = 2a-r, we have v‘^~^a^{Klr-i<lr'), and v'^lp—^a'^h{Klr-i<lr')l{rr')^, 
since 1/p = ahl{rr')^. Now substitute for the value (_p 

and obtain jrh'' — Kpjr'h\ and therefore 


^ 2 ^ 


p 

.!Lt\ 

P 

4 ' 

\r^ r 

r^ r J 


the first equation, which is consistent with the statement to be 
proved. This, with 

dv , K dr K dr'\ 
ds~ ds r'2 ds/ 

Avhich is at once obtained, establishes the theorem. 

It will be noticed that the motion here specified cannot exist except 
in the half of the ellipse on the same side of the minor axis as the 
attractive focus. Outside these limits the speed is imaginary. 

Ex. 4. Show that a particle will describe an ellipse if its speed 
along the tangent at any point P is given by 

+ - r) - K'ar), 

and it is acted on by forces towards the foci. 

Ex. 5. Particles of different masses mj, •••5 which have speeds 
Vj, 'i ’25 same point, describe the same ]path under the action of 

given forces Show that a particle of any mass i/, which 

has kinetic energy at the same point equal to the sum of the kinetic 
energies of the particles, will describe the path under the combined 
action of F.^,.... 

Ex. 6. Prove that if a conic section is described under the action 
of either of two forces directed to the foci, each varying as the 
inverse square of the distance, or of a force towards the centre and 
varying directly as the distance, it will describe the curve under 



miQ coniuiiiea acuon or ma same taree rorces, proviaea uiie particle 
is projected witli speed given hy 

where r, r' are the focal distances at the point of projection and 
fx, p,'j /x" the intensities of the centres [Lagrange, Mec. Anal. t. ii. 
sect. vii. § 83]. 

162. Earth-Moon System disturbed by Action of Snn, We 
give here can interesting application of the equations of 
motion, with reference to revolving axes, to the approximate 
determination of the influence of the suns attraction in 
disturbing the motion of the moon relative to the earth. 
Let 8 be the j^osition of the sun’s centre, supposed to be 
fixed, and E tluat of tlie earths centre. We take a to 
denote the distance of the earth from the sun, and x, y, z 
for the coordinates of the moon’s centre M relative to that 

pu 

^ I 

/' \y 



Fig. 71. 


of tile earth as origin, choosing the direction of x in the 
prolongation of the line SE, that of y at right angles 
to 8E in the plane of the ecliptic, and taking 0 as the 
distance of the moon’s centre from that plane. The 
coordinates of the moon’s centre relative to the sun’s centre 
as origin are therefore a-\-x, y^z. The equations of motion 
of the moon are therefore (see (2), § 14), ii X, Y Z be the 
component applied forces, 

x — 2ny — yn--7}A{a+x)==X,'\ 

y + '2.nx+{a+oc)n — n^y— yX (1) 

z=Z.j 

The acceleration of the earth toward the sun is at any 
given instant n'a, which is the force per unit mass toward 
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the sun at distance a. Hence the force per unit mass 
toward the sun on a particle at M is 

if R^ = {a+xy‘+y'^ + z-, 

The components of this in the direction of x, y, z, increasing, 
are -‘ 7 y^a?{a^-x)jE\ —n^a^zjE^, Since Xy y, z 

are small in comparison with a, these components are 
approximately —n^a+'2n^x, —n^yy —n^z. Besides these 
there are the component forces of attractio n exerted on 
the moon by the earth, which, if r denote Jx^ + y'^+z^, are 
— lixjr^y —fxyj'r^, — [xzIt^ per unit mass. Thus, if we 
suppose ih = 0, we have the equations of motion 

X — 2ny — cc = 0, 

y+2nx+^y = 0 , ( 2 ) 

Multiplying these equations by x, y, z respectively, 
integrating and adding, we get 

- 2 ^ + a = 0, (3) 

which is known as Jacobi's equation of the relative energy 

of the moon’s motion. 

163. Stability of Earth-Moon System. Hill’s Theorem. 

This result affords an example of a very useful method of 
assigning limits to the possible relative displacements 
of the parts of a system. For a given value of Vy the body 
here considered — the moon — must have its centre some- 
where on the surface given by (3) of § 162, which intersects 
the plane of Xy y in the curve 



root for overy value of 0, the curve possesses a branch 
closed round the centre, within which the body must always 
remain. It may be verified by the student that the roots 
of (2) are all real if cos‘^ d <C It will be found 

that when 0= ±7r/2, so that cos 0 = 0, the equation has one 
finite root r — 2fxjC, and two infinite roots, one positive, the 
other negative. For 0 = 0 or tt, so that cos^0 = l, one root 
lies between 2 / 1 x 10 and SjUL/Cy and between these values 
of 0, r alters continuously. 

Besides the closed branch, which is oval in shape, the 
curve has, as shown in Fig. *72, two infinite branches, 
which have the two lines 
= G as asymptotes. 

In the space between these 
infinite branches and the 
closed branch, is nega- 
tive, and V, therefore, a 
pure imaginary. The body 
must therefore either be 
inside the closed branch 
or outside the two infinite 
branches, and, if once 
within the closed branch, 
can never escape to the 
space beyond. 

The closed branch and the infinite branches are shown in 
Fig. 72(a). AA\ BF are the lines ^n^x^ — G. In diagrams 
a, b, c, the trace of the surface on the plane of xy is shown 
for the three cases G^'^, =, cdSl/xhi^. In the second case 
the oval and the infinite branches meet at the ends of the 
former, and it appears as if the particle might there escape 
from the closed branch. But the condition (7^ = 81/x^n^ 
shows that there both the velocity and the acceleration 
of the particle are zero. In the remaining case there is 
no closed curve round the origin, and no upper or lower 
limit for the distance of the particle from the origin. 

Considering the moons orbit and neglecting its inclination 
to the ecliptic, we see (§ 126) that (7 = jx/a', where a' denotes 
the length of the semi-axis major, and from this the limits 

n-P flio nT>>mf»lToc! non oaairrnpfl IVTt* fr TTill 'I'.n wlinm 



this discussion is due (Am^ Jour. Math. vol. i.), has shown 
that the surface indicated by (3) of §162 consists of tliree 
sheets, one closed around the earth and nearly spherical 
in shape, another also closed but surrounding the sun, 
and shaped like an ellipsoid of revolution with semi-axes, 
in the plane of the ecliptic, rather less in length than 
the earth's mean distance from the sun, and axis of 
revolution, about f as long, perpendicular to the ecliptic, 
and a third branch, unclosed in these two directions, 
surrounding the otlier two. 

Within the space between the two closed sheets and 
the third, the value of is negative, so that the moving 
body must be either outside the latter or inside the former. 
The radius of tlie sheet enclosing the earth is about 
110 earth- radii; therefore, as the moon is distant from 
tlie earth only about 60 earth-radii, it cannot possibly be 
made by the sun's attraction to part company with the 
earth. 


EXERCISES V. 

1. Prove that a body projected from the earth’s surface with speed 
e.xceeding seven miles per second will not in general return to the 
earth. 


2. Show that the greatest velocity of a planet in its orbit about 
the sun is to its least velocity as l-f-e is to 1-^; and find this 
ratio for the earth, whose orbit has the eccentricity e =0*01677120. 

Find the greatest and least speeds of Halley’s comet, taking the 
eccentricity of the orbit as 0*96173, the mean distance from the sun as 
17*96 times the earth’s mean distance, and the period as 76*1 years. 
Verify that this jieriod fulfils Kepler’s third law. 

3. A particle is placed on the straight line joining two fixed points 
0, A, and is subject to an attraction towards 0 and towards yl, 
varying in each case inversely as the square of the distance. Show (i) 
that there is one position B between 0 and A at which the particle, if 
placed there, will be in unstable equilibrium ; (ii) that if the particle 
be pi'ojected from any other point 0 on OB with such a speed as will 
make it pass through B it will reach A ; (iii) that if the speed 
of projection from C is such that the speed of the particle would 
vanish at B it will take an infinite time to reach B. 

4. Show that if a particle describes an ellipse under the action of 
a force towards a focus, the angular speed round the other focus varies 
inversely as the square of the diameter parallel to the direction of 
motion. 


toward the centre : prove that the speed is always proportional to the 
lengbli of the diameter conjugate to that through the particle, and 
that the sum of the kinetic energies of the particle at the extremities 
of two conjugate axes is the same for all pairs of conjugate axes. 

6. A particle describes a parabola under a force towards the focus : 
prove that the speed is inversely proportional to the length of the 
normal intercepted between the point and the axis, and that the sum 
of the kinetic energies at the extremities of a focal chord is the same 
for all such chords. 

7. Show that in the parabolic orbit specified in the last example 
the speed of the particle at any point may be resolved into equal 
components, one perpendicular to the focal distance of the point and 
the other perpendicular to the axis. 

8. A particle describes an ellipse under a force directed to one of 
the foci : prove that the sum of tlie speeds at the extremities of a 
chord parallel to the major axis is inversely proportional to the length 
of the diameter drawn parallel to the direction of motion at either 
extremity. 

9. A particle moving in an ellipse under the action of a force 
toward a focus 0 moves from the greatest distance from 0 to an 
extremity of the minor axis in time and thence to the least distance 
from 0 in time tjh : find tlie eccentricity of the orbit. 

[«=i,r(A-l)/(A+l).] 

10. The period of a particle moving in an ellipse is T when the 
centre of force is at one focns and T' when the centre of force is at 
the other focus, and the speed at a certain point P is the same in 
both cases : prove that the focal distances of the point are 

^ari{T+ T'\ 2aTI{T-^ P), 
where a denotes the mean distance. 

11, A particle moves in a circular path in such a manner that the 
time of describing any arc AP from a fixed point A is proportional to 
the sum of the length of that arc and the length of the perpendicular 
let fall from P on the diameter through xi : prove that the particle 
moves under the action of a central force. 

12. P is the projection of the centre of a planet on the plane of the 
ecliptic : prove that P moves as if it were a particle acted upon by a 
force toward the sun’s centre. 

13, A particle describes a parabola under the action of a central 
force directed to the focus. We infer from Ex. 15, § 137, tliat the 
time-average of the kinetic energy in the parabolic orbit is zero. 
Verify this by .showing that if A be the area described b}^ tlie radius- 
vector in any time t, the ratio A/t tends to zero without limit of 
closeness as t is made to increase Avithout limit. 


aphelion by a small amount 6y, prove that the changes produced in the 
eccentricity and major axis are given by the equations 

8e= 8a=28v^{a^(l-e)/ ij.(l + e)}, 
where the letters have their usual meanings for elliptic motion. 

15. A particle is projected from the earth’s surface so as to describe 
a portion of an ellipse whose major axis {2a) is 1-5 times the earth’s 
radius. If the direction of projection makes an angle of 30'^ with the 
vertical, prove that the time of flight is 

f ^/{^a/g) (tan“ W6 + Vji), 

where a is the eartli’s radius, and g is the acceleration due to gravity 
at the earth’s surface. [Find v'^{ = f^gr), e — cos -5/2\/7, by 
Ex. 12, § 131 ; then use (4), § 145.] 

16. A satellite revolves about a very massive and very distant 
primary towards which it always turns the same face : prove that in 
order that a loose jDarticle in contact with the face on the line of 
centres may remain in contact the condition M> 8d'^SIr\ where M is 
the mass of the satellite, S that of the primary, a the radius of the 
satellite and r the distance of the centres of the two bodies apart. 
Show that the same condition is necessary for the I’etention of a 
particle on the line of centres, but on the side turned from the 
primary. 

17. A particle of mass 1 gramme is hung by a very fine quartz 
fibre 2 metres loner, and is at rest with the fibre vertical. A sphere of 
lead 30 cms. in diameter is suddenly placed with its centre 20 cms. 
from the particle on the same level. Find the equation of motion of 
the particle and how far the particle moves towards the sydiere in a 
second. [Density of lead n'47 grammes per cub. cm.] 

18. Two homogeneous spheres of matter of the same density 
(22 grammes per cub. cm.), one 30 cms., the other 60 cms. in diameter, 
have their centres 300 cms. apart and revolve round their common 
centroid as a double star. Show that the period of revolution is 
20 h. 58 m. 22 s. 

19. If two homogeneous spheres, of masses E and J/, move under 
their mutual gravitation and that of a fixed homogeneous sphere of 
mass aS, so that the three centres are always in one plane, prove that 
{E-\- M^H EMh is constant, where h is the rate at which the radius 
vector from E to ilf describes area about A*, and H is the double rate 
of description of area about S by the radius vector from S to the 
centroid of E and M. What does the relation become if the fixed 
point is the common centroid of the two bodies? 

20. A particle moves under a central force /x/?’2 and is projected 
with speed Vq from a point at a distance from the centre of force in 
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the apsiclal distances are the real roots of the equation for r, 

Wr^/{rl sin^a - r^) = 

where TT" is the work done by the central attractive force as the 
particle moves from the point of projection to any point r, 0, 

21. A thin spherical shell of small radius, moving without rotation, 
describes a circle of radius It with speed V about a gravitating centre 
of force 0, and wlieii its centre is at a point d, the shell bursts with 
an explosion which generates speed v in each fragment directly 
outwards from the centre. Show tliat the fragments all pass through 
the line AO within a length 

HVhIl/{ 

and that if v is small tlie stream of fragments will form a complete 
ring after a time approximately equal to 

22. A particle describes an elliptic orbit under a central force 
towards a focus When at distance r from that focus the particle 
receives a small radial impulse changing the speed by StK Show that 
the changes in the mean distance, the eccentricity, and the position of 
tlie major axis are 

fia = 2rt"?' Sr//x, Sc = /i si n ^ . Sv / /j^ S"^ = — h cos 0 .Svj yxc, 

where 9 is the angle which the radius vector makes with the least 
radius-vector. 

23. A comet moves round the sun in an ellipse of eccentricity e 

nearly equal to unity. At a point where the radius vector makes an 
(ingle 0 with the least radius vector the comet has its speed suddenly 
increased in the ratio where n is great, without alteration of 

direction. Show that if the new orbit is a parabola, e is nearly equal 
to 1 -(4cos"^^)/?i. 

24. If the particle of Ex. 22 when at a point F receives the impulse 
along Pj)f, the perpendicular to the major axis, show that tlie major 
axis turns round through the angle {SM . P3f I SP)8vlek. 

25. A particle acted on by a central attractive foi]ce is 

projected from an apse at distance c with speed 3\/2/x/2c : show that 
the orbit has the equation r=ccos and that the particle arrives at 
the centre of force after an interval ^ = V27rc74\//x. 

26. A particle under a central force '2,ixu^{l - ahc^) is projected from 
an apse at distance a, with speed V/x/a : prove that the particle is at a 
distance r after a time 

1 / 91 yl 

“J- 


27. If, at any point ot an elliptic oruit aioout a rocus, one rorce 
ceases to act for a given very short time, find the angle through which 
the apse line will have turned and the change of the eccentricity, and 
show that they are respectively proportional to the resolved parts of 
the force parallel and perpendicular to the apse line. 


28. Writing (1), § 153, in the form 


dO'^ 


—Uhl — 


0 , 


so that solve the equation, and hence derive the orhits 

which exist, according as k is real or imaginary, and according as the 
coefficients dj, in (3), § 153, have the same or opposite signs. 

29. Prove that if h he real and the coefficients j, /Jy (Ex. 28) have 

the same sign, the time of passage from the value 0 of the vectorial 
angle to the value 0 is {a^lJch){e ^^^ wliere a is tho 
distance of the apse from the centre of force. ^ . 

30. If /3 he the constant (acute.) angle between tho tangent to the 

path and the radius vector, when the orbit is given by (11), 153 (an 

ecpiiangular spiral), JjhoW'that if the vectorial angle be 0 when 

it Avill have grown to Q in time (l/4cV//-coa ^)(1 — 

31. If the motion is given by (6), § .153 (Fig. 65), show that the 
time taken by the’ particle to pass to tli^ centime from the extremity of 
the radius vector inclined at angle 6 to the ludiiis vector parallel to 
the asymptote, on the side of that radius-vector in the direction of 
motion, is l/4cV/x^, where l/2c is the distance of the asymptote from 
the pole. 

Show also that if the motion is given by (16), § 153, the time as just 
specified is given by (l/2c2M)/(e^^^’^ - 1), where in this case l/2fj/i; is the 
distance from the pole to the asymptote. 

32. Prove that if h be imaginary the time taken by the radius 
vector to revolve through an angle 6 from the apse (at distance 1/26’) is 

{\licVi\ll - tan (Vl - 

33. A particle describes a central orbit with acceleration 
starting from a point at a distance a from the origin ; the direction of 
motion at the start makes an angle 7r/4 with tlm radius vector, and 
the speed is the speed from infinity. Find the orbit, and show that 
the time taken to reach the apse is 



[The equation of the orbit is r = a{'\ -fsin 0.] 



34. A particle moving with a central acceleration /x(18a2?i^-8w^) 
starts from a point at distance a from the origin in a direction 
perpendicular to the radius-vector, and with the velocity from infinity. 
Show that the equation of the path is 

r=acos 3^. 


35. A particle moves subject to an attraction towards a fixed point 
6?, the attraction per unit mass at the point (?•, Q) being 

/x(l-f3cos20/r2, 

where r, 0 are polar coordinates with 0 as origin; if at the point 
(r, 0) the velocity is perpendicular to the radius to the point, and is of 
magnitude V/x/c, determine the orbit. [Ex. 17, § 131.] 

36. A particle under a central attraction is projected 

from an apse at a distance a with the speed from infinity ; show 
that the equation of the path is 



1 + cos 


!»)■ 


/x( 5?^^ + 8A6^ and the speed of pro- 
show that the orbit lias 

'oMl5f aaEernoulli’s 

Jb if the® _ 
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If the centr 
jection from the apli 
the equation r=acos.|^. 

37. A particleXmoves in a smooth tu 
Leinniscate (r = a^cos26^), and & 
varying as the squar^CtJie di^ 
extremity of the axilf^ ^ 
the force on the tube 

38. A particle describes an elliple under tl 

forces fjbjO'P^ towards the foci 0, t)'Xind 

the centre C: find the relation connecting /x an 
at P. [Ex. 6, § 161.] 

39. A particle describes an ellipse under the combined action of two 
forces towards the foci, each varying according to the law 

ix(l/r^ + ?i8a^), 

where o* is the distance of the position of the particle from either focus. 
Show that the speed must be 7r(r“-j-?T'H-9’'^)/.7k/rr', where T is the 
period which the particle would have if the force /x/r^ towards one 
focus only acted. 


t^iHned action of 
" towards 
eed 



40. A particle describes a parabola under two forces, one constant 
and parallel to the axis, and the other passing through the focus ; 
prove that the latter force varies inversely as the square of the focal 
distance. Prove also that if the force through the focus is repulsive, 
and at the vertex equal to the constant force, the particle will come to 
rest at the vertex. 


41. If -the force parallel to the axis in last example is three times 
the repulsion along tlie line through the focus, show that the orbit 



where r' are the distances of the particle from the foci S' 
respectively. 

43. Prove Newton’s theorem by showing tliat the equations of 
motion of the particle for the force specified in (2), § give the 
elliptic path described with areal speed about the centre 0^, 

44. A .satellite moving round a primary is acted on by a small 
tangential force in the direction of motion. Show that the satellite 
will gradually move to a greater distance from the primary, and that 
while the applied tangential force causes an increase of the total 
energy, the kinetic energy is diminished by an amount equal to the 
increase of the total energy. 

At any instant the orbital kinetic energy (per unit mass) is and 
the potential energy - fjL/a, if a be the distance from the centre. 
Take the path as approximately circular; then v^la=ixjd^, and so the 
equation of energy is 


After an interval of action of the tangential force, the total energy 
has been changed from /x/2a to /x/2a+ If. The speed has become v' 
and the distance a\ Hence the energy equation is now 

= TF. 

" a 2a 

But now v'^=jxla\ and so the last equation may be written 


This, with the first energy-equation, gives that is, 

the kinetic energy is now less than before by an amount equal to the 
increase of the total energy. 

The reader may consider this slow motion of the satellite outwards 
by means of the equations of J5 121. 

The moon is a case in point. ^ A tangential action is exerted in the 
forward direction on the moon in consequence of the fact that the line 
of high waters on the earth’s surface is not along the i^adius- vector to 
the moon, but in advance of that in the dirk^tion of the moon’s 
motion. The displaced water, as may easily be seen by means of a 
figure, gives a forward tangential force on the moon. The additional 
energy Tf is derived from the kinetic energy of the earth’s rotation. 



CHAPTER VL 


MOTION OF A RIGID BODY. 

164. Angular Momentum (A.M.) of a Rigid Body. A rigid 
body is one in which the line joining any two particles 
of the body (thtat is two small parts, not two onolecnles), 
remains unaltered in length, and the angle between every 
pair of such lines remains unchanged as the body moves. 

The motion of a rigid body may be regarded as made up 
of a motion of the centroid with speeds v, w parallel 
to axes Ox, Oy, Oz, and a rotation of the body with angular 
speeds 02 ^ ^ 3 ^ about axes parallel to these drawn through 
the centroid. For an element of the body of mass m, 
whose coordinates relative to axes 
through the centroid are x, y, z, has 
angular momentum 2 {vi(zy — yz)] 
about the axis of x through the 
centroid. Let (Fig- 73) be the 
projection of the particle on the 
plane of yOz, and P^Q^, PiRi repre- 
sent the distances y (It, zdi which 
the particle travels parallel to the 
axes in time dt, being the com- 
ponents, along Oy, Oz of the pro- 
jection on the plane yOz of 

the actual displacement PS of the 
particle in dt The projection OP^ of the line drawn from 
the origin to the position P of the particle has turned 
round through the angle P-fiS-^, which we shall denote for 
the present by oc. 




Now, numerically; the angular momentum m{zy — yz)dt 
is proportional to 

area (rectangle rectangle M-^Sj) 

= 2 area (triangle — triangle 0R-^S{) 

= 2 area (triangle OQ^S^ — triangle OP^Q^ — triangle PiQiS^ 
= 2 area triangle OPyS-^^, 

"lut OP^=r^, OS^^i\ + dr^, lP^OS^ = ol, and 
2 area OPS-^ = (r ^ + dr^ ol = r Ja. 

Hence m{zy -‘yz)dt = mT\(x, and we get, summing for all* 
the pai ticles, 2 { m (i'y — yz ) } cZit = 2 {pnv\oL). 

If the body is rigid (in the sense defined above), then, if 
the line OP^ drawn for a selected particle turn through an 
angle a, the lines so drawn for the otlier particles must all 
turn through the same angle. If there is no turning at all, 
the motion of the centroid expresses the whole motion. 
Hence, putting a^jdt—Q^, where 0^^= lM^OP^, we get, since 
is the same for every particle, 

'Z{m{zy-yz)] =ei2(mrp. 

In the same way we get for the other two axes, 
'L{m((i)z~-zx)} =022(mrp, 

2 {m(yx - d)y)\ = e^'2{viTl). 

Hence the rates of change of angular momentum about 
the axes are, if the distribution of matter is invariable, 

l{m(zy--yz)) = 0\2(mrp," 

^{^(xz — zx)} =022(??^r“), 

X{m(yx — xy)} = 6.^1(mrl). 

3ut there may be alteration of mass of the body, as in 
the case of a rolling snowball, and from this cause, or from 
the expansion^or contraction of the body with alteration of 
temperature, may change, tliough of course this 

would be a violation of rigidity. We have then 

^2{m(i7/ - yz)} = 0i2(mr2) + 02(mr2) + 20 i 2 (mr 3 ^fi), (2) 



momentum of tlie body due to the motion of the centroid. 

165. Moments of Inertia about Parallel Axes. The quan- 
tities 2(7nr^), ... are called the moments of inertia of the 
Ijody about the axes parallel to Ox, Oy, Oz drawn from 
the centroid. We may, however, take moments of inertia 
about any other system of three axes, using the following 
definition : 

The moment of inertia of any body or system about a 
given axis is the sum 'LOnr^) of the products obtained 
by multiplying each infinitesimal element of mass of the 
body or system by the square of tJm distance of the 
element from the given axis. 

We can always find a distance k such that the product 
Mk^, where M is the whole mass of the system, is equal to 
2(mr^): Jc is called the radius of 
gyration about the given axis. 

A simple relation of great prac- 
tical importance exists between the 
moment of inertia of any system 
about a given axis and the moment 
of inertia about a parallel axis 
tlirough the centroid. Let m at F 
(Fig. 74) be an element of mass of 
the system, and A and (? be the points in which a plane 
drawn through P at right angles to the given axis intersects 
tlie given axis and the parallel axis through the centroid. 
Tlien AP = r, and if h, r', and 6 denote the lengths A(?, 
GP, and the angle PGB in the figure, we have 

2Ar' cos 6. 

Hence, since h is the same for every particle, 

E (mr^) = Mh^ -f E -h 2/iE (mr' cos 9) ( 1 ) 

But r'cos0 = GP, and GB is the distance, x say, parallel 
to the fixed line AG, of the mass m from the centroid. Now 


p 



2(m7'2) =m2+2(m/ 2) (2) 

where k is the radius of gyration about the parallel axis 
through the centroid. The theorem thus established may 
be stated as follows : The moment of inertia of a system 

about any given axis is ecjual 
to the moment of inertia of the 
system about a parallel axis 
through the centroid, together 
with the moment of inertia 
about the given axis of the 
whole matter of the system, 
supposed collected at the 
centroid. 

166. Calculation of Moments 
of Inertia. Momental Ellipsoid. 
We now consider the problem : . 
To find an expression for the 
moment of inertia of a system 
about an axis given in position. 
We shall suppose that the axis passes through the origin 
and has direction-cosines I, m, n. Then a point F of 
coordinates x, y, z (Fig. 75) is at a distance from the 

axis = {x^+y^+z^ — (lx + my + nzy}'^\ The square of this 
distance may be written, among other ways, in the form 

P {y^ + tP {x^+y’^) — 2mnyz — 2nhx — 2lmxy, 

If we multiply this by tlie mass, y say, of an clement of 
the system situated at the point x, t/, 2 ?, and sum the pi-o- 
ducts for all the elements of the system, we get the moment 
of inei’tia of the system about the given axis. Denoting 
it by J, we have 

J = 2 [/Ot { ( 2/^ + ^^) + ( 0 ^ + {x^ y^) 

— 2mnyz — 2nlzx -- 2lmny}] (1) 

This expression is of course, from its formation, essentially 
positive. 



JNow let 

^{lx{:^^-\-r)]^G, 

'L{^yz)=^D, 'l{fizx) = E, X(jUixy) = F; 
tlien I = I- A + m^B +n^0—2 Dmn — 2Enl — 2Flm (2) 

A, B, C are called moments of inertia, B, E, F products 
of inertia. 

If p denote a distance measured off along the axis from 
the origin, and rj, ^ its projections on the axes, we have 
I = ^/p, m = >?/p, n = ^jp, and 

Ai^ + B.f+CT^2Dr}^^ 2E^^^2Fi^^pH ( 3 ) 

If we take values of wliich are inversely proportional 
to /, p“/ takes a constant value, k‘^ say, for different direc- 
tions i, m, 7h of the axis. (The meaning of k here is of course 
distinct from that stated in § 1(55.) Now the equation 

Ai^ + B^f + (7^2 _ 2Fi^^ = k\ (4) 

is, since the expression on the left is positive, the equation 
of an ellipsoid. Hence we get the theorem (which seems to 
have been given first by Cauchy, but is generally ascribed 
to Poinsot), that the moments of inertia of a material 
system about different axes drawn through a given point 
are inversely proportional to the squares of the lengths of 
the radii-vectores of an ellipsoid, the centre of which is 
at the point. This is called the momental ellipsoid. Since 
the choice of k is arbitrary, there are any number of similar 
and similaxdy situated ellipsoids, any one of which may be 
taken as a momental ellipsoid. 

By the theory of the ellipsoid it is known that when the 
surface is referred to the principal axes — that is three axes 
at right angles to one another, which are also normals to 
the surface— the equation may be written in the form 

+ = 1 ( 4 ) 

In the most general case the ellipsoid has three unequal 
axes — the longest (04, Fig. 76) is in the direction of the 
axis of least moment of inertia, and the shortest 00 in 
that of the axis of greatest moment of inertia. The inter- 
mediate axis has the maximum length of all axes lying in 


I 



the plane determined by it and the axis of minimum 
length, but the minimum length for all lying in the plane 
determined by it and the axis of maximum length. 

A momental ellipsoid drawn for the centroid as centre 
is called a central momental ellipsoid. 



167. Principal Axes of Momental Ellipsoid. To find the 
axes of this ellipsoid, we note that, since a radius-vector lias 
direction-cosines proportional to the coordinates 77 , f of 
the point in which the radius-vector meets the surface, 
these coordinates must, if the radius- vector be a normal, be 
pz’oportional to the direction-cosines of the normal. But if 
S denote the expression on the left of (4), § 166, these 
cosines are proportional to dS/d^, dS/dij, dS/d^, [For if dx, 
dy, dz be any displacement along the surface from a point 
X, y, 0 , we must have 

= ( 1 ) 

so that dSfdx, ... are proportional to the direction-cosines 
o£ a line perpendicular to the disp)lacement dx, dy, dz.'] 
Hence we must have 

— F^+ I 

— E^— D}j+ Krj, j 


•( 2 ) 



Joy eliiiiination oi f irom equations (z), a cubic 

e(i[uation, 

k‘^-{A^-B + G)k^ + {AB+BG+CA-D^-^E^~F^)k 

- {ABG-WEF- AD^-BE^- CF^) = 0, (3) 

called the discriminating cubic, for the determination of 
K is obtained, the three roots of which can easily be proved 
to be all real ; so that there are three axes which can be 
drawn to the ellipsoid to meet it at right angles, and each 
'pair of these are at right angles to one another. They are 
called the principal axes of the ellipsoid. It will be 
observed that according to (4), § 167, if one of the axes of 
reference, say that of be a principal axis, the products 
D, E of inertia must, from the third of these equations, 
be zero. 

Special cases are (1) that in which two of these axes are 
of equal length, when also all the axes in the plane of 
these two are equal, that is, the ellipsoid is one of revolu- 
tion, and (2) that in which all three axes are equal in 
length, when the ellipsoid is a sphere. 

The roots of (3) substituted successively in (2) enable a 
set of values of the cosines ^/p, rjjp, ^/p to be found for each 
root, which, when used in (4), § 166, enable the length of 
the axis corresponding to the root to be calculated for 
an assumed k. The length of this axis is thus found as 
a function of k. Hence the roots of the discriminating 
cubic are independent of the choice of axes, provided the 
origin is fixed, and therefore the coefficients of the powers 
of K in the cubic have the property of invariance. These 
coefficients, the values of which are invariant, that is, inde- 
pendent of the choice of axes, are, as will be seen, 

A+B+G, AB+BG’^GA^B^-E^^^F^ 
ABG-2DEF- AD^-^ BE^ - GFl 

168. Meaning of a Product of Inertia. It is important to 
gain a clear idea of the meaning and effect of a product of 
inertia. Consider a body of any form revolving about a 
shaft, fixed in position and so strong that it is not sensibly 
disturbed by the action of the body upon it. The body 


the shart be chosen, and the central line taken as axis or 
while the other axes are taken in a plane at right angles to 
Oz through 0. The coordinates x, y, z of each element of 
mass are taken for the configuration of the system at a 
given instant. A particle of mass m at tlie point P(x, y, z) 
is moving about Oz in a circle of radius Hence, it 

is under acceleration towards Oz of amount' w^Jx^+y'K 



This is applied to it through the action of the rest of the 
body. The particle reacts on the S3^stem with an equal 
and opposite force. This reaction, being outward from Oz, 
has no moment about Oz, and can be resolved into two 
components, mA parallel to Ox and mw^y parallel to Oy. 
These act as shown in Fig. 77. 

Again, if the angular speed is varying there is a force on 
the particle at P, of amount mwJx^ + y^, in the direction of 
motion, and, as before, a reaction of tlie same amount in the 



has components mmj, --mcox in tlie direction of Ox and Oy 
respectively, as shown in Fig. 77. 

We shall consider the aggregate of these reactions and 
their effect, which is to exert certain forces npon the 
suppoi'ting shaft or axle. For this purpose we introduce 
at tlie origin 0 forces mco^x-^-mcby, mco^y — mcbx along Ox, 
Oy with two equal and opposite forces to balance them. 
The force m^^x+oncby at P and the force —{mo)h:+m(hy) 
at 0 give a couple of moment mco^xz + mcbyz about an axis 
in the direction of Oy, and similarly, the forces mod^y — iiioox 
at P and --m(xry-{-m(hx at 0 give a couple of moment 
— viMhjz+mwxz about an axis in the direction of Ox. The 
forces at P in their action on the body, and ultimately on 
the axis of support, are equivalent to these two couples, 
and the two forces at 0, + acting along Ox and 

mod^y — noox acting along Oy. 

This process, applied to all the particles of the system, 
reduces the reactions to two resultant couples of moments 
( 0 ^'Sl{mxz)+(b' 2 {myz\ —o)^ll(myz)+(bl!,(mxz) [or as we may 
write them, Eto^ + Bdo, — Pw^ + Pco, where D, E are the 
products of inertia '2(')nyz), '2{mxzy], about axes parallel to 
Oy, Ox and two Jorces (jd^'2mx + (bXmy, cd^Xmy — wUmx 
along Ox, Oy. If x, y be the coordinates of the centroid, 
these forces become od^Mx+cbMy, coHIy — coMx, where If 
denotes the whole mass of the body. If the products of 
inertia D, E are zero, the moments of the couples are zero, 
and there is no couple of reaction given by the resolution 
with respect to the chosen axes : only the forces w^Mx + coM y, 
w^My — <hMx remain applied at 0. 

169. Reactions of an Unsymmetrical Rotating Body on its 
Bearings. Free Axis of Rotation. So far only the reactions have 
been inchided, and they appear as the reversed mass-accelerations. 
But the applied forces X, F on the particle of mass m at P, give 
couples Xz., - Vz about axes parallel to Oy, Ox respectively, with 
forces X, F applied at 0. Thus we obtain resultant couples '2Xz, 
-^Fz about these axe.s, and resultant forces DJT, 2F at 0. 

Kow let the body be held by two bearings on the axis Oz at distance 
from 0, and let X<j,, Fn denote the components of forces 

exerted by these hearings respectively on the body. The latter forces 
and the aggregate of reactions must form a system in equilibrium. 
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Taking momeiits about tlic bearings in succession, we obtain 
{ M{ 0)^.1* + to}/) '+ w A" } 0^2 ~ ( ~b ^ 

__ { M (or.r + (oy) + E A^}n^ - {EixP- + D(o + z) 

"2- a.,-aj \ 

__ ^]/((o2y - w:v) + 2 r }a. , - (i>cu2 - + 2 

^ COi^ (X-^ 

{ i¥(a)2?7 >- a),r) + S Y} a, - (Z^o)^ - + Z Yz) 

2 a, 2 - «! J 


.( 1 ) 


Along with these, if be the forces in the direction of Oz 

applied to the body by the bearings, and Z be the applied force in 
that direction on the representative particle of mass m at P, we have 

.^i + ^2+2.^=0 (2) 

If the bearings be on the axis of 2 ', the force along Oz applied to the 
body at one bearing can have no moment about the other, and so 
the conditions '2{Zx)='2,{Zy)—0 must be fulfilled. 

Let noAv the bearings be at equal distances on opposite sides of the 
plane then a^ = = say, and we get 


Zi = - + coy) + 2 A'H- 
X 2 == - {M {iiy'x + o)?/) + 2X} ~ 
Fi = ~ i{il/((o2y - d).r) + 2 F} + 
F 2 = - \{M{uihJ - m’) -h 2 F} - 


jE'oj^ -j- + 2 A s 



2c5 ’ 

A;a)2 + ilu, + 2A2 


2a 

Z>cu2- 

A'di + 2F^; 


2a 

Z)(u2 - 

ff'(b + 2F^ 


2a 


( 3 ) 


If E denote the resultant of ^/(cu^r-l- ti>y)-}-2A^ in the direction of 
0,v and 2F in the direction of Oy, and R the resultant 

of (A'cL>2 + i)ctjj-2Z-s)/a in the direction of O.r, and (ZIco^- A'(h + 2 1 2 )/ct 
in the direction of Oy, these equations show that at one bearing, 
forces -Jiff, J/2, and at the other bearing, forces -J^, ~J/2, arc 
applied to the body. The forces applied by the body to the bearings 
are equal to these forces reversed. The two equal but oppositely 
directed forces J/f, -\R are entirely due to the products D, E of 
inertia if there are no applied forces, and in that case vanish when 
these products are zero. They tend to turn the supporting; shaft or 



closer together ail attachments, such as pedals or cranks, are placed, 
the smaller are the products of inertia and the resulting couples. 
Undue spreading out of the parts along the axis of rotation increases 
the products of inertia, and augments the couple, causing unsteadiness 
of running. 

If we choose the axes Ox, Oy through 0 so that 'l.iynxy) is zero, and 
if at the same time be each zero, then the three axes 

of coordinates Ox, Oy, Oz are principal axes of moment of inertia of 
the body. It will be observed that if 0 be taken at the centroid 
Mx—MJJ — O, and that therefore if the axes Ox, Oy, Oz be principal 
axes through the centroid, and there be no applied forces, there is no 
action whatever exerted on the axis of support or exerted by that 
axis on the body. Hence, in the absence of other forces, the body, 
if rigid, will, when set rotating about Oz, continue to do so without 
support. Oz is then what is ‘called a free axis. It will be clear that 
any principal axis of moment of inertia through the centroid is a 
free axis. 

170. A.M. about any Axis. Equations of Rotational Motion. 

Let now the axis OA in the direction I, on, oi be one about 
wliicli the wliole system is turning with angular speed m. 
The angular momentum If about the axis is given by 

7/ = m (H + Bon- H- Coi^ ~ 2 Donoi — 2Eoil — 2Flon), . . . ( 1 ) 
OI*, as we may write it, 

H=^(jo{l{Al — Foil — Eoi) on { — FI + Bon — Doi) 

^'n{-El-Dm + Goi.)} (2) 

But the angular momentum is also IR-^+onlF+'^^’II^i, 
wliere R.^ (the F, G, R of § 7l) are the components 

of angular momentum about tlie axes of x, oj, z. Hence, 
since cog, oo.^, the angular speeds about the same axes, 
are loo, onoo, oioo respectively, 

Hj^AoO^-' F(0^ — Ed)^ , R2 = — Foo^ + Bco^ — 7 ) 0)3 , 

JT 3 = — Eoo^ — Doo,2 “h Ooo.^ . 

If L, M, N be the moments of forces about the axes, the 
time-rates of variation of these components give three 
equations of the form 

Aoo^ — Foo^-- E(h.^+ Aoo^ — F 000 -’ Eoo^= L ; (4) 

for it will be noticed that as tlie body is in motion relatively 
to tlie axes, the quantities A, B, 0, D, E, F cannot be taken 
as constants. 




The equation o£ the ellipsoid referred to its principal 
axes may be written 

(5) 

where A\ B\ G' are the moments of inertia about the 
principal axes. If I, m, n be the direction-cosines, with 
reference to the principal axes, of the axis about which the 
angular speed is co, the anguhCr momenta about the prin- 
cipal axes are A'lo), B'moi), A'co^, B'co^, G'co,^; but it 

is only when the axes of reference and the principal axes 
are coincident that these simple values of the components 
of angular momentum are obtained. 

If at the instant under consideration the principal axes 
coincide with tlie axes of reference, A' = A, B' = B, C'^G 
and D = E = F—0. The equations of motion are now 

Aco-^^A Acjo^-- L, (6) 

and two others of similar form. It will be noticed that 
though D, E, F are ssero, their time-rates of vailatiou are 
not in general zero, for the body is changing in position 
with reference to the axes, and the coincidence of axes 
existing at time t no longer exists at time tAdt. 

We now sup 2 )ose the system to be a rigid body, so that 
the values of A, F, E are to be calculated subject to tliis 
condition. Since A = 1{fx{y^A^^^)], E = l.{fizx), F- ^{jUixy), 

A = 22{/j.(yij+3z)), F='2{p.{xy + yx)}, 

But since the body is rigid and is turning with angular 
speeds co^, Wg, Wg about the axes, 


X = y = ftjgrr - (7) 

so that yyA^z = w,^xy — x^xz. Hence =S{/>tO/?/ + 0 i)}==O, 

since D= E=F=0 at the instant. Again, 


Xy A yX = 0)^{X^ -h 02) - c*)3(?y2 + ^2) _ 

and therefore F ~ co,J^B A). 


Similarly 

therefore 


-(ji)^{A — G). The equation of -motion becomes 

A(b]^~-{B — (7) WgCOg ~Tj (8) 

Similar results hold for the other two cases. 



Here A, B, G are the moments of inertia about the 
principal axes, which we have supposed to coincide at the 
instant with the fixed axes of reference. The angular 


speeds co^i those about the fixed axes of x, y, z; 


but since, obviously, there is no difference between the 
angular speed about a moving axis and that about a fixed 
axis with which the moving axis coincides, we may regard 
0)2, 0)3 as the angular speeds about tlie principal axes of 
the momental ellipsoid, which moves with the body. It 
requires examination, liowever, to decide whether the 
time-rate of variation of the angular speed o)^ about the 
fixed axis of Xy may be identified with the time-rate of 
variation of the angular speed about the moving axis ; for 
after the lapse of time dt the moving axis has separated 
from the fixed axis. 

To decide this point, we find, what the angular speed 
about the moving axis is at time In time dt the 

principal axis, which coincided 
with Ox at time has turned 
round in the plane xOz through 
the angle co^jdt by the rotation 
about Ot/, and in the plane xOy 
through the angle co^dt by the 
rotation about Oz (Fig. 78 ). In 
other words, a line Oa of unit 
length, whicli coincided with 
Ox, has been turned about 0 
so that its outer extremity a 
has now coordinates 1, (jo.^dt, 

— co^dt, and these quantities may be taken as its direction- 
cosines. Hence the cosine of the angle between the new 
position of this line and the fixed axis, now of direction 
cosines l+dl, on+doii, n + dn (about which the angular 
speed is now co-hcocfe), is l + {m(jd^ — nrh(i)^dt, and the angular 
speed about it is 



Fig. 78. 


(mcog — dt] = {o)'\'(hdt)l-\- (cogWg — 0)3^2) dt, 


to the first order of small quantities. Hence wldt is the 
change in the angular speed about the 




moving axis ; 

-in ■/••inny-v 
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in the angular speed about the fixed axis with wliich the 
moving axis of Ox coincided at the beginning of that 
interval of time. 

We have thus obtained for a rigid body, moving about 
the fixed point 0, the very important result that the equations 
of -motion with respect to principal axes of moment of 
inertia passing through tlie point and moving with the body 

- (5 -C) 0)20)3 = 

{ 0 = (^) 

(7a)3 —(A — B) coj^o)., = N,] 

where A, B, 0 are tlie principal moments of inertia for tlio 
fixed point 0. These equations were first given by Euler 
and are of continual application in the theory of rotational 
motion. Another proof is given in g 251. [See also Ex. 17, 
p. 336.] 

171. Moments of Inertia in Dilferent Cases. In the 
previous sections the part which moments of inertia phxy 
in the dynamics of a rigid body has been illustrated. WV^ 
now consider a little in detail the practical subject of the 
calculation of moments of inertia in difiereiit cases. 

In the first place we make some deductions from tlic 
theorem of the momental ellipsoid. First, we sec that, if 
the principal moments of inertia A, B, C are known, the 
moment of inertia about an axis, tlie direction-cosines of 
which with respect to the principal axes are 1, n, is 
Al^ Bm^ C'}ir. Hence, if A=B = G, the moment of 
inertia about the given axis is A. We have such a case 
in a uniform cube; clearly by symmetry principal moments 
of inertia for axes passing through tlie centre are tliose 
about the three axes at riglit angles to the three pairs of 
opposite sides, and are equal. Thus the moment of inertia 
about an axis joining two opposite corners of the cube 
has the same value as that for any one of these axes ; in 
fact the moment of inertia is the same for every axis 
through the centre of the cube. In this and other sucli 
cases consideration of the momenta, 1 pIE Mwnid wh.li flm 


plate, it IS clear that one prmcijiai axis is at right angles to 
the plate, through whatever point as oiigin axes in diSerent 
directions are taken. For if ZOZ' be an axis at right 
angles to the plate, and AO A' an axis inclined at an 
angle 6 to ZOZ', the distance d of any element m from 
ZOZ' is greater than its distance d' from AO A', since 
(Z' = fZcos0, where (jy is some angle between 0 and 0. The 
axis ZOZ' is therefore one of maximum moment of inertia, 
and the theorem of the momental ellipsoid shows that it 
meets the ellipsoid at right angles. The other two prin- 
cipal axes therefore lie in the plane of the plate. 

If now we take tlie plane of the plate as that of xy, and 
any chosen point as the origin through which axes of 
reference are taken, we get, since 0 = 0 for every particle, 
J. = 2 (/x 2 /^), B — G=S{^(aj 2 + 2 / 2 )}, whether the axes 

in the plane of xy are principal axes or not. Thus we 
have G—A+B for a plate ; and however the axes may be 
taken, provided only that of 0 be perpendicular to the 
plate, the products of inertia D and E vanish, and F also 
vanishes if the axes of x and y are principal axes. The 
moment of inertia of the plate about an axis through the 
origin is thus 

Al^+ Bm- +{A+B)v?' or Al^-^- Bim? + 2Fmn +{A + B) 
and the equation of the momental ellipsoid is 

( 1 ) 

or Ai^+Br^^ + 2Fir^+{^ + B)^^ = ¥, (2) 

according as the axes of x and y are or are not principal 

axes. As explained above, any constant value can be 

assigned to k in (2). 

173. M.I. of Triangular Plate. As a first example we find 
the moment of inertia of a uniform triangular plate about 
any axis in the plane of the plate. The theorem just 
proved will then enable the momental ellipsoid to be found 
for any point through which axes are taken in different 
directions. Let ABO (Fig. 79) be the triangle, OK the axis 
in its plane, and 7), E, F the feet of perpendiculars, of 
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lengths pi, let fall on the axis from the vertices 

A, B, 0. The" line AH drawn parallel to OK divides the 

triangle into two, ABHy 
AIIG, of which we can 
very easily find the 
moments of inertia. 
Taking first ABH, con- 
sider a strip LM of 
breadth chi, the length 
of whicli is parallel to 
the axis, and let 7t. be its 
distance from the axis. 
Tlie length of the strip is 

and its moment of in- 
ertia about the axis is 
the product of this by 
dv^clu, where cr is the mass of the plate per unit area. 
Thus the moment of ineiria of the triangle is 
^ (T.AHpi . ,, 



= a-.AH {Ulh+PdiP'i+P^^-iPiil^i+PiP-i+Pfi}- ■ 

For the other triangle the length of a strip parallel to 
the axis and at distance u from it is AH 
and its moment of inertia is 


rr AH 

jr3 Vihh 

or l 2 = <^-^^^{JP3(23l+f'3i5i+?>2)_.i(pj+253)(25?+PP}- (4) 

The wliole moment of inertia is the sum of thcvse results, 
or if A denote the area of the triangle, that is ^AH{p.;^—p^, 

J = icrA(2J' + 24+p“ + P22)3+P3Pi+^>iP2) (5) 

oi- ;=jrt{(?--+!i)%(6±£f+(&±a)'} (6) 


triangular plate. 

li* we consider two perpendicular axes through 0 and in 
the plane of tlie triangle, and call one of these the axis of 
X and the other the axis of the ordinates of the vertices 
will he 7/j, 1/2, 2/3, and their abscissae 0)3, and we sliall 

liave for the moment of inertia about Ux, 



and for the moment of inertia about Oj/, 





If now we take an axis through 0 in the plane of the 
triangle and inclined at an angle d to the axis 0,r, the 
distances of the vertices from that axis are 


2/j^ cos 9 ~ x^ sin 6, , 

and the moment of inertia can be written down hy 
substituting tliese values for p^, p.,, p.^ in the expression 
found above. It will be found to have the form 

A cos^0 + i^ sin“0 — 2i^sin 0 cos 6, (9) 

where 

A = ^\o-A[{{y^ + y.^)]--\- ...], i?= iVGrA[{(irj+aj2)]^4- ...], 

F = ,-V(tA { (a’l + a'.X;?/! + J/o) + . . . }• 

Hence the e(]uation of the inomental ellipsoid is 

. + + = ( 10 ) 

Avhere A, B, F have the values here stated. Of course the 
common factor 1(tA ma}^ be neglected ; and, according to 
the value assigned to the parameter fc, different, but similar 
and similarly situated, ellipsoids are obtained. 


moment oi inertia with reterence to parallel axes throngii 
any other point. Consider an axis in tlie direction I, m, n 
and passing tlirougli an origin 0 whose coordinates with 
reference to the axes through the centroid are a, b, c. The 
s(|uare of the distance A of the centroid from this axis is 
— and tlie square of tlie distance 

of an element of mass fi at tlie point x, y, s (referred to 
the axes drawn from G) is 

{x-af + {y-b)- + {s-cf-{l{x-a)+m(y-b) + 7i {z ~ c ) } 
Tlius the value of I is 


2 [// { {x - af +{y- h)-+ (z - of ~{l{x- a) +m{y-b) 

+n{z-o)f]\ 

which, since 2/x = if, the total mass of the system, and 
2(yaa;), 2 (/>t 2 /), 2 (/>t 0 ) are zero, may be written in tlie form 




— 2mnbc — 2nlca — 2lmhG 


} 


•( 1 ) 


It will be noticed that this differs from Al^-{-Bm-+Cv- 
by Mh\ so that we have here another proof of tlie theorem 
of § 165. 

Taking then distances from 0(a, h, c) along the axes 
drawn from 0 for different values of I, m, t?., each of such 
a length p that the product of the expression just obtained 
by has the same value, for all axes drawn througli 0, 
and putting $=lp, 7] = mp, ^=np, we obtain for the equation 
of a momental ellipsoid referred to axes drawn from 0 
parallel to the principal axes at (?, 


( f^+¥+e^) (l+cHa-^) r 


- 2bc>j^- 2ca{i- 2ab$j = 


•( 2 ) 



It appears therefore that the ellipsoid, with centre at the 
point 0, has its principal axes otherwise directed than are 
those of the central ellipsoid. But the terms in . . . 
vanish if the point 0(a, h, c) is on one of tlie principal axes 
at ff, and then the principal axes at 0 are pai-allel to those 
at G, 

Equation (2) can be written in the form 

Ai ^+ + M{a ^ + -h rp + f) 

-M{u4+hr,+c^f = Q ( 3 ) 

Here j], f refer to the origin 0 ; but if we go back to 
the origin (?, we see that the equation of a luomental 
ellipsoid referred to principal axes at G may be written 

Hence denoting the expression on the left, taken for the 
parallel axes at 0, by S, the equation of the ellipsoid is 

M{a^ -h + c2)(f + ^2) _ M{ai+ hyj + = 0. (4) 

175. Examples of M.I. We take now some examples of the 
calculation of moments of inertia for particular cases, considering 
only axes drawn through the centroid of the distribution of matter, 
inasmuch as the moments of inertia for other axes can then be found 
with great ease by the theorem of § 165. 

1. A straight rod of length 2a and uniform mass p. }')er unit length. 
Here the axis of the rod and any two axes at right angles to the 
length and to one another are principal axes. The ellipsoid is in fact 
one of revolution. Let the moment of inertia about the axis of the 
rod be d : that about a perpendicular axis is 

ra 

2 / p dx ~ 5 \w? = 1 (1) 

Jo 

if il/=2fpA,-tbe whole mass of the rod. 

The moment of inertia about an axis through the centroid O in the 
direction Z, wi, n is therefore Al^-\-}ffd^(m^ + u% and the equation of 
a momental ellipsoid is = \ (2) 

The thinner the rod the smaller is d, and therefore the longer the 
axis of revolution of this ellipsoid in comparison with the other axes. 
The equation (3) 

may be used as that of a momental ellipsoid for all axes wliich are 
not coincident with that of the rod, if the rod be very thin. 


2. A t/ii/i rerM.aicjidar plate of length 2a and breadth 2h and of uniform 
vias.^ juL per unit a?*ea. We supjjoBe the pliite Iir«t divided into thin 
rods each parallel to the sides of the plate, and calculating / for one 
of these rods, about the longitudinal axis of the plate, find then by 
integration L for the whole plate about that axis. Let // be the 
distance of a strip of breadth dy from the axis : then its mass is 
2(Tadyy and / for the strip is 2(Tay^dy. Hence for the whole plate 

/= A(Ta I jf dy — i mil A (4) 

if M=^A(rah^ the mass of the plate. 

Similarly the moment of inertia about a transverse axis in the plane 
of the plate is Mcdj'A. It follows from the tlieorem of plane ])lates 
(§ 172) that for an axis perpendicular to the plate through 6', 


/-Ji/(cr4-//“), (o) 

and for an axis through 0 in the direction 

/= 1 + ahii- A-{d^A’h-)n^} (Ci) 

The equation of a moinental ellipsoid is therefore 

^ + dhf + ( ct- + 6“) — 1 ( 7 ) 


3. A uniform block hounded by rectangular sldea. Let its lengt]i, 
breadth and thickness be 2ft, 2h, 2(.', and its mass ])er unit volume p. 
Suppose it divided into thin jdates parallel to the breadth and length, 
and let the distance of one such plate from the pai*allel middle plane 
be and its thickness dz. Then, for the plate about an axis through 
its centroid parallel to its length, I-=4palAdzlS ; to this, by 5^ 165, we 
have to add Apabz^dz to get the value of / for the plate about the 
longitudinal axis of the block. Taking twice the integral of their sum 
from z—0 to z = c, we obtain for the whole block 


I~Spahc 


lf+£_ 

"3 


jV 


3 


( 8 ) 


>SimiUirly the values of / iov axes parallel to the breadth and 


thickness are Ji]/(fr + c“), lA[{ar-{‘b'^). 

Thus for an axis in the direction m, 

7= + c’^) l'^ + {c^ + a2) + {d^ + ^/-) /i-b (b) 

and the equation of a moinental ellipsoid is 

Q)^ + c^) g + {c^ -h d^) rj^ + {ci^ A’b‘^)C^ = l (10) 


4. A thin uniform plaie bounded by an ellipse of semi-axes a, h. 
The principal axes in this case are clearly the major and minor axes of 
the elliptic boundary, and an axis at right angles to the plane. 
Taking first the major axis, a strip parallel to it at distance y, and of 

breadth /?/,has 2ora{\~v^ld^')'V^dy for its moment of inertia. For by 


the equation x^fa^-\-y^lh'^=\ of the ellipse, the length of the strip is 
2a (1 Hence for the whole disk, 

Ix — 2cra f y^dy — 2crab‘^j ^ sin^^ cos^^ dSy (11) 

if The integral can be found at once by integration by 

parts, and we obtain 7 2 72 

Ix^7r(Tabj = 3f!^, (12) 

where 3 f=TTO’ahy the mass of the disk. 

Similarly, for the minor axis, 

4 = 3/*^ (13) 

The moment of inertia about the third axis, /2> is given by the 
relation and we have 

4 = (14) 

Thus, for an axis in the direction Z, ?7, 

/== |. + ^2) 7^2)^ (15) 

and the equation of a momental ellipsoid is 

+ + (16) 

the equation already found for a rectangular plate. 

These results are of course, with — applicable to a circular disk. 


5. A uniform ellipsoid of semi-axes a, Z>, 
surface is ..2 o ^ 

;> ‘i' J.Z/ .1=^1 


The equation of tlie 


and evidently the axes of .r, y, * are the principal axes. We find first 
/ for the axis of x, and for that purpose divide the ellipsoid up into 
elliptic disks parallel to the plane of .r, y through the centre. Let z 
be the distance of such a disk from the plane of oj, y. The area of the 
disk is 7rab{l and its moment of inertia about an axis in its 
own plane through its centroid parallel to that of x is ^Trcra^'Xl 
Hence the moment of inertia about the .r-axis of the ellipsoid is 

•o-aZ>(l ^z^lcy,z^-{-ibXl--z^/c^yi,J 


We get, taking twice the integral of this from z ~0 to 2 = 


7 ^ z. 

lx-=^t7rpabc = 





••(U) 


Similarly we obtain 


4=i/ 




O 


(18) 



The moment of inertia of a uniform sphere about a diameter is thus 
where r is the radius. 

The moment of inertia of the ellipsoid about an axis in the direction 
m, n is thus given by 

I—\M{ {IP' + c^) + (c^ + d^) iiP ■\-{d^-]r¥)}P]y (19) 

and the equation of a momeiital ellipsoid is 

(6H ^ H (cH 772 + C- = 1 (20) 

6. An ellipsoidal shell. It is sometimes necessary to use the moment 
of inertia of a thin spherical or ellipsoidal shell. This we can obtain 
by differentiation from the moments of inertia found above. For take 

4 = ■^Sirpahc{y^ + = \M{b'^ + ..( 21 ) 

which has been found above for a solid ellipsoid of uniform density p. 
Let the axes be increased in length by small amounts dh^ dc j then, 
neglecting small quantities of the second order, we get 

<^4=Y‘j7rpa6c|(6^+c'‘=)('^+^4*) + 2(6c«6+c*)} (22) 

The former mass is i¥=-j7rpa6c, the increase of mass, dM^ is 

^wpabc {daja-\- dbjb + dc/c ) ; 

hence we can write the equation just found in the form 

dh^ldM. {h'^-VP)^\Md{W^e% (23) 

which we might have obtained at once from the second form of /c 
in (17). Similar results hold of course for 4. 

If the axes be increased in the proportion of their lengths so that 
daja — dblb=dclc=dXy say, we get 

dix — %'n-pabc ( IP + c^) dk — bixdk (24) 

The moment of inertia of a thin spherical shell about a diameter is 
thus if jl/is the mass of tlie shell and r its radius. 

If the moments of inertia of thick shells bounded by concentric 
surfaces are required, the moments of inertia of the solid ellipsoids 
which coincide with the outer and inner surfaces of the shells must be 
calculated and the required moments of inertia found by subtraction. 

176. Condition that an Ellipsoid may he a Momental Ellipsoid. 
While a momental ellipsoid, or, rather a series of momental 
ellipsoids, can be found for any point taken in relation to a 
given material system, it is not the case that to every 
ellipsoid that can be described there corresponds a material 
system of which it is a momental ellipsoid. For (except in 
the limiting case in which one principal moment of inertia 
is zero and the other two principal moments are eaual) the 



the third, lake say A+B--C. We have 

+ , 

and so A + B -- C =J^ {lix{y^ + z- +z^ + x^ -‘X^ —y^)} ^-Xi^/nz-), 

which is positive, and the same thing can be proved for 
A + G—B and B+G—A. Thus, unless the sum of the 
squares of the reciprocals of the lengths of any two of 
tlie principal axes of the given ellipsoid is greater than the 
square of the reciprocal of the length of the third, the given 
ellipsoid cannot be a momental ellipsoid of an;; material 
system. 


177. Foci of Inertia. Let the principal moments of inertia 
at the centroid, G, of a given material system be A, B, C, 
and let A, the moment about the axis of x, be greater 
than B, the moment about the axis of y. On the axis of x 
take two points 0^, 0.^ (Fig. 80), one on each side of the 
centroid, at a distance 0fi=G0^ = \l{A~B)IM. Since 0^ 
and Oo ^ principal axis through G, the principal axes 

at either point are parallel 

to the principal axes at G. • 

The moment about the axis / 


ol X is A for each poinh 
while that about the axis 
of y at Oj or 0^ is 
B + M(A-B)/M=::A. 

Thus the moment of inertia 
is tlie same for every axis 
at 0; or O 2 plane of 

xy, that is the momental 
ellipsoids with centres at 



Fig. 80. 


0 , or Oj are ellipsoids of revOxUtion. The points 0,, O 2 are 
called foci of inertia. 

If we take any point P in the plane of two of the 
principal axes at G, it can be proved that one of the 
principal axes at that point is perpendicular to the plane. 
For let the plane be that of y, and let h, k be the co- 
ordinates of P, and X, y, z the coordinates, with reference to 



which are bofcli zero since 11{{jlxz) = ^{fxyz) = 0, and = 0, 

for the axes at G are principal axes and G is the centroid. 
Hence the proposition stated. 

Again, taking the plane of x, y at G, let Gx (Fig. 80) be 
the axis abont which the moment of inertia is A(^ B), 
and Oj, O 2 ^*oci of inertia. Then, if we take any 

point F in bhe plane and join it with 0^, Og, the moments 
of inertia about O^P and O^P are the same in amount, and 
one principal axis at P has been shown to be at right angles 
to the plane O^PO.^. The other two must be the internal 
and external bisectors of the angle O^PO.y^. For if a 
momental ellipsoid be described from P as centre it will 
meet the plane O^PO^ (the plane xGy) in an ellipse, and the 
radii-vectores from P through 0^, O 2 will be equal in length. 
The principal axes of the ellipse are the bisectors referred 
to. Thus if an ellipse or hyberbola be described through P 
with Oj and 0^ as foci, the two principal axes at P re(|uired 
are the tangent and normal to the curve at P as shown iii 
the figure. 

178. Ellipsoid of Gyration. Finally may be noted here 
some theorems regarding other ellipsoids which also rejore- 
sent conveniently the moments of inertia of a material 
system about different axes through a specified point. For 
example, if,ilf being the total mass, we write Mkl, MIq 
for the moments of inertia A, B, C about principal axes 
through the specified point, we may use the ef[uation of 
the momental ellipsoid in the form 

+ + ( 1 ) 

The quantities Jq, 1%, ]q are called radii of gyration of 
the system about the principal axes. 

It is convenient sometimes to use the ellipsoid 


which is said to be reciprocal to the momental ellif)Soid 

(3) 


and is called the ellipsoid of gyration. With the constant 
tei‘m on the right chosen as IjM, where M is the whole 
mass, the ellipsoid represents moments of inertia about 
difierent axes through its centre in the following manner. 
For every such axis two parallel planes can be drawn to 
touch the ellip)Soid and be perpendicular to the axis. 
These planes are at the same perpendicular distance p from 
tlie centre, and the moment of inertia about the axis is 
Mp\ 


For the direction-cosines of the normal I, m, n, say, are 
given by the equations 

111 
A’ a 


I, m, n = 


(I 


2 P-2\1I 


.(4) 


Hence, if f be the coordinates of a point in which a 
tangent plane touches the surface, the length of the per- 
pendicular is 




1 


( 5 ) 


But since 11(^1 A) = ml{^ijB) = nl{^IQ\ we get by squaring 
the fractions, multiplying the numerator and denominator 
of the first s(|uared fraction by Ay of the second by By and 
of the third by C, and then adding numeratoi’s and denomi- 
nators, 

l^A+m^B+n^G 1 _nroo 

IjM ~ ^ 

by (5). Hence we have 

I- A -h m-B +n-C= (7) 


which is the proposition stated above. Thus the perpen- 
dicular p on the tangent plane is exactly the radius of 
gyration of the body about the axis with which the perpen- 
dicular coincides. In this lies the convenience of this mode 
of representation. 



It will be seen that if k^ be the principal radii of 

gyration, we can write the ellipsoid of gyration in the 
more compact form, 

' " ■ 


+ 1 + 1-1 


This ellipsoid is said to be reciprocal to the moniental 
ellipsoid, (1) above, for the following geometrica] reason. 
Let the momental ellipsoid be constructed, and concentric 
with it a sphere of such radius that it lies wholly within 
the ellipsoid. Then taking toy point P on the momental 
ellipsoid, draw the polar plane of P with reference to 
the sphere, that is the plane which contains the points of 
contact of all tangent planes to the sphere which pass 
through P. Then if we cause the point P to travel over 
the momental ellipsoid, we get a succession of polar planes 
which all touch a second ellipsoid — envelope it, as it is 
said. This second ellipsoid is coaxial witli the first and 
reciprocal to it. The ellipsoid of gyration, (2) or (S), may 
be regarded as thus produced with a suitable choice of the 
radius of the sphere of reference. 


179, Etoiniomental Cone. Theorem of Binet. At any point 
P, the principal moments of inertia at which arc A, />, C, the axes for 
which the moment of inertia has the same value I form a cone of 
which the principal diameter!^ are the principal axes at P. For if 
n be the direction-cosines of an axis about which the moment 
is /, Ave have V^A ov P{A - - /) = 0. 

Multiplying by p=^ll=7]jm~(lnj we get 

(A W+6^-/)C^ = 0,' (1) 

which is the equation of a cone, called an equimomental cone, on which 
lie the axes in question through P. The principal axes of this surface 
are coincident with the principal axes of the momental ellipsoid at 
since there are no terms involving the products of coordinates 
{"A Different equimomental cones are obtained for different values 
of I, but it is to be carefully remarked that all have this property. 

To further determine the principal axes of moment of inertia at any 
point P, we consider the surfaces which pass through P and are 
confocal with the ellipsoid of gyration which has its centre at G (the 
central ellipsoid of gyration), which for brevity we shall refer to as 
the ellipsoid E, The equation of a surface through P confocal witli Pis 



E({uat}i()n ( 2 ) luay be regarded as a cubic equation for the determination 
of Xj for any given fixed real values of a*, z. There is no difficulty 
in proving tliat all three roots are real, and that one is less than the 
least of /.f , kl and negative or positive accoiding as F is within or 
without B, wln'le the other two roots are both negative, and have 
numerical values which, taken positive, lie one between the greatest 
and next greatest and the other between the least and next least of 
/’j, /4 Thus, if /’p £ Z’i: be in order of magnitude, the gi-eatest first, 

Z’^+A, /" 2 +A, 74 + A are all positive for the first root, /t^f+A is positive 
and 7’’^+ A, 7;!j+A are negative for the second, and Tj^ + A, + A are 
positive and 7'^+ A is negative for tlie third. The surface represented 
by the equation is an ellipsoid when the first root is used as the value 
of A, a liyperboloid of two sheets when the second root is taken, and a 
hyperboloid of one sheet in the third case. Thus through any point 
whatever can be drawn these three surfaces confocal and therefore 
coaxial with the ellipsoid E. It can easily be proved tliat at the point 
of intersection the normals to the three surfaces are mutually yjerpen- 
dicular. Moreover, the normals to the hypeaffioloids at P are tangents 
to the lines of curvature of the 
confocal ellipsoid at tlie same 
])()int, that is, the iiitei’sections 
of the surface by tlie two 
planes at right angles to one 
another which contain the radii 
of greatest and least curvatiu'e 
of the ellipsoid at the point. 

Now, from the specified point 
7’, at which it is required to 
find the principal axes, draw a 
tangent cone to any surface 
confocal with B. To fix his 
ideas the student may take the 
confocal ellipsoid. This cone is 
! the locus of the intersections of 

! planes which all pass through pie, 31 . 

P and touch the surface. Take 

i any one of these planes and calculate its distance from G, If I, nij % 

! be the direction-cosines of a normal to the plane from 6 r, tlie square or 

I this distance is, by ( 2 ), 

+ A) + n2(^=+ A) = A (3) 

Thus if (Fig. 81) a perpendicular from G meet the tangent plane at 
//and a parallel tangent plane to E in //o, and we write for GH 
and 6 V/o, we get This interprets A, and we see that it is 

the same for all tangent planes drawn from P to the same surface 
I confocal with E. 



ir we take the moment oJ: inertia or tne body about namely 
the moment of inertia about a parallel axis tlii’ougli 1? is 

+ i!/(r2- A) (4) 

Thus is the square of the radius of gyration about tlie axis 

parallel to OR through and hence the axes drawn through P 
parallel to all the axes Cr//, corresponding to planes through P 
enveloping the surface characterised by A, form an equimomental cone 
with P as vertex, and the principal axes at P are those of this cone. 

Such an equimomental cone can be drawn by enveloping any one of 
the confocal surfaces by planes through P^ and we have seen that the 
principal axes of all such cones coincide. We may tlierefore use any 
one of the three confocal surfaces which intersect in P. In this case 
the equimomental cone lias one axis at P perpendicular to the surface 
which it envelopes ; and thus, by drawing an equimomental cone to 
envelope each surface, we see that the three princi])al axes at P arc 
normals to the three confocal surfaces which these intersect. Tin’s is 
Bi net’s theorem. 


EXERCISES VI. 

1. Prove that if the mass of a system is symmetrically distributed 
on the two sides of a plane, a pair of principal axes lie in that plane 
for every point of it. 

2. A uniform plate is in the form of a regular polygon. Prove 

that its M.T. about an axis throiigli its centre at right angles to its 
plane is where r, r' are the radii of the in.scribed and 

circumscribed circles. 

3. Find the m.i. of a uniform elli])tic plate, of semi-axes o, and 
mass m, round an axis at right angles to its plane and passing tlirough 
an end of a diameter inclined at an angle 6 to the major axis. Find 
also the m.i. about a tangent to the elliptic boundary at the extremity 
of the diameter specified [Ex. 4, g 175]. 

4. Prove that the m.i. of a homogeneous right circular cone about 
ail axis through tlie centroid perpendicular to the axis of figure is 

where a is the radius of the base and h the heiglit of the 
cone from base to vertex. 

Prove also that the m.i. about the axis of figure is Hence 

find the m.i. about an axis ???,, n through the centroid, and the 
equation of the central h.e. Find also the m.k. for the vertex. 

5. Prove that in a momental ellipsoid the length of the sliortest 
of the three axes is not less than that of the perpendicular let fall 
from the centre on the line joining the extremities of the other two 
axes. 



each of mass m placed at the extremities of the minor axis. Find 
what condition must be fulfilled in order that the principal axes for 
any point on the boundary of the lamina may be the tangent and 
normal at the point. 

7 . Prove that a body of given density and of mass 3f will have 
minimum j\r.i. about an axi.y through a given point if it is a sphere 
witli its centre at the point. 

8. Prove that the m.i. of a uniform hemispherical shell is the same 
for every axis through the centi'e. Hence show that the same thing 
is true for axes drawn through the vertex of the surface. 

9. A uniform plate is bounded by a pai’abola {'if = 4a.r) and a 

straight line perpendicular to the axis at distance c from the vertex : 
prove that the m.i. of the plate about the axis of .symmetry is f-f jJ/ca, 
and about the tangent at the vertex is HeiSce find the m.'e. for 

the vertex. 

10 . A solid ellipsoid may be regarded a.s made up of infinitely thin 

similar and similarly situated ellipsoidal shells, each of uniform deirsity. 
This density varies as the distance from the centre along the axis a. 
Show that the m.i. about tliat axis is where J/ is the mass 

of the eliiixsoid. [Equation (24), § 175. Put h=pa, c—qa, p^ka, 
where jt?, k are constants.] 

11 . Show that the foci of inertia for a uniform elliptic lamina lie 
on the minor axis at distances from the centi’e each equal to hae. 

12 . A rigid body has its ma.ss M symmetrically distributed on the 
two .sides of a vertical plane and revolves under gi*avity about an axis 
at right angles to the plane of symmetry. At the instant considered 
the angular sjieed is (o : show that the re.sultant forces on the axis are 

d) outwards along the perpendicular let fall from the 
centroid on the axis and Mg 0 . Jc^j{li^-\~k'^) at right angles to this 
perpendicular, where h is the distance of the centroid from the axis, 
k the radius of gyration about a parallel axis through the centroid, and 
6 the inclination of the perpendicular to the vertical. 

13 . If the perpendicular from the centroid to the axis of rotation 
have an initial inclination a to the vertical, show that the forces are 
respectively 

{ (3A2 + B) cos e - 2/i%os a.}, Mq sin B. 

Hence show that the z'esultant stress is a minimum when 0 = 

14 . A planet of mass M has a satellite of mass m wliich revolves 
about it at a constant distance r. The planet has moment of inertia 1 
about a diameter and rotates with angular speed Qt about an axis per- 
pendicular to the orlut. Show that the a.m. of the system about its 

centroid is ln-\-2\l KMm{M -kmy ‘h"- , where k is the force of attraction 
between two particles of unit mass at unit distance apart. 
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planet and satellite in Ex. 14 is given by 

J^=U7i2-jKMmr-^+C, 

where O' is a constant. 

16. A body turns about a fixed point with angular speeds oj^, Wa, 0)3 
about axes fixed in space. Show that the kinetic energy T is given by 

T^h{A Wj 4- B(x)\ 4- O(oi; - 2 Ocu.jW;} - 

and verify that the equations of motion are 

dt “■ dt ^ • 

[See § 170.] 

17 . By means of equation (1), § 9, and the values of //j, 

{F^ O, ^of § 9) given in § 170, find the general equations of motion 
with respect to moving axes for a rotating body. 

Also by (l)j § 9, taking for F^ 0, H the angular speeds toj, ( 02 , 
about the moving axes, and for L, N the angular speeds about 
fixed axes with which the moving axes at the instant coincide, prove 
that Wa:=a)i, a>y=W2, a)- = cii3. [See also § 170.] 

18. If the axes of x and z are the axes of greatest and least m.t. for 
the origin, in the case of any material system, prove that the equi- 
niornental cones intersect the m.e. in curves which, projected on the 
planes of yz and .r?/, give ellipses, and projected on the plane of ,rz 
give hyperbolas. 

19 . Eind the locus of P (§ 179) so that the moment of inertia with 
respect to the principal axis {Pz, say) at the point may have a constant 
value MP. 

(4), § 179, the M.T. about a principal axis of the surface is 
where \ is a root of equation (2) of that section, and 
= + Now here MP = M{7'‘^- X\ so that A=r“-F, Sub- 

stituting in (2), we get for the required locus 

, 2^ , 

a surface of the fourth degree. If for (1) on the right we substitute 
and put 0 ^=^—]^^, <^=W‘-]ci., the equation 

takes the form 


the well-known equation of the wave-surface. 



iQU. riiiu uuiiuibiuii oiicib cl giYGii suraigiiL line 
{x-a.)ll=(T/- I3)lm = {z-y)jn 

may be a principal axis at some point, and find the coordinates x, y, z 
of the point. 

The line must be a noi’mal to the quadric sui'face, (2) § 179, which 
passes through the point and is confocal with the central ellipsoid, 
and therefore, if we put X.)=zln{^l+ \)^ and 

substitute the values of .v, z which these give in the equation of the 
line, we get /x==(fx./^- which is the 
condition required. 

The value of /x is thus known, and so y, z can be found. The 
value of A is assigned by substituting the 'values of .r, y, z in the 
equation of the quadric. This gives A-j-Z^Zij 

21. Prove that in the plane olv - h /Sy 4- y « - 1 == 0 there is a point for 
which it is a principal plane of the m.e. (with centre at the point) of a 
given material system. Prove that if B, (7 be the principal 
moments for the centroid, the coordinates of the point are those of the 
intersection of the plane with the straight line 

x/a. — A~yl(^ - B — zly - C, 

22. Prove that a straight line drawn on a uniform thin jDlate is a 
principal axis of M.i. for some point on the line. Find the point if the 
straight line pass through the centroid. 

23. A principal axis at a point P meets a principal axis for a point 
(2 in a point li. Two planes are drawn through P and Q respectively 
perpendicular to these principal axes. Show that their Hue of inter- 
section is a principal axis for the point in which it meets the plane 
PQR. 

24. O.Vj Oy and Oy' are two pairs of rectangular axes in the 
same plane, and 0 is the angle xOx'. The moments about the first 
mil’ are A^ .B^ and the product of inertia 'Eti'^n.vy) is zero. Prove that 
^ {mcc'y') = \{A -B) sin 2 6^, where 6 — L xOx\ 


CHAPTER VIL 


APPLICATIONS OF DYNAMICAL PRINCIPLES. 

180. Practical Applications. In the present cluipter we 
shall deal with a considerable number of illustrations of 
d^mamical principles, drawn as far as possible from practical 
affairs, such as mechanical traction, workshop appliances, 
and various contrivances made use of in the industries or 
in daily life. By practical examples drawn from ordinary 
experience and from eiif^ineering and the arts generally, the 
relations of the different fundamental ideas, and indeed 
their precise significance, are made clear, and by a careful 
study of these the student can obtain a hold of the subject 
which no mere study of abstract formulae can provide. 

We shall in this chapter use gravitational or practical 
units in many examples, and shall distinguish between a 
force equal to that of gravity on a pound or a ton — or 
briefly a force of one pound, or one ton — and the mass 
or weight of a pound or a ton by the use of an initial 
capital for Pound or Ton in the former case. 

There can be no question that the use of the word lueigkt 
in the Act of Parliament defining the standard pound, and 
the pi’ocess of comparing masses hy weighing, renders 
difficult and inconvenient the restriction of the word iveight 
to forces. The combination foot-ton and the like are . in 
no danger of being misapprehended. 

181. Acceleration in the Direction of Motion. We take 
^il^st the simple case in which the acceleration of a body 


centroid or a body which does not inlhl that condition. 
Acceleration is rate of growth of velocity of a body. When 
the component in the line of motion is of uniforni amount a, 
the speed wliich grows up in t units of time is at. If this 
is in addition to the speed which the body had at the 
beginning of the interval of timC; the speed at the end 
i.s where = u + (1) 


As has been already explained, speeds are measured in 
centimetres per second {cm.js), in feet per second {fjs), in miles 
per hour {mjh), or in knots (/?;). An acceleration of amount a 
may be a rate of growth of afjs per second (written 
or of amjli per second (written amikii) or of a knots per hour 
(akl/i), or of a knots per minute {a/cjm). It is to be clearly 
understood that acceleration is not velocity, but rate of 
growth of velocity, and has in every case its own direction 
which does not depend on the direction of motion, but on 
the action of other bodies wdiich produces it. The speed in 
a given direction which grows up in time t depends on the 
average value For that time of the acceleration in that 
direction, and on the magnitude of the interval of time t. 
If that average value be a, or if the acceleration in the 
specified direction is uniform and of amount a, the speed 
in that direction, produced in the interval t, is at ; and if 
we desire to specify the units, it will be written at.fjs, 
at . mjh, or at . k as the case may be. Tliis will be done 
when necessary : it is undesirable to encumber our equations 
by ahvay>^ inserting the units specification. 

When the acceleration of a body in the direction of 
motion is uniform in amount, the average speed during 
time t is + + and the distance travelled in 


the time is given by 

s = I {u +v)t~'at + at^ (2) 

If in this we substitute (v--u)la for t, we get 

as — — ( 3 ) 


Of course to may denote an initial speed which is 
negative and a may at the same time denote a jDositive 
acceleration^ — as wlien an engine exerts a forward pull 
on a train moving backwuird ; or the initial speed may 


slowed down by the action of the brake>s. The direction 
taken positive is a mere matter of convenience ; the formulae 
hold in all cases, with proper interpretation of course when 
numerical values of the quantities symbolised are inserted. 

182. Motion of a Railway Train. Time lost in Stoppages. 
If now F denote the force applied to the body and R the 
resistance to motion due to gravity, friction, etc., and these 
be constant, the whole work done by F in time t is Fs, and 
the part of tliis spent in increasing tlie kinetic energy is 
(F—R)s, But if W be the weight of tlie body in pounds 
n* tons, F—R=^ Wa, and so 

i2)s = Was = .J- Wv^ — 1 (1) 

In the specification of units liere employed, the unit of force 
is that which gives unit of acceleration to the unit of 
weight, a pound, or a gramme, or a ton, and so tlie unit 
of work or energy, maybe expressed as lb. (f/sf or ton (f/sf, 
as tlie case may be. 

Let, however, the force of gravity on a weight of 1 lb. be 
taken, as it often is, as the unit of force, then, since this 
force gives to tlie 1 lb. weight let fall under gravity a 
downward acceleration of which the numeilcal reckoning 
is r/, the values of F and R are the former values divided 
by (f. Roughly, g = d2fls\ The unit of work when F and g 
are reckoned in the units now specified is 1 ft. lb., the work 
done in overcoming a force equal to the gravity of 1 lb. 
tlirougli a space of 1 foot. We liave then in ft. Ihs. 

1 W 1 W 

( 2 ) 

where it is to be clearly understood that W is the number 
of lbs. which the body weighs. 

As an example of what precedes, we take the case of 
an express train fitted with continuous bi^akes, which is 
brought to rest before entering on a block, and started 
again after the block has been declared clear. If the 
speed of the train was 60 miles an hour, and the brakes, 
and other resistances, produced a retardation of Sm/As, if 


tli(^ train remained at rest 2 minutes, and was then started 
and regained its full speed under uniforni acceleration in 
travelling 1 mile, it is required to find the running time lost. 

The student may construct tlie speed diagram for such 
a .case. The ordinates of the curve are speeds, and the 
abscissae are times measured from a convenient i^ero. The 
distance travelled in any time is numerically equal to the 
area contained between the curve, the line of abscissae, 
and the terminal ordinates for the interval of time. The 
graph for a journey, including stoppages between which 
tlie maximum speed is attained, is a succession of curves 
rising from and falling again to the line of abscissae, witli 
gaps between. The length of a gap along the line of 
abscissae is the duration of the stop. The distance lost 
in the running of the train is the area of the gap between 
the straight line of maximum speed, the line of abscissae, 
and the curve. If this latter area is measured in any way, 
the running time lost is got by division by the full uniform 
speed of the train. 

The time required to bring tlie train to rest is 20 seconds, 
and the distance traversed in stopping is, since the average 
speed is 30»i//i, or 44//6‘, 880/ or 1/6 of a mile. The time 
taken to start is 120 seconds, and so the whole time from 
tlie instant of application of the brakes to that of regaining 
full speed is (20 + 1204'120)sec. or 260 sec. In this time, 
at full speed, the train would have ti-avelled 2G0 x 88/= 4}^m. 
But I J- mile is actually traversed, so that the loss of 
distance is 3-} miles. For this 3^ minutes would be required, 
and this is the exact loss of running time. 

The formulae established above have not been referred 
to in this simple computation, and the student is strongly 
reconimended to avoid using formulae, and as far as possible 
to use his own common sense, which amounts indeed to 
constructing his formulae as he wants them. 

183. Work done on Trains. Tractive Force. Positive 
work is not done by the resistances in stopping tlie train, 
work is done against these resistances by the train itself, 
and its kinetic energy is correspondingly diminished ; tliis 
may be regarded as negative work done by the resistances. 
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Work is again done by the engine in starting the train up 
to its fuirspeed, and the kinetic energy is regained, while, 
moreover, work is done in overcoming resistances with a 
resulting equivalent in potential energy if the train has 
been raised against gravity, in heat generated in overcoming 
friction, and a small amount in aerial and other vibrations 
in the noise of the train and tlie shaking of the ground — 
but this is also finally transformed into lieat. 

The available tractive force which can be exerted by an 
engine is the forward force exerted by the rails against liack- 
ward slipping of the wheels, and is proportional to the weight 
of the engine and the coefficient of friction or “ adhesion ” 
(g 201) between the wheels and the rails. Let the engine in 
the example of § 182 weigh 80 tons, and the whole weiglit 
be available for adhesion (as in a tank engine with 5 pairs 
of wheels coupled), then in ordinary English weatlier the 
adhesion will enable a tractive force of 16 Tons to be de- 
veloped. The resistance R on the level is only about i per 
cent, of the weight of the train. If, however, as we here 
suppose, the train in this example weighs 200 tons, and is 
on a somewhat steep gradient up which it must be taken, 
the total resistance may he very cousiderahle. We take it 
here as 9*8 Tons in all. Thus jP— iib = 6*2, in Tons. 

The work done by the engine, in bringing the trail i 
(including of course the engine itself) from rest to its full 
speed, amounts, at this value of F, to 16x5280, or 84480, 
foot-tons, and tlie kinetic energy of the train at full speed 
is this diminished in the ratio of 6*2 to 16, that is 32736 f.-t. 

Let the time of regaining speed be t and that of coming 
to rest t'. The total resisting force during f was B+R, if 
B denote the brake resistance, and the momentum destroyed 
was Wv, The same momentum was regained in the time t 
by the action of the force F—R. Hence, witli gravitational 
units of force, 

Wv:={B+ R)gt' = (i^~- R)gt, 

f IE 'W \ V 

and therefore i+r=(^+p-^)- 


U) 
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re.sistance, B + R, wliicli is applied durin^^ the time t' of 
stopj)ing, would if it acted during tlie time t of regaining 
speed, as Avell as tlie time of losing it, t\ destroy as much 
momentum as a force F-\-B would generate in the interval 
t, and, alternatively, that this latter force acting during the 
interval t' would generate just as much momentum as 
would the force F—R (the actual momentum-generating 
force during if) in the wliole time t + t'. 

If s, «' be the distances travelled by the train in the 
times t, t', then, since the kinetic energy, Wv^l2rj, is annulled 
by the resistance 5 + in the distance .s', and regained by 
the action of the force F— R, over the distance 8, Ave have 



II 

'^1 


" 9 

and so 

s+s'= 

Also 

«+«'= 


\B + R^F--Rj'2g 
B + F B-\-F , 


B+R'^ F-R" 


8 . 


..(3) 

..(4) 

..(5) 


The energy spent in overcoming brake resistance in the 
stop is Bs\ and from the last result we get 

Bs' = F8-R{8 + s'), ( 6 ) 

Avhich of course is self-evident. 


184. Eifect of Nature of Koad Surface on Vehicular Traffic. 
These equations, and especially the last, show that dimi- 
nution of R must be accompanied by increase of brake 
power if the time and distance of stopping are not to be 
increased. The resistance R, here taken as constant, de- 
pends to a certain extent on the air resistance to the 
motion of the train, as well as on the state of the road, 
and this part is smaller the lower the speed. The adhesion 
to which F is due is not altered in the case of a railway 
by impi’oveinents of the road ; but the provision of a hard 
smootli surface on an ordinary road makes motor-cars skid, 
and prevents horses from obtaining that grip of their feet 
on the ground which is necessary for the development of 
any given forward force F. In this last case both F and 



R are diminished, and .y, the space traversed in bringing the 
speed up to any required value, becomes great, so that 
the general speed of traffic is diininished. 

185. Efficiency of Brakes. Brakes as such are only 
etiective if the wheels continue to revolve, as the energy 
of motion is consumed in overcoming the fiuctional re- 
sistance between the brake-shoe or band and the surface 
against wliich it is pressed. If the brake be applied too 
firmly the wheels will be locked and skid along the rails, 
and the braking action is then that of the friction between 
the rails and the sliding wheels. The occurrence of this 
state of things is rendered all the more likely by the dimi- 
nution of the bite of the wheels, in consequence of a greasy 
state of the track ; and a stream of sand should be poured 
on that surface, before the brakes are more than moderately 
applied. 

If the coefficient of friction between the brake-shoe, 
supposed applied to the revolving surface of the wheel, 
be the same as that between the wheel and the rail, the 
thrust of the shoe against the surface must not be so great 
as the thrust of the wheel against the rail ; otherwise the 
revolution of the wheel will be opposed by a moment of 
forces as great as or greater than that causing it to 
revolve, and skidding will begin. If the coefficient of 
friction between the wheel and the road be smaller than 
that between tlie wheel and the brake-shoe, the stoppage 
of revolution will occur for a smaller thrust of the brake- 
shoe than that of the wheel against the rail. Thus the 
limit of action of brakes applied to the wheels is that at 
which the wheel skids, and some form of emergency brake 
which will then check the motion of the carriage along 
the rail is necessary. Magnetic brakes actuated by an 
electric current have been proposed and used; but no 
emergency brake used on steep hills should depend on 
the rotation of the wheels for its action. 

186. Time of Train from Station to Station. It is of im- 
portance to determine the time in which under given 
conditions of load, brake power, road resistance, weight of 
engine, etc., a given journey from one station to another 


VJi uxiJiiC/ Uj V vv uv yjK> uw AiJ. uAxci v-'j.vav;>jl 

here stated. The distance s + s' ( = g, say) is fixed, and so 
are all the other quantities, W, F, B, R, so that the highest 
speed attainable is given by the equation 




■R) 


B+F 


0 ) 


derived from (3) (§ 183). The time is therefore 2cjv or 


t+t' = 



B+F 

{B+R){F-R) 


( 2 ) 


Ex. 1. A train weighing 200 tons has brake power which, as ordi- 
narily used, stops it in ?> of a mile from a speed of 60 miles an hour 
under additional resistance li. If ii = 9'8 Tons, show that B~4: Tons 
nearly. If i^=12 Tons, show also that for c = 2 miles t-[-t'=^^Q4. secs. 

The highest speed attained according to this example is in feet per 
second 4 x 5280/264, or about 55 m/h. In actual working of a local 
heavy train between stations two or three miles apart, the slowing 
down would be effected more gradually, and so the brakes would he 
applied sooner, and the speed attained would be less, and the time 
of running somewhat lengthened. 

Of course for runs of any length the speed must not rise above the 
limit required for safety, and must be reduced before passing curves 
of any sharpness. (See § 190 for some results based on the Salisbury 
accident of 1906.) 

Ex. 2. Find the distance travelled (according to the data in last 
example) up to the instant of shutting off steam and applying the 
brakes, and the highest speed attained. 

Ex. 3. Find the horse-power developed by the engine in accelerating 
the train, and the energy and horse-power absorbed by the brake in 
stopping it. 

If the time between two stations at a distance c is fixed, F 
must be determined so as to take a train of given weight IF under 
resistance II and with brake power from one to the other in the 
allotted time. The student may verify from the equations given 
above that R{B+ R)g(t+ty+2cBW 

{B-hR)g{t+sy-2cW 
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of Fao that the train maybe taken a distance of 4 miles in 6 minntes. 
12*2 Tons.]' 

Ex. 5. Find the least value of /^""for a tiuin of 100 tons, resistance 
0*5 p.c. of load on level, and brake ]}ower used tliat necessary to stoj) 
the train from 60 miles an hour in mile on the level, if the train is 
to be carried on the level 4 miles in 6 minutes. — G*;375 Tons.] 


Ex. 6. An engine can pull a train weighing J/ tons at a ai.)eed V on 
tlie level, against resistances which vary as the square of the H]3ced, 
tiie engine exerting a pull of F tons weight. Prove that the limiting 
speed of the train when running wi thout stea m down a plane inclined 
at an angle ol to the horizon is VJM sin (l/P. ^ What is the niaximiim 
speed with which the engine can draw the train up the incline ? 

Ex. 7. An engine of If tons when working at II horse-power 
draws n carriages, each of weight If' tons, at the uniform speed of 
r miles per hour. Supposing the resistance on the engine and in each 
carriage to be proportional to the weight, show tliat the pull on the 
coupling connecting the engine to tlie first carriage is 


75 E7uM' 
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Tons. 


Ex. 8. On a certain branch railway there are between the termini 
of the branch five stations at nearly equal distances of 2 miles ; find 
for engine and train, etc., as in Ex. 1 (except that the resistance is 
that on the level and only 0*5 p.c. of the load, and the engine gives 
a total force F of 3 Tons), and 3 minute stops at the iiitermediato 
stations, how long the journey on the branch would take. 

The curve of .speed plotted against time is, on the merely approxi- 
mately true supposition of constant resistances, a succession of straight 
liiie.s, so that the distance travelled between any two stops is 
If, however, the speed be plotted against distance, the curve consists of 
a periodic succession of parts in contact at their extremities : each part 
consists of two jmrabolic arcs which meet the line of abscissae at right 
angles, at the vertices in fact of the parabolas. 

The distance run from the instant of starting to that of shutting oil* 
steam and applying the brakes is the fraction {B-^ li)l{n-^F) of the 
distance 2 miles, between stations, and the time occupied is the same 
fraction of the time, t + i' seconds, from start to stop. = 268*3 ; 

time of journey, 41*8 minutes.] 


187. Dynamics of Self-Propelled Vehicle on . Straight Eoad. 
If the wheel-base of a self-driven four-wheeled vehicle — 
for example a motor-car or motor-bus — have length h feet, 
and height of c.G. -It feet, the bite of the driving wheels on 
the ground and the consequent forward force (of F Tons, 
say) exerted on the wheels and through them on the 


voiiicjo, tno cuscrinution oi tne weigni: oetween tne 

front and hind wheels to the extent given by the equation 

Fh — iuh, ( 1 ) 

wliere tv is tlie weiglit in tons taken off the front wheels 

Mild added to tlie load ou the hind wheels. If tlien the 
weights on the hind and front wheels be respec- 

tively, wlien the driving power is off and the vehicle is 
unb)*ak(id, and jul be the coefficient of adhesion (or friction), 
we have F=^ jUi{ W-^ + iv),^ that is by the former e(|uation 

( 2 ) 

For a constant force F given by this eiiuation, the 
Mccel(‘.ration is fil)W^(j/{b — jUih-){W^+ W^) and the speed at- 
tained and distance travelled in time t from rest are given by 

__ fihW^ _1 fjihW^ 

Thus (die time required to get up a given speed v and 
the distance ti’avelleil in that time are 




Wlien tlic power is taken oH’ and brakes are applied to 
tlu' hind wheels to stop the car, the retarding force F, say, 
takes weiglit '»> off the hind wlieels and throws it on the 
front wluiels according to the same relation Fli = 'wb. But 
F is now given by the ecjuation F— — and so we 
have , u/ 

F=j^ ( 5 ) 

O d- jUik 

' ffhns, tor the time and distance of stopping from speed v, 


we Jiave 


c.«)=( 


1+ 


w.; 

h 


V 


vJ\fji^hJ\g’ 2g. 


W 


.( 6 ) 


If the vehicle is only slowed down from sjDeed v to speed 
the values of t and 6* 


are to be found for the slowing 
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down and the speeding up again from the equations 




-U — 


W,JWhJ\ y ’ 2<j 




( 7 ) 


respectively. 

Ill a motor-car the height h is not very great, though it 
varies with the number of people in it ; thus the change of 
load on the wheels is small. On a motor-bus, however, tlie 
height h is considerable, and varies a good deal according to 
the distribution of the passengers between tlie inside and 
on the top. 

In the case of a horse-drawn vehicle of any kind, the 
value of for forward pull is tlie weight ot‘ the horses. 
For stopping the case is different according as the hind 
wheels, or the front wheels, or both, are braked, and as 
the horses exert or not a backward push. In the last case, 
of course, only the shaft-horses can be taken account of. 


Ex. A motor-bus weighs 9 tons with passengers ; 6 tons are on 
the hind wlieels and e3 tons on the front wheels, without driving or 
retarding force applied. It is driven and braked from the hind wheels 
and is limited to a speed of 10 miles per hour. Taking the adhesion 
coefficient as J, and the height of the c.G. and the length of the wheel- 
base as 5 feet and 15 feet, hnd the time and distance for starting and 
stopping, and the time occupied in a journey of 300 yards between 
two stopping stations. 

Here we have 7 ; = 44/3 (ft. /sec.), and 





'1 ii\ 

b+r:) 

u i)~‘' 


.a + l) 


Hence, for starting, (sec.), 5 = 23'5 (ft.), and for stopping 

= (sec.), 5 = 26-9 (ft.). 

Thus seconds are occupied with starting and stopping and 
50’4 feet are traversed in the time. There i*emaiii 849'6 feet to l)e 
travelled at 10 miles per hour, that is 44/3 feet per second, and for 
this 57-9 seconds are required, making in all 64’8 seconds as the 
time spent in travelling the 300 yards. 


the accol oration v-fll towards that point is 'Wv^jR. That 
is supplied by the action of the ground transverse to tlie 
vehicle brought into play by the continual change of direc- 
tion of the motion. The force thus applied is equivalent to 
a force Wv-jR towards the centre of the curve, applied at 
the C.G., and a couple of moment Wv'^djR, where d is the 
lieight of the C.G., tending to capsize the car outwards. 
1'liis capsizing couj)le is balanced by the action of the 
weight of the car and the vertical forces applied by the 
ground to the wheels on the two sides; for these vertical 
forces are, as we shall sec presently, unequal. 

If h bo the breadth of the wheel-base, and P, Q the 
upward forces on the inner and outer pairs of wheels, we 
have, taking moments about the line of contacts of (1) the 
inne]’ wheels, (2) the outer wheels, 

Wv^ ~ + l Whg = Qh, -Wv^^+lwbg=^Pb (1 ) 

Hence the forces applied to the wheels are 

^ ~ 2bK ’ mr 

We see then that the inner wheels will just cease to bear 
on the ground, that is, the car will be in imminent danger 
of upsetting, when 2v^d=^ghR\ that is, when 



Ex. Taln^ tho ease of a motor-car for which d is 30 inches and h 
5 feet, turning a corner of a street 30 feet wide on the level (that is 
in a curve of 15 feet radius). We get in feet per second 

^ = 1^32x15=21-9, 

or sliglitfy les.s than 15 miles per hour, as the limiting speed at which 
the wlieeis on the inner side just cease to press, and the car is on the 
point of upsetting. 



The force is, if the weight of the car Wha taken as 2 tons, 

143360 in lb. ft./sec^ units, or the gravity of 4480 lbs., that is, as it 
happens in this case, just the force of gravity on the weight of the 
car. It is the force towards the centre of the curve a] )p lied by the 
ground to the tires, and therefore also the force applied by the tires 
to the ground— tlie force tending to produce skidding. If the ground 
is too slippery to allow this force to be produced, the car will skid. 

189. Bicycle on Curve on Banked Track. We now connider 
the more general case of a vehicle on a track canted over 
towardvs the centre of the cnrve to obviate risk of upsetting. 
For a bicycle on such a track, the condition of greatest 
safety is adjustment of the speed so that the plane of the 
bicycle sliall be normal to the slope of the track, and there- 
fore no transverse force along the slope be applied to the 
tires. The reaction of the track on the machine is then 
upwards in the plane of the frame, and balances tlie rcsnltant 
of the outward centrifugal force Wv^fR, and the downward 
force of gravity Wg, which acts in the same plane. Then 

= If a be given, we can find v from v-=^gRji^\M(L, 

Ex. 1. If the radius of the curve be 120 feet, liucl the cant of the 
track for a racing speed of 40 miles per hour, [fx. = 48i-y.] 

A bicycle is said to have run from a steeply canted track to a 
vertical bounding wall on the outside of the slope, described a curve 
on the wall and returned to the track without losing contact Avith the 
wall or the rider losing his balance. The path described on the wall 
was no doubt convex upward as well as outward. 

Ex. 2. If R be the radius of the circle which the bicycle describes, 
and (/i the limiting angle of friction [§201], show that equilibrium is 
possil)le with the bicycle frame inclined to the normal to the track if 
■gli tan (fx.+ (^) > > gR tan (a - tjy). 

Ex. 3. Prove that it is possible for a cyclist to travel round the 
inside of a vertical cylinder, if the frame of the bicycle is inclined to 
the horizontal at the angle t^xi~^{gRlv% provided v be so great that 
this angle does not exceed c/). 

190. Locomotive on Curve with. Super-elevated Eail. AVe 
shall now consider a locomotive on a curve the outer rail 
of which has an elevation about tlie inner. Tliis is called 
the super-elevation, and is am'anged of course to suit tlie 
average speed of trains which pass tlie curve ; and if tlie 

rmrVP. is n.t n.ll slia.vn n. luji.vimnvn ic« 


on its side ; and twenty x:)assengers of the train were killed 
and many injured. The theory which we give for a loco- 
motive on rails is at once applic- 
a])]e to a motoi’-car or other 
vehicle, by substitution of tana 
(where a is the “cant” of the 
track) for the ratio hjb. 

Taking P and Q (Fig. 82) as 
tlie upward forces exerted at 
right angles to the wheel-base 
on the two sets of side wlieels 
by the inner and outer rails 
respectively, h as the breadth of 
the wheel-base (the “gauge” of 
the rails), d as the distance 
of the C.G. from the wheel-base, 
and using a for a moment in 
the sense of tan"^ we get, by taking moments of the 
forces acting as shown in the figure, (1) about the outer 
rail, (2) about the inner rail, the e(]uations 



Fig. 82. 


21) cosa + 2f? sin a) — (2rZ cos a — j, 
26(3== 1F|^(6 cosa — 2r?sin a)-|-(2r? cos a + ^)"^-|. 


(n 


But cos a = sina = //76, and therefore these 

equations become 


Tf 


21)P = qj{[/K(6s/62 + 2hd) - {2dj¥ ]fi - hh)i^}, 


(2) 


From these expressions the force on the rail (or on the 
ground) exerted by the wheels on either side can be found, 


the inner wheels just cease to press on the rail (or the 
ground). Of course when there is zero force on the inner 
rail, the state is one of extreme danger, and the vspecid 
should fall far short of that which throws all the weiglit 
on the outer rail. The speed of 30 miles an hour at tlie 
Salisbury curve gives, according to the example below, live 
parts of the weiglit on the outer rail and four parts on 
the inner, and is probably high enough. For transverse 
oscillations of the engine are inevitably set up, which 
produce alternate increase and diniiniition of the weight on 
either rail, and it is evident that, if the speed is so high 
as to approach the critical value, the equilibrium will bo 
endangered by every oscillation. And if it happen that a 
considerable oscillation, set up by any cause, is so timed 
as to be assisted by some other disturbance, the e((uili- 
brium may be destroyed, and capsizing or derailment take 
place. 

In the theory here given no account is taken of the efhjct 
of the parallelism of the axles of the driving and trailing 
wheels, which renders pure rolling of the wheels on botli 
sides impossible when a curve is being traversed. The 
engine has no differential gearing like that provided in a 
motor-car ; and, besides, in the case of a six-coupled loco- 
motive the different wheels overlap the rails to different 
extents. All these things tend to the production (.)f 
oscillations which miglit he a source of danger at speeds 
considerably below the critical speeds. 

Ex. Eor the locomotive of the Salisbury accident h wa.s 50 inche.'^, 
and d had approximately the same value : the weight of the engine 
was 53'2 ton.s with water in the boiler- tubes and men on the foot-plate. 
The radius of the curve Avas 528 feet, and the su])er-elevatif)n /i was 
3*5 inches. Verify the following table of weights on the rails al- 
difi'erent speeds. 


speed. 

Inner rail. 

Outer rail. 

30 vij/l 

23*0 tons 

29*3 tons 

40 

19*3 

33*9 

50 

13-4 

39-8 

60 

6*3 

47 

67*3 

0 

53-2 


Jcjx. Verity tUe toUowing taole ot super-eievatioii n which woiua 
just give zero weight on the inner rail for dilfei'ent speeds on the 
Salishui’y curve : 


Speed. 

Supor-elevatioii. 

Speed. 

Super-elevation. 

15 mlk 

- 27 inches 

60 m\h 

- 2 inches 

30 

-21 

67-3 

•+•3*5 (Salisbury) 

40 

-17 

70 

5*2 

50 

-9-3 

80 

14 


191. Variation of Speed of Rifle Bullet in Air. The speed of a 
shot from a rilled gun is afl’ected by the air. To determine the air 
resistance for dilferent kinds of shot, and dilferent speeds, an elaborate 
series of experiments was made by Mr. Bashforth in 1865-70, and 
again in 1878-79. Screens placed at equal intervals were pierced in 
succe.ssion, and the instants electrically recorded on an accurate 
chronograph which had the advantage of acting continuously. 

Let s be the horizontal distance of any point in the trajectory from 
a chosen zero, then we assume, and the assumption is found by 
experience to be sufficiently accurate in many cases, that the time of 
flight from the zero point to the point at distance s is given by 

( 1 ) 

where is the time-interval from the time-zero to the instant of 
reaching the zero of s. Here t is taken as a function of s, and accord- 
ingly we adopt 5 as the independent variable in reckoning speed 
and acceleration as in § 19. We have 

_ 1 _ 1 
~ (it a-\- '‘Zhs 
ds 


and 


dv _ dH 26 

(It ds^ {(t -H 265 )^ 


Thus we obtain the value -dvjdt of the retardation as the product 
of two factors, one of which is and the other a constant, so that 
dv/dt varies as Once a and b have been determined with the 
needful accuracy, the speed and retardation at any point of the path 
can be found. 

If we take three consecutive screens of a series, the (w-“l)tb, with 
and (wi-M)th of the series, at a distance I from the first to the second 
and from the second to the third, and note the times ^,> 1+1 of 

arrival of the projectile at these in succession, we have, taking the 
zero of s at the middle screen, 


^m+1 if?}!-! = 2<^?, ^7j!+l "b = 26?^, 


' im-l 






1 


^11:^ 


so that 
and therefore 


.(3) 



It will be seen tnat ija, me speea ao uim luiuuiw auitscn, la 
the mean speed for the passage from the first screen to the third of 
the set. The retarding force on the projectile if W is its weight is 

R — ^W ^W— 1 ~ 

g 

in Pounds, if Tf is weighed in pounds, and the same unit of length is 
used for I, v and 5 ^, and the same unit of time is used for 
V and g. 

That the speed at the middle point of any distance 25 traversed is 
the mean speed for that distance, (that is, has the value wliere 
U 2 S is the time taken to traverse 25 ), if dvldt=-lcv^\ can easily be 
proved. We have vdv/ds^ ~kv'\ and therefore (dt)lds)/'d^= -k ; and 
if I'o be the speed at the initial end of 2s and the speed at the other 
extremity, we get, by integration. 


'^'2s 


-i“2^s. 

^0 


.(4) 


Similarly the speed at the middle point is given by 


% 


.( 5 ) 


Again we have dv/dt — -kv^j and therefore {dvldi)/v^— — k, and 
this gives, by integration, 

(6) 


if t be the interval of time occupied in traversing 25. Thus we obtain 
by (4), (6) and (5) 

25 ^ V2s ^ Vq ^ j 

^ + 1+7’, /r5 

2 \vl^ vy 


As remarked in § 119, the results of Mr. Bashforth’s experiments 
show that for .speeds from 1 1 00 f/s to 2200 //i*, the resistance is very 
nearly proportional to 


192. Effect of Small Periodic Variation of Uniform Speed : 
(1) Time-Periodic, (2) Space- Periodic. The effect of a .simple 
harmonic variation of an otherwise uniform speed is of 
considerable practical importance. The motion of a boat 
is periodically disturbed by the action of tlie oars, the 
motion of a steamship b}^ the variation of the action 
of the screw which occurs witli every revolution of the 
engines. These variations are too complicatedly periodic 



\jKJ uc cnuiiucu. uy ixi iicuj. ijciiii, 

but such a term gives a first approximation to tlie 
efiect. It is to be observed that they are time-j^eriodiCj 
that is the speed v is capable o£ being represented by the 
equation ain -u it, ( 1 ) 

where in general Vj^ is small in comparison with 'i'Jie 
interval of time — the period — in which the variation goes 
through a cycle of changes is ^irln. 

In this case the distance s travelled in the interval ^irjn 
is simply VQ^irln, that is tlie distance which the body would 
have travelled if there had been no periodic disturbance. 
For we have 

{ 27r/7l 271* 

^ (Vo+ViSmTOit)c^i = — Wo, (2) 

since the integral of tlie liarmonic term vanishes. Tlius 

is tlie mean speed of advance for any time containing 

a whole number of time-intervals each equal to ^irjn. 

Just as much time is gained when sin?^^ is positive as is 
lost when sin nt is negative, and this is obvious witliout 
calculation. 

Tliis, however, is not the case when the variation of speed 
is space-per iodic, as when a ship passes over a succession 
of waves of equal length, or better (since the wave motion 
varies with time as well as with distance), when a bicycle 
or motor-car traverses a series of regular up and down 
undulations of the road, so that the speed is given by the 
equation /y = 4. sin mx, (3) 

where x is distance travelled forward from some chosen 
point in the path. Tlie length of an undulation is 27 r/ 7 ii. 
The distance travelled in a period is now given by 

taken over the interval of time occupied in traversing 
an undulation. 

It is easy to see without calculation that the time gained 
when sin mx is positive is less than that lost when sin mx 
is negative. A boat is driven at speed v through water 



wiiicn IS no wing ai: speea v, me speea oi wie ooaL 
relative to the land is v--v' against the stream and 
with the stream. To travel a distance s with tlie 
stream takes time s/{v + v'), and if the boat then travels 
the same distance against the stream, the time taken is 
sl{V'-v). The time required for the distance 2^?, half 
travelled with the stream and half against the stream, is 
thus sI{;d+v')+sI{v — v'):=2sIv{1 — v'-Ii>^), which is greater 
than the time required when v' is zero. When v' = 'V 
the time is infinite, for in the second half of the journey 
the boat then makes no headway against the stream. If 
v' be small in comparison with v, this expression is approxi- 
mately (2s/?;)(l+v/‘^/?/-). We shall show that in the case of 
the periodic valuation the factor 1 + is replaced by 

The time required to traverse an undulation is U given 
by the equation 

/; _ f dx 
”Jo ~Jo sin77^aJ’ ^ 

where v-^ <C Vq. For the calculation of this integral, the 
transformation = may be employed (see Gibson’s 

Calculus, § 117), but care must be taken in evaluating for 
the limits. It wil l be found that the integral has the 
value — or provided i\lv^ is small. 


t = 


2it 

mv^ 




(4) 


The time in the undisturbed motion is ^irlmv^, and the 
increase caused by the term v^^^iinmx is thus hOvl/vl per 
cent. 


193. Small Periodic Variations of Speed of Ship. Effect of 
Eelative Motion of Parts of Ship. It will be seen that it 
conduces to uniformity of speed in the first case, that of 
time-2^eriodiG variation of speed, to have everything in 
the boat or ship made quite fast, so that the periodic 
variation of the driving force which gives rise to the term 
7;^sin7i^ may have as little effect as possible. For if any 
part of the boat or cargo be loose and move relatively to 



the boat, its inertia is in whole or in part withdrawn 
from the reaction against acceleration or retardation, and 
the eliange is greater in consequence, that is, the amplitude 
V-y of the harmonic term is increased.* 

Moreover, though the time-periodic change does not affect 
the average speed it makes the boat, as we shall see, more 
difficult to drive, so that for the same mean speed the 
rowers or the engines must work at a greater rate. The 
swing of tlie cal’s forward and backward which produces 
a corresponding backward and forward swing of the boat is 
more or less nearly counteracted by the swinging of the 
bodies of the rowers. 

On the other hand, in the case of space -periodic variations 
of speed, due to waves or undulations in the path pursued, 
the value of is fixed, and consequently the smaller the 
mass which takes up the periodic change completely, 
the more nearly does the momentum as a whole remain 
uniform. Thus everything should in such a case be as 
loose as possible, even to the masts.t 

194. Activity with periodically Varying Speed. The rate 
of working, or activity, of the propulsive foi^ce is easily 
calculated in each of these cases. We shall suppose, what 
is approximately true for a ship, that the resistance R to 
motion is proportional to the square of the speed, that is, 
that R = ixWv^, where W is the weight of the vessel and // 
a coefficient. If, then, F be the propulsive force applied at 
any instant, we have 

Wv = F—R 

or F=^ W{v-{- fjiv^) (1) 

■^Sir George Greenhill [Notes on Dynmnics) quotes Joseph Fitts’ 
Account of Mohammeians (1704) regcarding the pirates of Algiers whose 
galleys then infested that part of the Mediterranean, . so careful are 
they that nothing may hinder their speed, that they will scarce suffer any 
Iverson in the Ship to stir, but all must sit stock-still, unless Necessity 
otherwise require. And all tilings that are capable of any motion must be 
fasten’d or unhang’d (even the smallest weight), lest the Pursuit should 
be something retarded thereby.” 

t “Pipe the hammocks down and each man place shot in them, slack 
the stays, knock up the wedges and give the masts play.” — Sir Edward 
Berry’s orders on board the “Foudroyant” when in chase of the 
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one complete period of a variation and divide by the time 
occupied. For the time-periodic variation, we have 

Fv — j[iW{vQ+v^smntf+ W{vQ-]-v^i^mnt)nv^cosnt. ...(2) 

When this is expanded, we get 

Fv^/ul Wv'l + 3ya Wv^v\ sixrnt + (3) 

The terms which are not written down on the right are all 
such as, when integrated over the time 27^/'}^, give a zero 
result. Thus 

= (4) 

Dividing this by 27r/n, we get for the mean value of 
the activity the equation 

= + (5> 

The first factor is the activity for uniform speed ; and it 
appears, therefore, that the periodic variation brings about 
an increase of activity amounting to 150vl/vl per cent, of 
the uniform activity. 

The propulsive force F is given by 

F^fi -\-Wv = fxW {vl + sin nt -fi sin^ nt) 

+ 'Wv{)i% cos nt (6) 

Neglecting the term in v\ and writing 

F:=F^{l+k sin(7^^ + e)}, 

we obtain 


F^-fx Wvl, FJc cos 6 = 2fA IF'^o'^i , FJc sin e = Wv^n, . . . (7 ) 


so that /c cos 6 = 2— , h sin e = 

% F^ ’ 


, Wv^n /ox 

tane = -2^- 


In the other case considered, that of space-periodic 
variation of speed, we shall calculate the work done in 
traversing the distance 27r/77i— the length of an undulation 



— and then, dividing by the time 2ir{l+n)\lvl)lnnvQ, which 
we have seen is occupied in traversing that distance, we 
shall obtain the mean activity. Thus 

n2TTlm p27r/»i 

j Fdx= {iJiWv^+ Wv)dx (9) 

But =%+ 2voVi sin mx + vl sinmx, 

and v = Vim cos mx . x = mvi cos mx + Vi sin mx). 


Inserting these values in the integral to be found, we note 
that no term makes any contribution to the integral except 
the group of two iuiW{vl + vlsm^mx), Thus we get 


rr/m 


Fdx~ 



( 10 ) 


Dividing this by the time 2ir{l + \v\lv^^lmvQ, we get simply 
jnW'ifl for the mean activity, that is, the mean activity is 
not affected by the space -rate of variation of v. Never- 
theless, as the time of traversing any given distance 
across such undulations is, if the distance is great in 
comparison with 2irjm, increased by per cent., the 

energy expended is increased in the same proportion ; so 
that besides the delay there results an increased cost of 
propulsion. 

Denoting in this case the force Fhj /csin(72;]^ + e)}, 

we have, neglecting as before terms in 

Fq — ixWvI, FJcQ>o^e — 2fxWV({v^, ••'( 11 ) 


so that 


/c cos 6 = 2—, 

V. 


ksme = 


mWv^v^ 


tan 6 = 


mWvl 


. ...( 12 ) 


195. Work done in the Passage of a Carriage over an 
Obstacle. Extra Work on a Causeway. Effect of Springs. 
We now consider the passage of the wheel of a carriage 
over an obstacle in its track. We suppose that the radius 
of the wheel is r, and the height of the obstacle li, and that 
the centre of the wheel, before impact occurs, is moving 
with speed v horizontally. If W be the weight of the 



wheel ana the part oi tne carriage ana loau rtJbuh 

upon it, the kinetic energy of the wheel and its load is 
iWv^in absolute units. When impact Avith the obstacle 
occurs the direction of motion is changed, for the wheel at 
that instant begins to turn about the point of contact B 
with the obstacle (see Fig. 83); but the radius to this 
point is inclined, at an angle a== cos"^(l — /^/r), to the radius 
which at the same instant has its outer extremity in contact 
with the horizontal plane along which the wheel was rolling. 
Just before impact the momentum associated with the 
wheel was Wv in the horizontal direction ; just after the 
impact with the obstacle the momentum is in the direction CD 
and is of amount Wv cos a. For the impulse applied to the 
wheel cannot alter the angular momentum about the point 
of contact B, and this just before impact was proportional 

to Wv cos oc. The centre of the 
wheel now gradually ascends 
through a height li, and the 
speed changes from t;cosoc to 
u, say. Let now the average 
forward force in the direction 
of motion, on the wheel and 
its associated load, be F, and 
the resistance be R. During 
the ascent the centre of the 
wheel travels a distance tol, 
and the forward displacement 
of each part of the load will also be ra, if, as the wheel 
mounts the obstacle, the load is displaced so that its centroid 
remains vertically above the axle. We suppose this to be 
the case, and that the forward speed u when the obstacle has 
just been surmounted is v. This involves the supposition 
that the energy of rotation of the wheel is not altered. 
Then the principle of energy gives 

(F—R)r(x= Wgh-\-}jWv^siiLroL (1) 

On the left we have the work done by external forces in 
making the wheel surmount the obstacle, and on the right 
that work is seen to be made up of two parts, Wgh the gain 
of potential energy and the part ITFt^^sin'^a due to the 



sudden change of direction of motion — the jerk But 
sin^ a = 2/0'* — 

ami so {F-R)ra.= W(jh+ (2) 

In general the second term on the right is the more 
important. For example, if a wheel 4 feet in diameter 
carrying a load of 10 cwt. pass over a pebble an inch high, 
at a speed of 10 miles an hour (44/3 //s), we get, taking 
1 cwt. as the unit of mass, TFp/6 = l6 x 32 x •iV = 26|- (or 
in foot-pounds, 93-J) and Wv^hjr— 1 0 x 44^12 x 2 x 9 = 90, 
nearly (or in foot-pounds, 313). 

Let now the wheel descend again to its former level. 
The force F in the direction of motion has not the same 
value as before : we suppose it to be such that the speed of 
the centre of the wheel, when contact with the liorizontal 
plane has been resumed, is still the same. By the same 
process as before, we get 

(J?’-r)ra= - Wgh+ (3) 

Hence, since li is small in comparison with r, the work 
done in passing over the obstacle is 2 WvVijr. It is directly 
as the height of the obstacle and inversely as the radius of 
tlie wheel. A high wheel is therefore better adapted for 
the easy running of a springless vehicle on a rough road. 
Thus two-wheeled vehicles in which the whole weight is 
borne by one axle are made, whether springs are used or 
not, with higher wheels than four-wheeled vehicles, where 
of course the load raised by the passing of a wheel over an 
obstacle is only one fourth of the whole. 

The work spent in overcoming obstacles is diminished by 
the use of springs, which prevent to a great extent sudden 
change of direction of motion of any part of the load on the 
wheels, and so diminish the expenditure of work from that 
cause. It will now be seen how it is that the work 
spent in propelling a vehicle over a causeway exceeds that 
necessary for tlie same sneed on a smooth road, and how 


the body of the vehicle on the axle, or by the use or 
pneumatic tires on the wheels. 

196. Condition that a Vehicle on Wheels may surmount an 
Obstacle. If the carriage is not acted on by any external 
forces, it will be stopped by the obstacle of height h unless 
a certain condition is fultilled. Let us suppose that the 
two wheels of a cart or gig encounter an obstacle of height 
h at the same instant, a plank, for example, laid across 
the road, and that no tractive force is at the moment being 
exerted. Let r be the radius of each wheel and k its 
radius of gyration about its axis. The angular momentum 
of the two wheels about the summit of the obstacle is 
at the instant of impact 

2Wv(r^h) + 2WkH)h^. 

Hence, if co be the angular speed of turning of the wheels 
about their points of contact with the obstacle, we have 

2 W (?-’2 + k-) ft) = 2 Wv (-r — h) + 2 MHi? vjrj 

and therefore o) — v{r(r — h) + k-}lr{r'^-\-k^\ so that the 
kinetic energy of the wheels just after the impact is 

Wv^ — h) + + ]<?), 

Further, if there is load W' on the axle which has the 
same displacement, its kinetic energy just after impact is 
— The obstacle will be surmounted if the 
sum of these kinetic enei^gies is at least equal to the 
potential energy (IF + IF') ry/i given to the whole mass by 
the elevation h. We must have therefore 


• {r(r-/;,) + P}2 {r-h Y 


>2(F+FV^....(l) 


This is in agreement with (2), § 195. The wheel, without 
load, will surmount the obstacle if 

^2^ r2(r2 + 7c2)7t 

2^'^(r(r-76) + /c^2 


197. Proper Height of Buffers, or of a Line of Draught. 
Rotary Inertia. Another problem regarding vehicles is that 
of the proper height of the buffers of a railway carriage or 


of the line of forward pull exerted on such a carriage, or of 
the draught on a cart or waggon. For this it is necessary 
to take account of the rotary inertia of the wheels. 

Consider a carriage the body of which with load weighs 
W tons, and the wheels of which, n in number, each weigh 
10 tons, and have radius of gyration k and radius r. We 
shall prove that the effective inertia of the carriage is 
W+nw{l’]-Jc^/r-). Let P be the forward resultant force 
applied to the carriage, and / the backward force exerted 
at the rails on a wlieel in consequence of friction. We 
iiiti’oduce at the axle of each wheel a forward and a back- 
ward force each equal to f, so that there acts on the wheel 
a couple of moment /r, and a backward force / on the axle. 
Thus if w be the angular acceleration of the wheel, we have 
io]i?(h—fr. But if the wheel rolls forward on the rail 
without slipping, cb = 'v/r, and so we get 
ivkH =fr\ 


Now for the linear acceleration we have, applying 
the resultant force P — nf at the centroid of the whole 
system of body of carriage and wheels, P '-nf={ W-{-mv)v, 


that is, 


P = 


W^j-nw 


^2 / 


V. 


( 1 ) 


The quantity in brackets is the effective inertia of the 
whole carriage, including the wheels, and thus has the 
value stated above. The resultant force required to give 
the body of the carriage and load only the acceleration 
V is therefore 

Wv or PW/{W -\-mo{k^+r'^)/r^. 

Let us now suppose that P is applied to the carriage, 
so that this resultant has its line of action through the 
centroid of the body and load of the carriage at height h, 
say, above the level of the axles. Let h' be the &ight 
of the line of action of P above that level ; then taking 
moments about a transverse horizontal axis at that level, 
we get Ph' = Ph Wl[W+ nw {k ^ + } or 



( 2 ) 


above the level of the axles. The carriage will, if this 
adjustment is made, be free from oscillations about a trans- 
verse horizontal axis when started or stopped suddenly, 
and be more unlikely to leave the rails. Caution should 
be observed with waggons loaded so that the centroid of 
the carriage itself and the load is abnormally high, to 
avoid the setting up of such oscillations by collisions 
between buffers or sudden tugs on the couplings. When 
a locomotive is started the pull on its couplings, and the 
tangential pull of the rails on the wheels applied at their 
points of contact, give a couple which throws the weight 
of the engine and boiler to a greater extent on the hind- 
wheels than before, until the moment of the couple is 
countei’acted (see § 187). 

Another way of regarding this matter is to consider the 
carriage as consisting of mass W, the centroid of which 
is at the height h above the axles, together with mass 
nw{l<? -^r^)jr^ with centroid on the level of the axles. The 
centroid of this system is at height li' above the axles, and 
the force P is applied at this level. 

The force PW l[W +nw{r'^+k^)jr^\ applied at height Ji 
above the axles gives acceleration i) to W, the force 

P { nw (k ^ + ^ { 1/y -f- rYi%v + ]<?) /r- } , 
applied at the height of the axles, supjffies 

P {nwk^lr'^)l {W + mo{r^ + /b^)/r‘^} 
to give the same acceleration to the mass nw of the wheels, 
Pnw/ {W+ nw (r^ -f k^)/r^} 

to annul the backward force of amount nf=nwl{?vjr^ 
applied at the axles, according to the speciffcation of the 
couples which produce the rotational acceleration of the 
wlieels. 

198. Effective Inertia of Wheeled Vehicle or of Train of 
Wheelwork. The effective inertia of any connected system, 
for example a locomotive, including its wheels and the 
parts moving with them, a bicycle, or a train of wheelwork 
which has a motion of translation, may be found in tlie 


parts of weights ^^; 2 , let W be the total weight, 
and V be the speed of the centroid of the whole system. 
The total kinetic energy is that of the whole system moving 
witli the speed of the centroid together with the sum of the 
kinetic energies of the motions of the parte relative to the 
centroid. Thus, if the relative speeds of the purts referred 
to be ••• in any direction, we have 

K.E. = I ( W'd^ + w^v\ + w,^dI +...). 

We may write this 




K.E. 


•(1) 


and 


'If 

W+w,^+w.A+... 


is the effective inertia of a body moving with only transla- 
tional speed V, which would have the same kinetic energy. 

If some of tlie parte, or a group of forming a wheel, 

or a set of equal wlieels, say, have rotation, becomes 

where is the weight of the group, k is the 
radius of gyration and m the angular speed of rotation, 
about the axle of a wheel. Then if the speed of the rim 
of the wheel about the centre be v, and the diameter of the 
wheel be r?, we have ocf^ = 4iV^jd\ and therefore 

If the speed of tlie rim be not v, but nv, we get 
I (2^y/.) /f^W = I (Zwi^) 
and n is the speed-ratio. 

Take for example a bicycle with two equal wheels, a 
crank axle with attached sprocket wheel, and a chain 
running at a speed depending on the gear of the machine. 
We have here \ for tlie forward motion of the machine 
and rider as a whole ; -i- where coj is the angular speed 

and ki the radius of gyration of either wheel, and is the 
weight of the pair, for the kinetic energy of the two wheels ; 

kinetic energy of the crank-axle, cranks 
and sprocket; where is the weight and the 


the motion of the legs of the rider. 

If be the diameter of the wheels, measured by the 
same unit as say in inches, and the crank-axle be geared 
up to a diameter d^, that is so that w^~vjd.y^ and if be 
the diameter of the toothed wlieel by which the chain drives 
the hind wheel of the bicycle, we have 



and so the expression within tlie brackets is the effective 
inertia. It is this that tlie net force of traction, the force 
applied to the driving wheel by the ground minus resistance, 
has to overcome in giving acceleration to the system. 

Similarly if a train of wheelwork receive angular accelera- 
tion (h by the action of a couple of moment L applied 
at a main axle, and ct?i, be the resulting angular 

accelerations of the wheels in the train geared in succession, 
V e have jr ^ ^ -f + . - • 

= (wk^ -f- lujqnl + tojclnl + . . . ) (3) 

where w, W 2 ,... are the weights on the main and 
successive axles, k, k^, the radii of gyration, and 

Tij, 77.2, ... the speed-ratios of the successive wheels to the 
first. The effective moment of inertia I of the train is 
thus given by 

J = %vk’^ + 4- + • • • , 

that is the moment of inertia of a single wheel and axle in 
which L would generate the angular acceleration w has this 
value. 

199. Motion of a Wheeled Vehicle on an Inclined Plane. 

The motion of a vehicle on an inclined plane — for example 
of a railway carriage on a gradient — may be determined 
from (1), § 197, which enables account to be taken of the 
inertia of the wheels. The gradient is measured by the 
rise Ih of the track in a distance I travelled along it. Wlien 
k and I are measured in the same units, the inclination a 



for a gradient of 1 in 20, we have sin a = 1/20. 

The value of P in (1), §197, is then {W+nw)j^moL--R, 
where W('j+7iwg is the force of gravity in absolute units 
on the whole weiglit, and R is the resistance to motion, 
apart from the backward pull applied to the carriage at 
tlie contacts of the wheels with the rails, which has-been 
taken account of in forming the equation referred to. 
Thus, if the only applied force be that due to gravity, 

W + mo ^ v=z(^W+ mv)g sin oc — E ( ] ) 

ov W+mu ^ 0 = 1 {( W+mv)g sin a— 72}, . . .(2) 


where 6 is the rate of increase of 0, the angular speed of 
turning of the wheels, supposed to be rolling without 
slipping. If these equations be multiplied by v ( — dsjdt, 
where 6* is distance measured along the slope in the direction 
of motion) and 0 respectively, and R be supposed con- 
stant, they become directly integrable, and we obtain 


W+oiiu 




l(^lV+oiw‘ 




-yS— a.-^R}s+0, 






where G is a constant. If v, s, 0, 0 be 0^, 0^ initially, 

we have 



= {( If + mo)g sin a - R}{s - Sq), 

^{Wr^+mv{Ji?+r^){e^-el) 

~ {(Tf’+'n^(;)^sinoc — i2}r(0 — 0o).^ 

The first of these equations may be written also in the form 
I ( W + mv) (v" - % ) + i 1 

= {(lf +m(;)^sin a — 72}(s — So)- J ' 




the kinetic energy gained in descending the distance — 
along the incline from initial speed ; on the right is the 
loss of potential energy and the work done against the 
resistance R. In the last form of the equation the kinetic 
energy is separated into two parts — the translational 
kinetic energy of the whole moving system and the energy 
of rotation of the wheels about their axes. 

200. Rolling of a Solid of Revolution on an Inclined Plane 
under Gravity. For the motion of a solid of revolution or 
‘‘ wheel'’ rolling down the incline under gravity, without 
resistance, we have 

■|^(;^)^-^k^;/c20‘^ = ^ogf5sina, (1) 

if the motion has started from rest. Since there is supposed 

to be no slipping we have here 
Q = vjr. Thus the speed v 
acquired from rest is less than 
that which would be acquired 
by the body in sliding friction- 
lessly down a distance s along 
I' a slope of the same inclination, in the ratio of r to 

'( • From (1), we obtain also 

i: + = (2) 

• ; where -s’ — .Sq is the distance traversed by the centroid while 

; the speed increases from Vq to v. 

;; These results may of course be obtained directly. At 

!'• the centroid a force ^(;, 7 sina acts down the plane, and at 

the point of contact a force F acts up the plane. Hence 


r for the motion of the centroid, we have 

I' wv^wr/sina — F. (3) 

Again for turning about the centroid, we get 

w¥9 = Fr; (4) 

or if there be pure rolling, since then Q = vjT 

lokH = Fv- o . ..(5) 



Fig. 84. 


'H) 



= 7./Y/ fsin a 


.(()) 


Tnitw wliicli muU.iplyiiio; ])y n juid we derive 

w]u(‘li i.s (2). Also (d) and ((j) ^iv(i F. 

My (()) tie* viihu*. of v iw nnironn, and so the time of 
motion (‘an ])i* ohtaim'd as in uniformly acc(derated motion. 

'Dn* “ wln‘(‘l ” may In* any solid of nwolution witli matter 
Mymnu’trically dis(.rilmt(*d about its ('(‘iitn*.. For example, 
it may ix* a. uniform sjdu'.n' of I’udius 7’, in wliich case 
/,•■* •; aiul w^. liavc 

}, nil ir :r: , V 7 ’V’-‘ V/V/.S* siu ^ (7 ) 

‘‘riu* ('M’ec'tivt* iiu'rtia of tlie s])lu're is thus ineroasi'd l)y 

I'ollin^’ in tin* ra.tio of 7/5. I^'or a thin liooptlie e(|uation is, 

sima* /*■' -v*', i » .» • <ox 

.[7r2n- — 'ffir-~==:'//v/sHui(jc, (S) 

so (Imt till* iiu'rtia is 2'ff\ 

If Mil* wh(‘(^I is a. uniform disk, (/»r + 7‘-)/7'“=: 1, so 
that. (Ih* i‘(ri*(*.tive inert.ia is inc.ri'ascd in tiu*. ratio of H/2. 
This is an apjiroxiniatt* estimate foi’ tlu* wlicels of railnuiy 
earriai;’i*s. 

M.\. I. Twn H))1na’('H lia.v(* tki‘ siuiin (‘xtia’aal (]iain(a.(‘r and fcho Haino 
wi'i^a’ld'. Him' is a. of brass ;uul t,l)o other a hollow shell 

of ^^oid. ('oiii])aro (hi^ spi’i'ds aiMpiirixl ia the same time from rest by 
i.wo s]>li<‘i*es in r(»llin!i: down a,n imtlined plains tlirough the same 
dislaniM'. Thus om^ sphero may he dislingnished from tlie otlier. 

tb\. ::i. A i'ou! 4 ;h liomo,u;(‘iieous spliiu’e of radius r is placed witluii a 
hollow iwliudrical i^ardeu roller of I’adius A* and comes to rest at the 
Io\V(‘st point. 'Phe roller is sndih'nly si't rolling on a level track so 
that its eimtroid moves with spi'cd Show that the H])here will roll 
com})lel,i‘ly round the interioi* of t-lu^ ]’(>ll(‘.r if !'“> (f{Ji — T). 

[ If the' line from ^.lu^ eimtr<^ of the s])here to the point of contact 
with Mie rollei’ maki^ an angle () witli thii vertical at time if, the 
angular speed of the sjdierc is {/t-r)0lr- V/r, Hence hnd the 
fMpuitions of im>tion |. 


201. Sliding Motion of a Body along an Inclined Plane with 
Friction, '^flii* iip])roximai(* laws of friction l)otween dry 



ere recapitulated. 

(1) Friction acts always tangentially to the surface of 
ontact of two bodies in the direction to annul or prevent 
elative motion. Thus a body resting on an inclined plane 
3 prevented from sliding down if the inclination is less 
han a certain limiting value. Just sufficient resisting 
orce is developed to prevent motion, and this force, which 
oust equal wg sin a, if %d be the weiglit of the body and a 
he inclination of the plane to the horizontal, increases 
intil wg sin oc = cos a, where // is a coefficient depending 
m the nature of the surfaces in contact. Thus // = tana, 
md CL is called the limiting angle of friction. 

When pure rolling is possible just enough friction is 
leveloped to make tQ = v. (See § 204<). 

(2) Friction is independent of the extent of the surfaces 
n contact. 

(3) Friction is independent of the relative speed of the 
urfaces in contact. 

(4) Friction at each part of the surface of contact is 
)roportional to the normal force with which the two 
urfaces there press against one another, that is, if F be 
he friction and N the normal force, F—fxN, where // is 
he ‘^coefficient of friction.” [Thus in the case of the in- 
;lined plane and body resting on it referred to in (1), the 
Lormal force N is ivgco^cL and />t = tana. The angle a, 
.t wliich the body begins to slide, thus enables tlie co- 
fficient of friction to be determined for any two substances 
f the inclined plane is made of one, and the body placed 
ipon it is made of the otlier.] 

The value of // thus obtained is, however, rather greater 
han that which an experiment with an inclined plane 
;ives, if there is sensible relative motion. For it is found 
hat if the plane is held at the limiting angle, and the 
»ody is started down the plane with a small speed, it 
dll have a slight acceleration, showing that now the value 
f is somewhat under wg sin a. Experiment has shown 
liat the value of the coefficient of friction — nearly constant 
or finite speeds — increases for a small range of values of 
' as V is diminished towards zero. 


the horizontal, and let a body of weight lu be placed upon 
it. For simplicity we shall suppose for the present that 
the body is a particle. The particle will slide down along 
the line of greatest slope of the plane through the initial 
position, that is along a line at right angles to the intta’- 
section of the inclined plane with a horizontal plane at the 


place. 'J^Iie equation of motion is 

^ov = uy sin ^ — juwfj cos /3 ( 1 ) 

or V = [/(sin /3 — cos /3) = g sec a sin — (2) 


since // = tanfx. Thus the acceleration is tlic same as if 


there wei'o no friction, the inclination were /3 — a, and 
gravity were increased to r/secrx. 

If the niotion start from rest, 

V z=gt .sec a sin (/3 — a), (S) 

and tlic distance traversed in time t is given by 

,s = J sec a. sin (/3 ~ a) (4) 

But the equation for gives /; = 7;/r/vSec asin (/3 — a), and so 

l7;- = ,sqsecocsin(^ — oc), (5) 

or, as wo may write it, the e{]uation of energy 

== %{)gs sec a sin (jS — a.) (G) 


Tin’s might have been obtained at once by the j)rinciple 
of energy. The loss of potential energy is wgs sin yS, the 
work done against friction is wy.s tan oc cos ^ : the excess 
of the former over the latter is the gain Iwv- of kinetic 
energy. 

If tlie body is drawn up tlie inclined plane through the 
distance -v, tlie woi'k spent is 

%vgs{sin jS + // cos /3) = ^vgf^ sec a sin (/3 + oc). 

We may regal'd the downward motion tlirough .s, and the 
upward displacement of the body restoring it to its starting 
position as a stroke ” of the arrangement regarded as a 
machine. The work spent in the stroke is 

iug,s sec OL sin (/3 + a), 
tugs sec a sin (/3 — a), 


that gained is 



In Fig. 85, AB — s, 

lBAD = ^, lCAD=lDAE^(x, 
and BCDE is a vertical line. Then 
efficiency = 5(7/5 J?. 

Some of these results have already 
been obtained for a particle in § 89. 

A wheel rolling on a rail is always 
opposed by a small couple called the 
couple of rolling friction (proportional 
to the normal force) which is here neglected. 

202. Railway Carriage at Rest on Incline : Front or Back 
Wheels Braked. It is important to notice that the equations 
of motion of a particle along an inclined plane without 
friction are exactly those of an extended body mounted on 
very vsmall wheels or castors which roll along the plane. 
Tliis is obvious from the equations for v and (2) and (5), 
S 199, in which, if be made very small, the quantity 
lF+m{;(/c^+r2)/r^ becomes W the whole weight of 
the body. In the case of an extended body like a long 
railway carriage, supported on two sets of wheels, one at 
each end of the carriage, the action against the plane 
exerted by each set of wheels depends on the distribution 
of the matter composing the carriage and its load. If 
that be uniform on the whole along the carriage, or equally 
distributed on the wheels, and there be unresisted accelera- 
tion down the plane, each set of wheels (rotary inertia 
neglected) will exert a total force of 1{W +nw)g q,o^ ^ in 
absolute units on the plane at right angles to its direction, 
and an e(jual and opposite reaction will be exerted on 
the wheels. 

It is otherwise when one set of wheels is braked and 
the carriage is at rest on the incline. Then the reactions 
are as shown in Figs. 86 and 87, according as the lower or 
upper wheels are braked. If, as we suppose to be the case, 
the carriage is just prevented from sliding down, the full 
frictional force is developed at the braked wheels, and 



Fig. 85. 


11 uiiu uuuai rucLuuiun uiere oe iv V-*- V-*- ^g- ^*/ 
trhe force F is J\^tanrx or iV'tanoc as the case may be. To 
find N' and N we liave, taking moments about the contacts 
of the wheels (supposed coinciding in a point at each end at 
distance 21 apart), and putting \ for the distance of the 
c.G. from tlie wheel-base, 

21N = ( 1^+ nn))g{l cos ^ + h sin /3), 1 

= — Asin/3).J ^ ^ 




Fig. 86 . Fig. 87 . 

Thus the friction in the first case, that of the front-wheels 
braked, is 

F=^ J ( W'+'?^^(;)^(cos /3 + j sin /3) tan a, (2) 

and in the other case, when the hind wheels are braked, 

h 

F= -| ( (cos /3—j sin /3) tan a (3) 

In each case, of course, F—(W-\-nw)g sin since the 
component of gravity along tlie plane is balanced. It 
appears, therefore, that when the carriage is at rest it is 
more easily held when the front wheels are braked than 
when the hind wheels are. The reaction at the braked 
wheels in each case makes an angle a, with the normal to 
the plane as shown in the diagrams. The value of /3, the 
inclination of the plane to the horizontal, for which the 
carriage can just be held by the brakes on one set of wheels 
is therefore greater in the first case than in the second. 





factor, and then each value of F is the same, namely, 
h{W + mv)g cos ^ ta>n CL, and the limiting inclination may 
he taken as the same whether the fore or the hind wheels 
are braked. 

As will be seen from tlie diagrams, the carriage is held 
in equilibrium in each case by three forces in one plane 
(iY', {W+nw)g, iV/cosa in one case, and N, {W-\‘nw)g, 
N'f COBOL in the other), and it is a well-known proposition 
that when a rigid body is thus held in equilibrium the 
forces either meet in a point or are parallel. The forces 
are not parallel ; they therefore meet in a point as shown 
L the figures. 

203. Railway Carriage in Motion on Incline. One Set of 
Wheels Braked. We now consider the more general case in 
which the carriage has acceleration v along the incline. 
The equations of motion according as the front or the hind 
wheels are braked are 

(^T‘+mo)^’ = (lT+9^^c;)^sin/3•-•Wtana, ) 

{W +mv)v = (W +nw)g sin ^ — N' tBjU OL. j 







mi 


Thus, for a given inclination /8 of the plane, we get 
different values of v according to the wheels braked. To 
find these values we note that w^e have now the equations 
of moments 

21N = ( TF -f nw) {g {I cos (3 + h sin /5) — vh}, \ 

21N' :={W + mo) {g {I cos 13 — h sin /3)-hvh}J ^ ^ 


by tlio value oi v given by ( 1 ) and reduction, 

I + h, tan oc 
2 //+//. tan OL 
I 


4 . ma)(j cos /3 ^ 


.( 3 ) 


When tlae front wheels are braked the equations become 
in the same way; by the value of v in ( 1 ), 


I 


iV = ( Wd- nw)g cos /3 ^,—j 
W'=(lf+m.)i7cos^2^-^-^^-- 


21 — h tan oJ 
l — h tan oc 


.( 4 ) 


It is to be observed (see § 96) that a plummet hung in a 
railway carriage has its cord in the direction of the resultant 
of i) reversed and g downward. No matter how v occurs, 
whether with one or the other set of wheels braked, or with 
the carriage resisted in some other way, a value of a can 
be found which will enable the equation 
( 2 ), § 201 above, 

'y = ( 7 secocsin(^ — a), (5) 

to be satisiied. With this meaning of \ 

a, we have 


■•( 6 ) 


7)_sin(i8“-a) ^ 
f/"” cos a ’ 

and therefore the angle DAE (Fig. 90), 
which the resultant AD oi v reversed 
and g makes with the normal to the 
incline, is cl. Thus AD is tlie direction 
of the apparent vertical to observers in 
the carriage, and relatively to that the 
true vertical, as shown by buildings, etc., 
in the neighbourhood, will seem to be inclined. In this 
direction a man can stand upriglit in the carriage without 
support, and to it the free surface of water in equilibrium 
in the carriage is perpendicular. 



Fig. 90. 



204. Solid of Revolution Rolling and Sliding on Honzont 
Plane. A uniform solid of revolution held with its ax 
horizontal, while spinning about its axis with anguh 
speed 00 , is projected along a horizontal plane with spec 
Vq perpendicular to the axis. T1 
speeds 0o, are in the directioi 



shown in Fig. 91 : to find tl 


motion. 

Let be the weight of the sol 
and log therefore the upward fori 
applied by the plane to the soli 
The force /nwg acts in the directic 
opposed to the motion at the line, or point, of conta( 
The motion of the centroid is given by the ecjuation 

( 


lUV == — juiiog. 


Again, the angular motion about the axis has the equath 


— juiwgr, .( 

where 0 is the angular acceleration. 

Integrating, we get for the speeds at time t, 

V-V^=-p.Cjt., ( 

h\e-%)=-firjrt, ( 


so that k^O-^rv is constant. We denote this by A, Th 
A is constant might have been inferred at once frc 
the fact that tlie angular momentum of the body about t 
contact with the plane must remain unaltered, since t 
forces applied by the plane to the solid all pass throuj 
the contact. 

Initially the speed of the part of the solid in coiita 
with the plane is + time t the contact 

moving with speed 

V + r0 = t>o + - IJ-gt (l + p)’ 

which vanishes when 

fj.<j k-+'r^ 


( 


toward.s the place? of projection at a uniform speexl. Tlio 
H])oed '0 of the centroid is zero by (3) when t^vjfxg] but, 
as we sliall see, v will not vanish unless this instant occurs 
before that of the production of pure rolling. Tlic angulai‘ 
speed when '?; = 0 is (/w"6Q — '?y')//c^ and if this has the same 
sign as at first the body will turn back. 

Tlie angular speed at the instant of tlie beginning of 
pure rolling is found hy inserting the value of t from (6) in 
(4). Thus we get for that instant, 

(7) 

+ Ic^+r- 


Ph’oin tliis it appears that if the angular speed 

will liave changed sign before rolling has been set up, 
Tlie distance s of the centroid from the point of projection 
at the same instant is given by 

_Vo +r9o F 
' 2fxg 


2fxy 


(/c^+r^) 

Thus s is positive or negative according as 
Vo(B + 2t'^) > or < Ji^rd^, 


r, {V,(k:^ + ^^)^AT}. 




If it is positive and likewise k^Q^'^v^r, the body will, 
when pure rolling begins, be rotating in the same direction 
as at first, and will roll back to the starting point with 
uniform speed. But if k^Q^C^v^r, the body will roll still 
further away and will not return. This is the condition 
referred to above, for then [see (6)] 




On the other luind, if k^rd^^ VQ{l{?+29r)y s is negative, 
that is the body has hr.d the speed of its centroid reversed, 
and been brought back beyond the starting point before 
the setting up of purr rolling. If then k^d^ > v^r, the body 
will be rotating in tne same direction as at first, and will 
roll still further away from the starting point. The 



o 


s is given by s/6r, by ( 8 ), that is t' = H{hr-\-r^)jAr. Thus 

t' , v^{B+r^)-Ar (■ 9 ^ 

/o'^ + r'^ At 

To find the whole time from projection to I'eturn, we liave 
to add to this the value of t. Tlius if A — Ic^d^ — v^r, 

t + t’= _ ] 

Vq +'I'Bq k- % + (''b + '>-00^ 

2/if/ U-+r^ Ar 2fj.g Arj 

If the body, before projection in the same direction as 
before, is spinning the other way, the motion of mixed 
sliding and rolling will go on until pui'e rolling is set up, 
and the rolling motion will then continue to carry the 
body farther and farther from the point of projection. 

Ex. 1. Prove that in the latter case is constant, that pure 

rolling is set up after a time + according as 

or <r0Q, that the angular speed is then 

where A —v^yr+k-0^^ is the distance described in the time here stated. 

Ex. 2. If the solid be given underhand spin, as in Fig. 91, and be 
projected u^) a plane inclined at the angle [3 to the horizontal, show 
that, so long as pure rolling does not exist, the equations of motion are 

V = -^(/A cos /5 4- sin ^), - fxgr cos (3, 

that (unless pure rolling has first set in) the solid Avill ascend for a 
time t=vJ(j{iioo^ /d + sin (3), and a distance ii'J/^(/xcos ^ + sin /3), that 
pure rolling will begin after a time 

i' = (vy + r 9^) k'^jg { fx (k^ + ; cos (3 + mi jS}, 
from the instant of projection, with angular speed 

{kWo(fx cos f3 + sin /S) - v^^rfx cos I3\l{{1c^ + /x cos /S + F sin /?}. 

Find the condition that t'>t. Find also the whole time from the 
instant of projection to that of return to tin starting point. 

Ex. 3. The solid, still with initial underhand sjiin, is projected 
down the inclined plane of last example : fina the equations of motion 
and show that, if /jtcos ^>sin /5, and pure rolling has not begun, v — 0 


when t—v^Jg(fJL cos 13 — sin /3). Prove that at that instant the solid is 
rotating in ‘the same dii'ection as at first, and will therefore turn 
hack, provided //, > tan /5/(l Prove also that pure rolling 
will never begin unless /a > F tan + 

Mx. 4. A uniform cylinder of radius r, revolving with angular 
v(',h)city (u about its axis, is gently laid with its axis horizontal on a 
hui'izontal table. Tf the coefficient of friction between the cylinder 
and table be /x, show that the cylinder will slip for a time rco/3/x^, 
a-nd then roll with angular velocity w/3. 

Ex. 5. A shaft on loosely fitting bearings, radius a feet, carries a 
w(hght of TT" lbs. Tf /x=tan c/), show that the resisting couple is 
1 ha sin c/), in pound foot units. 

205. Compound Pendulum. Any rigid body movable about 
a horizontal axis may be used avS a compound pendulum, 
])!•() vided the centroid does not coincide with the axis about 
wliich the body is pivoted, A wheel mounted with its axis 
horizontal and put out of balance by a weight attached to 
the rim may serve as an example. The position of stable 
tH|uilibrium of the body is that in which the centroid is in 



yiG. 93. 


1 (he lowest possible position. For when the body is deflected 
a little way from that position and left to itself at rest, the 
ibvees upon it have a moment causing it to return to that 
position, that is the forces tend to bring it into the position 
ol; minimum potential energy consistent with rotation about 




eages wnica are auso symmemcauy piacea wilii regara ho 
tlaat plane. Fig. 92 shows one form — a massive ring of 
rectangular section supported on an upturned knife-edge 
which touches it along one of the generating lines of its 
inner cylindrical surface. Fig. 93 shows a more usual form 
with attached knife-edges and sliding weight. 

206. Theory of Compound Pendulum (C.P.). Equivalent Simple 
Pendulum. We shall suppose first that the body is provided 
with a cylindrical bearing of radius c (Fig. 94) supported on 
a horizontal surface, so that at any 
instant of its motion the body is 
rolling on that surface and turning 
therefore at the instant about a 
generating line of the cylinder. We 
denote by h the distance of the 
centroid of the body from the axis 
of the cylinder and by Wlc^ the 
moment of inertia of the body about 
an axis through the centroid parallel 
to that of the cylinder. Then, if the 
deflection of the line through the 
centroid perpendicular to the axis 
0, the moment of inertia about the 



Fig. 94 . 

from tlie vertical be 
instantaneous axis is 


W (Jc^ -f — 2hc cos 0). 

The forces on the body are (1) the resultant force of gravity 
acting vertically downward through the centroid, and 
(2) the reaction R of the axis. The latter has no moment 
about the axis, and thus Wg is the only force concerned in 
altering a deflection from the vertical position, for we 
assume that there is no friction at the axis which exerts a 
moment on the pendulum, for example no couple due to 
what is called ‘‘ rolling friction ” (see § 201). Wgh sin 0 is 
then the moment of Wg about the instantaneous axis of 
turning, and tends to produce angular momentum in the 
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the moment is W{k^ + ]r-\-c^ — 2]iCQOB6)d, We have there- 
fore 

W + h? + c2 - 2hG cos 6) 0 + 2 Who sin 0 , 0^ _ - Wgh sin 0, 
and therefore 

{hr + B + B — 2lic cos 0) 0 + 2hc sin 0 . 0^ -h gh sin 0 = 0 >..{!) 
for the equation of motion. 

In tlie case of small oscillations we replace in this 
COS 0 by 1, sin0 by 6, and ignore the term in 0^. Thus 
we obtain 

{{h^ef+B}e-{-ghd==0 (2) 

as the equation of motion, which is pi^ecisely that of a 
simple pendulum, of length I, given by 

( 3 ) 

k 


If the pendulum is suspended on knife-edges supported 
on hard plates, we may take c as zero, and then 




(4) 


is the length of a simple pendulum, which would, in tlie 
absence of air-resistance, oscillate through any angular 
range whatever in the same period as that of the compound 
pendulum in oscillations of tlie same angular range. 

Should the pendulum consist of several parts of weights 
• • • ’ which it is convenient to consider the moments 
of inertia, and moments of forces about tlie given axis, 
separately, then if be the distances of the 

centroids G^, G^,.,. of these parts from the axis of 

suspension and k^,.. the radii of gyration about the 
axis A, we have 

W {h?- H- B) = Wx (/q + /q) + w^{li^ + /co) -f . . . . 

Also, if tlie perpendiculars from G^, G^, ... to the axis A 
make at the instant under consideration angles 0^, 0o,... 


so that 


( 5 ) 

( 6 ) 


Wgli sin 0 = + w^^^gli^mi Qg + • • • , 

^ + + ■ 

sin 6 sin 6^ + iV 2 Jh sin 02 + • • • 

The compound pendulum of Fig. 92 consists of a ring of 
iron of rectangular section, made of quarter-inch boiler or 
ship plate, well hardened after construction. The inner 
and outer surfaces are truly coaxial cylinders, and the ring, 
as already stated, oscillates on an upturned knife-edge 
touching it in a generating line of the inner surface. If 
r^y be the inner and outer radii, the moment of inertia 
about the axis of figure is 

Trrl-j irr^^, or ^ m7r(r*-r=)(r=+rp, 

where m is the weight of the plate per unit of area, that 
is, the M.l. is hW{T\^r\)y where W is tlie whole weight, and 
the moment of inertia about a generating, line of the inner 
cylinder is The period is tlierefore given by 

T=2-ir 

V ncy 

207. Suspension Axes and Oscillation Axes. Interchange- 
ability. Suppose the pendulum to be hanging in stable 
equilibrium, while capable of tuiming about an axis A 
(Fig. 93) at distance h from the centroid G, and let a circle 
be imagined to be described from the centroid as centre with 
Ji as radius, in the plane in which the centroid moves. 
Now let the pendulum as it hangs be imagined connected, 
if necessary, by a framework of negligible mass, rigidly 
attached to the pendulum with an axis through B parallel 
to Ay and then to be loosed from the axis at A so as to be 
free to turn about that at B. The period of unresisted 
oscillation about B for any range of deflection will be the 
same as the period for tlie same range about A. 

If another circle be described from G as centre in the 
same plane as before with l — Ji (or l — as radius^ a 


A, an<l produced backward, will meet tbo Hecond 

circle in a point A\ Ji\ .... Tla^ii TIk^ 

])()iuts yl, 7i, ... liave Ixjen calUul centn'H of Hiis])enHion for 
th(‘. [)(‘.ndiilum, and A', centr(‘H of oH(tillation. 

Tlio ptoidiiluni has, as will b(^ shown ])r(‘S(‘nily, the same 
])(U‘io<l of oscillation about a parallel axis throvi^ii yl', /f, ... 
that it lias about the axis throu^^h A, or any of th(' 
e(|uival(‘nt axi^s tliroutj;]i B, (>, — This is tlie prineijde of 
“ conv(‘rtibiIity of ilu*. centre of oscillation and suspiaision 
but tlu^ jirinciple is ofbui so (^xpriisscMl as to sujL^^est that 
for a ciu’tain pt'.riod tlua’c'. is only one ccuitre (or a,xis) 
of susptuision and a corresspondinu; eenti’o (or axis) of 
OM(s nation. 

As jij!;(Mierally made witli lixed knif(^-e(l^i\4 compound 
pendulums admit of only one axis of susjamsion iMiinn^ iis(Mb 
and the proltmu is then that of (indino* the centre of 
oseillation which corn'siionds, and sonui rani^t' of variation 
of Mint is provided for by a sliding* W(n‘;j,bt which cnui hi^ 
lix(‘d in dilier(‘nt positions on th(‘. pmuluhnn. I hit as a 
matter of <lyiiamics tlnna*. ani an in Unite number of 
(Mjuivalent oavs and eorn^sjioiidinij;’ oscillation uav’s, or, as 
they would I xi more properly cal hid, covr/v/y/u/c (vxe^. 

Jt is eonvenicint to liav(i an arrangement to illnstrabi 
this, and oiui has Ixiiiii made as follows, A sheet of si.tsil- 
platii, tliick (iiionu;]! to r(‘.inain ri^’idly ])hin(', is load(‘d with 
a dial mitral bar across tlie centroid forimMl by two strips of 
steel vivuited to its two sid(‘H. tiolcs of e(|ual siz(', larij;(i 
(iiiouo’h to admit «’ui upturned kni bi-ed^Hi projeciino’ from 
a lixed support, are boriid witli tluiir centres in a circle 
round the centroid, ami anotlier concentric row of similar 
hohis is imuhi lu'arer tlie eciutroid, so that th(i radii of the 
eireJes touched by the outer (ulij^es of the liokis in tlie two 
series havti the radii h and I’—li for the a.rran^enient when 
used ns a compound pendulum. The outer seriiss of hoh's 
is cut iirst, and then tlie position of the second scirics 
is lixed with allowance for tlie material to lie cut away, 
diui cross-bar is made a little too long at Iirst, and th(‘ 
arra>ni;*oment is iinally tuned to an;re(uneut of period 
by iiling a little away from cacli end. Tlie same pei’iud of 



ot‘ the. body on the knife-edge. 

The theorem of convertibility of axes referred to abo' 
is proved as follows. The period T is given by 


r=27r- 



where l = + This last equatijn can be written 

citlier of the forms 




so that, if li is one root of the equation, the oth< 

The sum of the roots is I and their pi*oduct is as affirm 
by the quadratic equation. We infer that if I be the leng 
of the equivalent simple pendulum for the distance li frc 
the centroid to the axis, it is also the length of the equiv 
lent simple pendulum for the distance l — li. Thus for t 
infinite series of parallel axes, for which I has a given vah 
there is a conjugate series at distance Z — A from the centro: 
for whicli I has the same value. 

If h be chosen very great will be corresponding 
small, and the periods will be the same; and when A 
infinite Z — A will be zero, and the periods in both cases w 
be infinitely long. Hence, if we diminish A from infini 
Z — A will be increased from zero, and the periods will 
diminished; and clearly the two distances coincide wli 
the period is a minimum. We have then Z = Z — A, or Z = ! 
and A = A, so that Z = 2A is the smallest length of t 
equivalent simple pendulum. 

If the matter of the pendulum be concentrated in t\ 
particles, one of weight W]<?j(]i ?‘ at the centre 
suspension 0 and the other of weight at 

point L at distance Z = (A^-l-/r)/A from the suspension, t 
j)oriod will be the same. This arrangement, as was point 
out by Maxwell {Matter and Motion), is kinetically eqi 
valent to the compound pendulum. For if the compoui 
pendulum have its, suspension at 0 and its centre 
oscillation at X, the two centroids coincide, the momei: 
of gravity forces, and the moments of inertia about 0, a 
the same. The moments of inertia about an axis tlirouj 


Tjfie comnioii ceiiLVuia tirfcj tiit; wiiuitj, iiiiu tiitjruiuru tiiu 
moments of inertia about any axis wliatever are the same. 

208. Experimental C.P. A compound pendulum used for 
experiment is generally furnished with two pairs of knife-, 
edges, one pair fixed relatively to the pendulinn and a 
movable pair, and also with a sliding weight to enable tlio 
distribution of matter in the pendulum to be altered, and 
the experimenter is reqiiired to arrange the apparatus so 
that the pendulum swings about the two pairs of knife- 
edges in the same period. In the Repsold pendulum the 
sliding weight is witliin a containing tube, wlncli keeps 
the external form the same for all distributions of tlie 
mass, in order to avoid inequalities of air-resistance. Tliis 
resistance may be regarded as made up of two parts, a 
true frictional resistance and a dragging of air witli the 
jDendulum, by which its inertia is virtually increased. 
Further, the pendulum being immersed in the air has its 
gravity virtually diminished by the buoyancy of the air 
displaced. We sliall sIioav presently how the virtual increase 
of mass and the effect of buoyancy may be estimated. 

Tlie adjustment of the period of swing about t]\c two 
axes to equality is made easier by hanging a simple 
pendulum alongside the compound one (when tlie latter is 
made to oscillate about the fixed knife-edges) and altering 
its length until the two just keep pace. Tlie position of 
the second pair of knife-edges should then be shifted to a 
distance from the first equal to the length of the simple 
pendulum thus found; and this, witli a sliglit correction 
for the change produced by the sliding piece carrying tlio 
knife-edges, Avill give the required arrangement. Thu 
distance of one line of knife-edges from the other is then I, 
and, if the period T of small oscillations be determined, 
g can be calculated from tlio equation 

4x^, 

<7= (1) 

This method of determining g was carried out by Captain 
Rater (2^ML Tranf^. R.S, 1818). In preference to a simple 
pendulum he carried a compound pendnlum from place to 



part of the country. 

It will be clear from Fig. 93 that besides A and there 
are in the same line AA' two other points, A-^, at which 
the second knife edge can be placed to give the same 
period. The student is not likely to place the second 
knife-edge at A^, but occasionally he hits on as the 
position. This, it will be seen, gives 2A, not I, as the dis- 
tance between the two lines of knife-edges. Thus, twice 
one root of (2), § 207, generally the greater root, is obtained 
and taken as 1] the student ought to be advised of his 
error by the absurdly large value of g then given by (1), 

209. Buoyancy and Air-Drag of C.P. The buoyancy and 
air-drag modify the equations as follows. Let w be the 
weight of air displaced by the pendulum, that is the weight 
of tire air at the density of the surrounding atmosphere, 
which fills a volume equal to that of the pendulum : the 
assumjption is made that the air dragged with the pendulum 
is proportional to w. Tliis assumption is derived from 
the fact that, for example, an infinitely long cylinder 
moving with uniform speed u in a direction at right angles 
to its length in an infinite incompressible frictionless fluid, 
has an apparent kinetic energy greater than that corre- 
sponding to the mass of the cylinder by : in the case 
of a sphere moving in any direction on such a fluid, the 
excess of energy is for an ellipsoid it is kwu^, where 

/c is a coefficient depending on the direction of motion 
relatively to the principal axes. 

We take then kf such a length that is the increase 
of moment of inertia of the pendulum, supposed of sym- 
metrical outward shape, and situated about positions of 
the knife-edges, symmetrical about the centre of figure, 
and giving nearly equal periods The buoyancy 

of the air is a force wg acting upwards through a point 
which is called the centre of buoyancy of the imniersed 
body, and this for a pendulum in which the knife-edges are 
symmetrically placed, as here supposed, is at a distance 
from either axis, if /tp now denote the dis- 
tances of the centroid of the pendulum from the two 


knife-edges. Thus the moment of inertia is increased to 
+ + and the moment of forces is diminished 

to Wg\ — about the first knife-edge. Similar 

expressions hold for the other knife-edge, lengths 

of the equivalent simple pendulum for the two knife- 
edges are given by 

, W(hl + ]i^) + iv¥^ _ g 

Wk^-iw{h^+h,) ^TT*' (1) 

, W(hl+k^)+wk:^^ _ r/ I 

^2- ^ 2.J 

By means of these equations, we can eliminote W]c^ + ^vk^'-, 
and so find an equation for g containing a small correction 
term, depending on the value of which can be approxi- 
mated to more or less nearly in various particular cases; 
and this, with or without the term depending on w/ JF 
may be used to find g, when the distances 7/^, //o giving 
periods T^, are measured. We find 


87r^(7q-f ^2) 

This divided by is the length of the equivalent 
simple pendulum which would have a period equal to 
unity, and divided by tt^ it gives the length of the equiva- 
lent simple pendulum which would beat seconds. The 
length is thus expressed in terms of and the 

ratio lojW, The latter furnishes a small correction term, 
which can be estimated more or less nearly in difierent 
cases, according to the shape of the pendulum. 

For a clock-pendulum the air carried with the bob is 
the only thing regarded, and then it is sufficient to take 
it as a particle added at the centroid of the bob. The 
weight added is some fraction p. of the weight %v of air 
displaced, and so the equation for the corrected value V 
of the length of the equivalent simple pendulum is 




( 3 ) 



wnere 6 = i/r«f uncorreuutju leiiguu. jli uii« uuu 
is a cylinder moving at right angles to its length, fi may 
be taken as 1, though this supposition is rendered in- 
accurate by the fact that the cjdinder is of finite length, 
and the atmosphere in which it moves is limited by the 
clock-case. For a spherical bob // may be taken as 
The factor of lojW is tlie ratio of tlie specific gravity of 
air to tliat of the material of the bob, and if the bob be 
of lead the ratio is about 8000. Thus, taking and 

//== for a spherical bob so tliat 

a clock regulated by such a pendulum, of the length I to 
beat seconds, would, in consecpence of buoyancy and air- 
drag combined, lose about 8 seconds in 24 hours. 

Very accurate sidereal clocks at observatories are now 
enclosed in partly exhausted air-tight cases, so that this 
correction may not fluctuate as it would otherwise do witli 
the barometric pressure, owing to alterations produced in 
the ratio wj W, 

210. Examples on the Compound Pendulum. 

Ex. 1. A compound pendulum ivS formed of a uniform rod of 
length 21 and mass loaded witli a mass m! at each extremity. 
the*^ length of the equivalent simple pendulvim for vibrations about 
a horizontal axis at right angles to its length. Find also the position 
of this axi.s when the period has its least value. 

Let the distance of the axis from the centroid be h. The length L 
of the equivalent simple pendulum is then given by 

/ _ ( + 2???/) Ir + ('/;? + 2 m!) h - 
Tliis equation may he written 

The roots of tins quadratic in h cannot he imaginary, and therefore 
the least possible value of L is to be found fi’om the relation 

{;m -f- 2m') = 4 {hn -p 2m') CK 

If m = m!^ this gives 9//2 = 28(^-, or '^L — 2slll. We have then h — 

If the axis of suspension intersects the rod, it divides tlie rod into 
segments in the ratio of 3-\/7 to 3+\/7. 

Ex. 2. A homogeneous sphere roljs within a hollow right circular 
cylinder winch is lix.ed. Fii^d the time of a small oscillation of the 
sphere about the lowest position. 


J ne centre or the s])here moves m a circle or racluis ii — ?*, where li 
is the radius of the cylinder and r tliat of the sphere. Let i/r be the 
iiicliiiatiun to the. vertical of the perpendicular from tlie centre of 
the spliere to the axis of the cylinder, and 6 the angular speed of the 
spliero at any instant. Then we have (Fig. 95), noticing that ^ and i/- 
are in opposite directions ' 

rd = (Jl-r)\p, 

The kinetic energy of the sphere (weight w) is 

Uo{ll - r)V'^4-7, 

by tlie relation between 0 and The potential energy in the position 
indicated is W(/{R - ?’)(! ~ cos i/^). Hence if oc is the exti'eme value of 

- ry^\p''^=^'wg{R - r) (cos ^ — cos cl) ; 
and we get, liy dilferentiation, ^ 

I {It - r) + <7 sin =0. 

The iieriod of a small oscillation is 
therefore 27 rV|(^ 7 )^ 

The problem may also be solved as 
follows. The sydieve is turning at the 
iirstant about the point of contact A 
with the cylinder. Hence, if ^ be the 
angular acceleration, 

— wgr sin 5 g sin 

7 r 

But, by the relation between 6 and )/', we have 9={ll-T)xjjjr. 
tSuhstitutiiig in the equation just found for 0^ we get 

5 9 n V 



^ + 

the same equation as before. 


7 li- 


-sin ^ = 0, 


Ex. 3.' A uniform plank, of length balances on a fixed horizontal 
cylinder of radius li : the length of the plank is at right angles to the 
axis of the cylinder. If the plank is .set rocking without slipping, 
sliow (neglecting the thicknes.s of the plank) tliat the jjeriod is tJiat of 
a simple jiendulum of length Derive also the energy equation. 

The plank rolls without slipping : at time t let it be inclined at an 
angle 6 to the e(iuilibriuin position : the radius to the point of contact 
now iiiake.s an angle 9 with the vertical, and if O be the centroid, 
and D the point of contact (Fig. 96), DG~li9. Hence, if W be the 
weight of the plank, 

}y{-^^i:^A-R?&^9^ - TFf/ cos (9, 

or, when 9 is .small, 9-y <9 = 0, 

that is, the length of the equivalent simple pendulum is x^jR- 
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above C. The potential energy may 
therefore be taken as 


W(/{Resin6~\-R(l-coB 0)}. 

Let OL be the extreme value of 0, for 
which, of course, 0—0. The equation 
of energy is 

i + R^O"^) 9'^ + {0 sin O-a. sin a) — (cos 0 - cos a) ]• = 0. 


Ex. 4. A uniform plank \Z feet long is balanced on a horizontal 
log of circular section, 4 feet in diameter, and two boys of equal mass 
seated at its ends use it as a “see-saw.” Taking the mass of the plank 
as 40 lbs. and that of each boy as 84 lbs., and regai'ding the plank 
as a thin rod ahd the boys as particles each at a distance of 6 feet 
from the middle of the plank, show that the period of a .small oscilla- 
tion is 4’43 seconds. 


Ex. 5. Show that if the internal and external radii of the ring 
pendulum described in § 205 be and the length of the equivalent 
simple pendulum I is given by 

^ = 2r+2’’'- 


If the mechanic in cutting the ring has made rju have nearly ai] 
assigned ratio (so that only the outside diameter is measured), show 
that a small error in this ratio has zero efiect on the calculated length 
of the equivalent simple pendulum when the ratio has the value \lsjl. 


Ex. 6. At a point F in the line joining the centre of suspension 6 
and the centre of oscillation of a compound pendulum a mass w if; 
attached. It is required to find the change in the length I of the 
equivalent simple pendulum, and to show that if the mass w be small 
it produces the greatest change in I when attached at a point halfway 
between the two centres. 

Without the additional mass k^)lh. When w is attached the 

moment of forces for a deflection 9 becomes ( Wgh-\-wgoL^s\Ti where 
r is the distance of P from 0. The moment of inertia becomes 

Hence ii I -ky denote the new value of and p the ratio vjj IT, we have 


^ Jc^ ^ _ hi -i- px 
^ h^px ~ k + px 


~L 
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when x=l/2, if p be small. 

Clocks are sometimes regulated by varying a small mass placed on 
a slielf carried by the pendulum. It is here shown that the shelf 
should be midway between the two centres. 


Ex. 7. If y denote the excess of the length of the equivalent 
seconds pendulum when the mass v) is at distance x from the centre 
of suspension over the length when the mass to is at distance a, show 
that the graph formed with values of as ordinates and values of x as 
abscissae, is a hyperbola, of which the asymptotes are the lines 


.a;=0, 

We have here 

hi + pd^ _ hi + px^ 

^ }i\px fi + pa /i'\-p,v ’ 

which leads to the equation 

px^ - pxy - pLx - hy — A{L — l) = 0, 


the graph of which is clearly a hyperbola. The terms of the second 
degree px^ - pxy equated to zero give the asymptotes, which are 
therefore the lines ^_y=0. 


This relation can he used to graduate a metronome, an instrimient 
for beating time in music. The period is altered by changing the 
position of a sliding weight, which is comparable with the whole 
vibrating mass. 


Ex. 8. A compound pendulum is fornied of a sphere as bob, 
consisting of a uniform shell of iron filled with water, and suspended 
on knife-edges attached to a rod rigidly connected with the spherical 
shell. 

If we neglect the friction of the shell on the water we must take 
the water as a mass every particle of which has at each instant the 
same velocity as the centroid. Hence if W be the weight of the water, 
that of the shell and rod, h the distance of the centroid of the 
whole and h' the distance of tlie centre of the si^here from tlie knife- 
edges, Jc the radius of gyration of tlie solid part ahozit the hiif e-edges^ 

(ir+ W{)h' 


211. Reactions due to Accelerations. Case of C.P. It is 
important to find the reactions due to the accelerations 
impressed on the different parts of a body or system 
moving in any manner, as these give the forces which are 
exerted by each different part on the rest of the system, 
and when properly summed lead to expressions for the 
forces exerted on the supports of the system. As an 
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same process may easily be applied to any swinging body, 
such for example as a ship in a seaway. Any small part 
of weight say, at a point at distance from the axis 
of suspension lias, in the motion of the pendulum at any 
instant, an acceleration Tfi\ in the direction towards the 
axis, and an acceleration in the direction of 6 in- 
creasing, if be the inclination to the vertical of the 
perpendicular let fall from the point to the axis about 
which the pendulum turns. For a positive value of 6^ 
that of is negative, and vice versa, so that the accelera- 
tion is really always in the direction of diminishing Oy 



The corresponding forces are and These are 

forces applied to the part by the rest of the system. Now 
we have = — wcj sin 0 + cos O + R^, 

where is the force tangential to tlie circular motion in 
the direction of increasing 0;,^, and J?j is the inward radial 
force, both applied to by the body itself. Hence 

The addition can be carried out graphically, by drawing 
vectors from the point P^ to represent the mass-accelera- 
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resultant of the internal forces is zero. 

Thus, in Fig. 97, the symbols iv^ni indicate the two 
reversed vectors so drawn for at the point P^. The result- 
ant is tlie vector F inclined at an angle tan'"'^ a/n to the line 
AP-^ produced. Now, since the angular acceleration 0, and 
the angular speed 0, are the same for every part of the 
oscillating body at any instant, this angle is tlie same for 
every radius- vector AP drawn from the axis to the position 
of an element. Thus tlie resultant of the reversed mass- 
accelerations is, at every point, along the forward tangent 
to the equiangular spiral of equation (o'^AP), 

drawn through tlie point from a pole at A. This result is 
due to Sir George Greenhill {Notes on Dynamics), 

With this is to be combined the unifoi-mly directed 
vector This can be done by constructing another 

spiral of the same angle 0 = tan*'^(a/'?^) from a new pole 
A' found by the following process. We draw AB inclined 
to the vertical at the angle Q, which represents the de- 
flection of the pendulum at the instant (so that AB is a 
line which would be vertical in tlie ecpiilibrium position 
of the body), and make AB = l, the length of the equivalent 
simple pendulum, and on the upward vertical through A 
take a point (7, such that AC — gjQ^^. Then through B 
we draw a line at right angles to AB, to meet a horizontal 
line through A in E, shown in Fig. 97. C is then joined 
to E and a perpendicular A A' let fall to GE, Then, as 
can easily be shown, lAEG— LA'AO—cJy, and A' is a 
new pole from which, by means of an equiangular spiral 
of the same equation as before, we can represent for every 
part of the body in the plane of the diagram, the vector 
compounded of the reversed mass-accelerations wa, ivv, 
and the downward vector ^ug. 

For we have, at i-\, by the equations of motion, 

= 'ii\gA P^ sin 9/1 = zo^gAPJA E, = %i\gA PJ A C 



proaucea oy une impulsive xorce is equui bu bins inx-egriii, 
which is called the impiiUe', and though, as a rule, the 
manner of variation of F within the interval t is unknown, 
the value of the integral can be calculated, or observed 
experimentally, in many practical cases. We shall take 
some examples, and then consider how the equations of 
motion of a system are to be modified in the case of 
impulsive forces. 

213. Collision of Inelastic Bodies. Theory of Pile-Driver. 

We consider here collision between inelastic bodies. These 
are bodies which after impact remain in contact, so that 
two rigid bodies which impinge on one another move 
afterwards as one rigid body, or, if there be any relative 
motion, there is no elastic deformation of either to be 
extinguished by frictional resistance to vibrations. As an 
example, consider the impact of a wooden mallet on a 
chisel used to cut wood or soft stone. There is little or 
no elastic deformation, or “rebound,” of the mallet, the 
momentum which it possessed before impact is distributed 
between the mallet and the chisel just after impact, and 
the kinetic energy of the system is then used up in the 
cut made. If the mallet rebounded from the chisel there 
would be a greater forward momentum of the chisel just 
after the blow, and that would be useful in making 
a slight cut in hard and resistent material like steel 
and granite, and for this reason it is found advantageous 
to substitute a steel hammer for the mallet. We shall 
return to the discussion of this example. Anything like 
a complete discussion of the impact of elastic bodies in- 
volves the theory of vibrations of an elastic solid, and 
therefore we do not enter on the subject in the present 
treatise. 

Consider now an inelastic “ pile ” — a beam of wood 
pointed at the lower end — which is being driven into the 
ground by successive blows of a hammer, or pile-driver, 
of weight W let fall from a height li above the head of the 
pile. The speed of the hammer at the beginning of the 
impact is s/'igh, if the friction of the guide and of the air 
be disregarded. Hence the momentum is then Wj^gh. 


W — 

( 1 ) 

For the moHientum of the pile has been increased from 
zero to wvy and that of the hammer has been diminished 
from Ws/2glh to Wv. Hence we have 

W (\/ 2gh — ^>) == wVj 

which gives tlie equation just written down. We ]\ave 
in tliis case 


Now let the pile descend a short distance d in consequence 
of the blow. The energy expended is 

h{W+%v)v^ + {'W + w)gd. 

But if R be the space-average of the resistance of tlie 
material to the downward progress of the pile, the work 
done is Ed. Hence, inserting the value of v just found, 
we get 1 W 2 

"" 2 W+w 

W-2 

01- {R-{W+w)g]d = -^-gh (3) 

The average upward thrust R' on the hammer during 
the penetration d is different from E. For that we liave 
in the same way 

(R'-.Wg)d=w{^l~ygh (4) 
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The quantity {W +^v)gd is small in comparison vdtli the 
right-hand side of (3), and therefore this quantity in (3), 
and Wgd in (4), may be omitted without seriously impairing 
the accuracy of the values of R and R'. 

From (3) it follows that the weight which must be 
applied to tlie top of tlie pile, so that it may descend by 
dead weight alone, is 





caissons, which for several reasons cannot be driven down 
by blows from a hammer. It is to be observed that if, 
after a little penetration, a smaller resistance than R were 
offered to the pile, the dead weight would be too great and 
the pile would go down “ with a run.” 

The discussion here given for a pile is applicable to the 
driving of nails by a hammer, though here the action 
between the nail and the hammer is elastic. A wooden 
hammer does not drive nails well, even if it is made of very 
liard wood, for the head of the nail deforms the hammer 
face, and energy is lost thereby, which in the case of the 
steel hammer is utilised in causing the nail to penetrate 
the wood. 

214. Energy-Change in Inelastic Impact. Advantage of 
Heavy or Light Hammer. The error, which is not uncommon, 
of equating the kinetic energy of the hammer just before 
impact to the work done in causing the pile or nail to 
penetrate the ground or wood is to be avoided. The first 
action is one of redistribution of momentum, and this lias 
been effected before penetration to any sensible distance 
has taken place, so that the resistance of the material has 
not been sensibly brought into play. 

In the impact itself a loss of kinetic energy of amount 

xy2 

= ( 1 ) 

takes place, and it is noteworthy that for a hammer and 
pile or nail, of given weights, it is always the same fraction 
of the whole kinetic energy just before impact. This is 
expended in deforming the head of the pile and, to a much 
less extent, the face of the hammer. It is important to 
observe that the energy lost bears to the whole kinetic 
energy available the ratio which is nearly equal 

to unity, or to zero, according as W is small or great in 
comparison wdth w. Thus the hammer should have a 
weight W, great in comparison with that of the pile, or 
nail, for then very nearly the whole available kinetic energy 
will be utilised in causing the penetration desired. On the 
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the same order of magnitude, nearly the whole or a large 
part of the kinetic energy available will be expended in 
deforming the head of the body struck. 

Hence if the object is to ixident, or fashion the surface of 
a body according to any pattern, by hammer blows, the 
liammer should have mass W small in comparison with 
the mass w of the body struck, as then the available kinetic 
energy is expended in producing the result required. Thus 
a blacksmith uses a small hammer to give detail of form 
to the surface of a piece of iron, and employs a sledge 
hammer to drive a steel chisel through the material, 
softened by heat, when he cuts a thick bar in two, and 
also a sledge hammer when a bar. is to have its cross- 
section much reduced or altered. 

215. Duration of Impact. How far a Pile should be Driven. 
From (1), § 214, and (4), § 213, we can obtain the distance, 
a say, by which the pile is sh.oi’tened in consequence of the 
blow. For the energy W%oghj{W’^w) lost from the 
hammer in the impact must be equal to the work R'a done 
by the force K exerted by the hammer on the pile. Hence 

“-rr+iivr"— r— 

by the approximate value of R' from (4), §213. From this 
result we see that, according as W is great or small in 
comparison with w, the distance a is small or great in com- 
parison with d. 

The times t^, r oi traversing the spaces //>, a can be 
compared. First we have — Again, the time- 

average of the speed during the interval U is 

lv^^J’2ghWI{W+w\ so that U = '^d{'W + ^v)|WJ2gh, 
But t^ — 2hlJ2gh, and therefore 

d 



The momentum lost in time r by the hammer is 
V 2^ A. W %vj{ W -H ^o), 


.( 2 ) 



.(3) 
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Thus, if a is very small in comparison with li, that is, if 
only a sliglit deformation of the pile is produced,, the time 
of redistribution of the monientmu is very short, and tlie 
impulsive force R (whicli is approximately equal to 
tlie resistance R to penetration, if F/^t; be great) is very 
large— enougli to overcome through a short distance the 
resistance of the substance. This explains tlie advantage 
of a hammer in cutting metal or marble or granite, though 
it is to be remembered that the impact of a steel hammer 
on a steel chisel is not a case of tlie impact of inelastic 
bodies. In the case of marble or granite, wliich are brittle, 
the impulsive wedge-action may start a crack in the material, 
wliich extends so that a large piece is splintered olf. 

The resistance of ground to penetration by a pile fre- 
([uently increases as the pile is driven deeper ; there is, of 
course, additional resistance due to friction, if the ground 
presses against the sides of the pile. If L be the load, in 
tons or pounds, according to the unit adopted for W and w 
to be carried, the driving may be stopped wlien the value 
of R has risen above Lg, that is, when 
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The chain used to raise the hammer of the pile-driver 
applies a lifting force equal to where a is 

the upward acceleration and F is the friction of the slide. 
.At starting on its upward journey the weight W has a 
considerable acceleration, but this falls off’ and tlie weight 
is finally brought to rest, or nearly so, at the top of the 
slide by the action of F. 

216. Equations of Motion of System under Impulses. We 
now consider a system of particles acted on by impulsive 


the forces there specified as impulsive, and integrate 
over the duration t of the impulse, we get 

Any ordinary forces, coexisting with the impulsive forces, 
have zero integrals over the vanisliingly small time t. 
Similarly, we get for the equations of moments, 

2 [m {(0 - % )2/ - (?/ - yo) ^ }] = 2:(% -Qz),\ 

S[m{(a!- *5)2; —{z — z^)x}'] = 1 ,{Pz —Rx)\ (2) 

2[m {(y - 2 / 0 )a; - (i; - ®o)i/ }] = 2(6x - Py)] 

where the summations on the left are to be taken over all 
the particles of tlie system, and on the right over all the 
impulses. The impulses P, Q, R are supposed to be applied 
from witliout at certain points to the system. But, in 
general, the particles are connected by internal links, or 
fulfil certain conditions of configuration, and, therefore, 
changes of velocity in general occur throughout the system. 

The last three equations break up into two sets, one 
with reference to parallel axes througli the centroid, for 
which the equations are precisely (2), on the understanding 
that the origin is now at the centroid, and the set 

- no =r,-2R~ m me- ei ) = 

where f are the coordinates of the centroid with 

reference to the given axes, and M is the whole mass 
of the system. 

By the properties of the centroid we can write ( 1 ) in the 
form, 

‘ :3(j 




,( 5 ) 


Mlcl{<p - <Po) = 'ES^r^, MIcyix “ Xo) = 2*5^, 

M]cl{\l/--\jro)=ES^r^, j 

where x> angles which perpendiculars let 

fall from any point, xyz, to the axes of x, y, make with 
the axes of y, z, x respectively. The lengths of these 
perpendiculars are yy, rz, and 

{S^, Sy, Sz) = {{R sin 0)r^, "j 

(P cos X - ^ X)^'’?/’ r (^) 

(Q cos'\/^--Psin^)rJ.j 

The values of (/), x> different for perpendiculars 

drawn from different points, but if the body be rigid, 
(j), Xj be the same for all. The perpendiculars may 

therefore be supposed drawn from the centroid to the 
given axes. 

217. Impulse applied to Compound Pendulum. Consider 
now a compound pendulum hanging vertically on its axle, 
or on knife-edges, and let it i-eceive a horizontal impulse in 
the vertical plane through the centroid at right angles to 
the axis of turning. We can prove that, if the line of 
application of the impulse pass through the centre of 
oscillation, no shock will be applied to the axle or bearing 
by which the body is supported. We suppose that the 
dux*ation t of the impulse is so short that whatever change 
of motion of a body is produced by an impulse applied to it 
is brought about before the body has moved through any 
perceptible distance, or turned thi’ough any sensible angle. 

Now the change of motion of the centroid of a body, 
whether rigid or not, effected in any time, is the same (§ 60) 
as it woufd have been if all the forces on the body had 
been applied to a free particle of mass equal to the mass 
of the body ; and so if the horizontal component of the 
reacting impulse at the axis be I' (measured as before by 
the time integral of an impulsive force), and v be the 
change of speed of the centroid in the direction of the im- 
pulse, we have Wv = I -I' ( 1 ) 


uiio inuiiicixu ux uiic xxiijyu.inc euuuvxu uiic ci/AiO iiiuou UU 

equal to tJie angular momentum generated about the axis, 
so that if a be the distance of the line of application of I 
from the axis, 

Ia= 

since v/h is the angular speed generated. Thus we liave 


Ta = =Wvl = {I-I')l, (2) 

by (1). Thus we get 

p) 


and /' is positive or negative according as a is <; or > i. 
Tlius if 66 = i, /' = 0, and there is no shock to the axis. 

Thei’e is no vertical component of impulse called into 
play. Tlie production of angular speed vjh about tlie 
axis calls into play a force towards the axis, of amount 
Wliv^lh?-— Wv^lli, on the body, and a reaction of the same 
amount on the su 2 ^port; but this being a force of finite 
amount, dojoending as it does on v/li, cannot in any very 
short time pi*oduce a sensible change of momentum. 

218. Impulse applied to Rod on Smooth Table. Impulse on 
Pivot. Consider a rod of length 2//, resting on a horizontal 
table. If the rod be of uniform weight per unit length 
and friction be absent, it will, if struck at one end A by an 
im 2 )ulse along the table at right angles to the length of the 
rod, begin to turn about a point B, at a distance of 
from A. jB is the centre of oscillation of the rod as a 
compound pendulum hung from the point A, and- if the rod 
is struck by an impulse at C, directed as before, it will 
begin to turn about A. In neither case will there be any 
impulse or shock ap^died to an axle at the point of turning. 
The {)roof is similar to that given above for the compound 
pendulum. 

Let I be the imj)ulse and v the speed of the centroid 
produced. Then if W be the weight of the rod, we have 

Wv^I. ( 1 ) 

If the rod turn about a point A at distance x from the end 


moments about the point A, we get 

Wv(x-k)+ (2) 


or, substituting the value Wv of I on the left, and rejecting 
the common factor W v, 

( 3 ) 

Thus we obtain x = ih, and the statement made above as 
to the point of turning is verified. Moreovei', this result 
has been obtained on the supposition that no impulse, 
except that at tlie end, has been aj)plied to the rod, and we 
infer that if there had been a pivot at the point li, it 
would have experienced no shock. 

But let a pivot be provided at a distance x^ from the end, 
so that the rod is constrained to turn about it, and let the 
impulse I be applied at the end as before. If I' be 
the impulse now applied to the rod by the pivot, in the 
direction parallel to that of /, we have 


Wv^I+r 


and 


Tx^ = Wv {x^ — Ji) + W 7 


A2 


3 — h 


.( 4 ) 

.(5) 


Tliese equations, since x.^ is now fixed, enable us to deter- 
mine I' and V, We see first that if ;7q = //., v must be zero: 
this is obvious without calculation, for then the centroid is 
fixed and its speed v is zero. It will be seen that the 
e() nation reduces to 

/'= (6) 

which vanishes when For v we get the equation 


Wv^ 


Sxx (x^ — h) 
Saij — ^lix^ 4“ 4/t 




0 ) 


Ex. 1. Verify tliat when = the kinetic energy is a iniiiimuui 
for given speed u of the end struck. 

The angular speed is and the moment of inertia aljout tlie 

pivot i.s W — hy\. Hence the kinetic energy is 

and this, by the ordinary criterion, is a minimum when — 
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Ex. 2. )Sliow that if the inipulrte I ap])]ied to the end of the rod l)e 
given, the kinetic energy is a niaxiiuuni when 

It will he observed that in this case u is not given but dejiencls on 
the value of I. But the kinetic energy is still -J- 
and since k\ we have Wu^= Wv^x\l{x^- hf. Thus, by (7), 

we get for the value of the kinetic energy, 

U 

2 \ * W 

We have seen that the recijjrocal of the fraction in the brackets is a 
inininmm when = hence the fraction is a maxinnnn for that 
value of .i\. But I-/ W is given, and so the kinetic energy is a 
rnaxiniuin. 

These examples illustrate by particular cases a general theorem of 
maximum and minimum energy of a system set in motion by impulses, 
which we shall explain later. 

Ex. 3. An impulse / is applied at the distance x — fji from one end 
of the rod ; prove that turning will begin about that end. We have 
again for the motion of the centroid /= Wv, and if the rod begins to 
turn about a point in itself, or in line with it on the table, at distance 
•r from the point struck, we have, taking moments about that point, 
Wv{.v - lfl/iV/(.^’ - JA). Substituting IE/; for /, we obtain 

X {x - 1 k) — (x - J /i)'^ -i- J or j A (x - J A) = /j A^, that is x = A. The rod 
therefore begins to turn about the farther extremity from the point 
struck. 

The student may easily ex])eriment on this subject in any smith’s 
shop or engineering laboratory. Let him take a uniform bar of iron, 
measure off two-thirds of its length from one end, and mark the point. 
Then, gripping it by the farther extremity from the mark, let him 
strike the bar forcibly against the edge of an anvil, at a point a little 
beyond the mark to allow for his grip of the bai‘. He will feel little 
or no jar from the blow. But if the point of the bar which strikes 
the anvil be much farther off, or much nearer the hand, the jar will 
be very unpleasant. 

Again, if the bar is held at a distance of two-thirds of its length 
from one end, and is then made to strike the anvil, there will be a 
very perceptible jaC, unless the point of collision is the farther 
extremity of the bar. , 

Ex. 4. Show that a uniform sphere, oscillating about a point on its 
surface under gravity, has a ])eriod equal to that of a simple pendulum 
of length equal to *7 of the diameter of the sphere. 

Hence explain why the cushion of a billiard table is at a height 
above the table equal to *7 of the diameter of a billiard ball. 
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tlie hinge is on the line from 0 through the first centroid. We have 
.v=^sin 6, ^=^cos Oj h,vll = h sin 0, /u//l = kcos 0, f =^sin ^^+ctsin c/j, 
7/==^ cos 0 + acos <j{), where 9, c/) are the angles which the line in each 
pendnliim through the centroid and the hinge makes with the vertical, 
and a is the distance of the centroid of the second pendulum from the 
hinge. These lines are supposed to remain in one plane — the plane of 
vibration. 

We have then 

cos 9 . 9, 2 y—~/Lsm 0 . 0 , 

^=l cos 9 . 9-{-a cos </) .<jj, 7) = — I sin 9 ^ 9 — ct sin c/j . 

- h sill e.^ + /ioosd.e, = - a cob a sin (9 . r ■ ■ 

^ sin 9 . sin (/> . 4- ^ cos 9 . 9+ a cos cj ) . <^, 

ij— - I cos 9. 9‘^~a cos (/) . (j)^ -Ism 9 . 9--a sin (ji. c/). ^ 

The angular momentum of the first pendulum about 0 is clearly 
}\\{Jh^-{-k\)9^ if T'F, be the mass and Z-j the radius of gyration of the 
pendulum about the centroid in the plane of motion. The angular 
momentum of the second pendulum about 0 is, if h, be the radiu.s (jf 
gyration about the centroid as before, 

~ cos 9. 9-\-a cos cj ) . c/))(Z cos 9-\-a cos </>) 

+ (^sin 9 . 6^ + a sin </>. (j)){lsin 6^ + a sin <j()) + , 

that is 

W^{Pe+{a^+/c^cl>+alco!i(<l>-e){e+4)}- (2) 

The total angular momentum of the system about 0 is thus 

>F, {IP +k\)d+ W,{PB+ («=+ AS) <i>+al cos (</> -e){B + <!>)}. 

The time-rate of change of this equated to the total moment of the 
forces of gravity gives an equation of motion 

l\\(h^+ki)9+ ir,{Z2^+(a2+/c’o)0+a?cos(</. - 9)(9-^^) 

— al sin (cj} — 9)((jy^ - 9'^)~ —{ W^gh sin 9 -1- 1 F 2 ,' 7 (^ sin 9 + a sin 

We obtain another equation of motion by calculating the angular 
momentum of the second pendulum about the fixed pomt of space coin- 
ciding with the point of attachment to the first at any instant, and 
equating the time-rate of change of that to the moment W.^ga sin 



aooiit tliat position. Tlie ariguJar niomentiiiii is -y) -V\^~ '^')h 

and in taking tlie time-rate of change of this, we must regard ,r, y as 
constant. We thus obtain, as the reader may verify, 

+ /’o) (fi -{- al cos (</j - 6) d-\-al sin («/> — 6) 0^ = — sin </;. (4) 
Subtracting tliis from (3), we get 

W.^{l^d+alcos{cj>-e)^-aism(^}-e)<i>'^}\ 

= -(W,k+W./)game.j ^ 

We may take (4) and (5) as the equations of motion. 

A chain of n pendulums vibrating about parallel axes, the first 
pendulum attached to a fixed point, the second pivoted on the 
first, the third on the second, and so on, can be dealt with in the 
same way. The rate of change of angular momentum of the 
about the instantaneous position of its pivot, is first found and equated 
to the moment of the forces of gravity on the peiiduliuii aboufc 

that pivot, which gives one equation : then the and are 

taken together as one system turning about the pivot on the 
and an equation of motion found as before ; and so on until the n 
pendulums are taken together, and 7i equations in all are obtained. 

Ex. 1. A plane lamina rests on a horizontal table between which 
and the lamina there is no friction. The lamina is pivoted to one end 
of a horizontal rod which turns about a vertical axis at its other end. 
If the rotation of the rod be uniform, show that the motion of tlie 
lamina relatively to the rod is that of a simple pendulum of lengtli 
equal to {a--\-kt)g/al^j where a is the distance of the centroid of the 
lamina from its pivot, the radius of gyration of the lamina about 
an axis at right ^angles to its plane through the centroid, I the length 
of the rod, and d its uniform angular speed. 

Ex. 2. An inextensihle thread of negligible mass and length a has 
one end attached to a point on the rim of a vertical wheel of mass J/, 
radius and radius of gyration k about its axis, and cai'ries at the 
other end a particle of mass m. Find the equations wliich determine 
the small oscillations of the system about the position of stable 
equilibrium. Prove that the two principal periods are 
where n. 2 , are the real positive roots of the equation 

Mkhm^ - + mat + -f mlg"^ = 0. 

Ex. 3. Two equal uniform rods AB^ CD have each mass m and 
length 2<^. The ends {7'aiid D are connected hy threads of 
negligible mass and length and the system is hung in a vertical 
plane on a horizontal axis passing through the centroid of the rod 
AB. If the latter rod be set in rotation about the axis, it is required 
to find the subsequent motion. 

The rod AB revolves with uniform speed, while the centi'oid of 
CD moves as would a simple pendulum of length 1. 



220. Small VilDrations of Double Pendulum. If now in the 
double pendulum we suppose 6 and c/) to be so small that we may 
^yL•ite (9, c/) for sin /9, sin cjf), 1 for cob(</)~V"X neglect terms in 
we obtain (§ 219) 

aW-\r («" + /t”) + o,g(l> = 0, "I 

(/i2 + /,f + e + a/4+ (a + •]?= l)ff0=o.j 

Writing h, d, e for the coefficients in the first of (1), and c, ph. fiov 
those in the second, as they stand in each case, we get 

b0-\-d^-\-e(l> = OA ^2^ 

c0-\- ph^+f6=^oJ 

where p=]iyibi. If now we put 0=^ sin f^), <j)= B?>\u{nt + a.), 
ind siibstitute in these last equations, we obtain 

hA}i^+ dBn^~eB—0^\ 

cAoi^ + phBii^-fA^O.i ^ 

which by elimination of A and B give 

{cd ~ - (ce ■i- fd)?^ -h ef— 0, (4) 


a quadratic equation for which, since cd> pB'^, has two positive 
roots. Thus, as before, we get two modes of vibration of different 
frequencies, one, the mode of greater period 27r/?q, in which both 
]}endulums are deffected at the same instant in the same direction 
from the vertical, the other, of smaller period 27r/?tjjj h\ which they 
are deflected in op]}osibe directions. 

Solving (4), we get 

^ 2 ~ )■ + 

«3 = 2^yp) + 4/’e/'P}, 

which, since cd> pb'\ proves that and tC are real and positive. 
The complete solutions of the differential equations (2) are thus 



9 = d isin (?qi: + ai)'fj‘l^sin + 

cj) == Bj sill (7id+(^i) + i)\ sin + a^). / 


The constants A, B for each frequency are connected by a fixed 
relation, namely, B,^=k, 2 ^A^. Multiplying the first of (3) 

by ph and the second by c/, and subtracting, we obtain the ratio 
Bj A^{fd-- {rd - pU^) 7i^}lhpe, so that 


Thus 




.(H) 


Thus Kj is essentially positive and i<., essentially negative. 
Multiplying these values together, we obtain 


f 


/C.K2== - ' 

^ ^ ep 


.(0) 


It is important to notice that if c(i== fd, the values of /Cj and /cg are 
equal in numerical value but have oj)posite signs, and further that, 
when the relation r,G~fd is not fulfilled, the imposition of the value 1 
on either of the coefficients /Cg inahes the other have the value 
-//ep. [See also Foppl, TechnisGke Mechanik^ Bd. VI.] 


221. Double Compound Pendulum under Special Conditions. 
Bell and Clapper. We shall now work out some examples of what 
precedes. 


Ex. 1. Eind the values of the constants of integration and the 
complete solution for small motions, when the initial values are 

^()i *^()5 ^Ao- 

We obtain easily from equations (6) of 220, 

0^)=A^ sin fx-i + A:* sin olo , (/>„ -k-^Ai sin clj H- K^^A o sin fjLg » 

A 1 cos OLi + m , 2 ^^-2 ? ^^0 — 1 2 ^-2 5 

from which bo find /lisinocj, ifosino.^, .dj^coso-j^, Thus we have 


e= 


_.„2 f 


/Cg -• Ki \ 


- {<k - /<1.(9|,) cos ■“ ’^ 2^1 J 


1 


(I) 


witli for (f) tlie same expression, modified by multiplying the first and 
third terms by Kj, and the second and fourth by Ko. Hence 


f/j _ $= — - — r - (kj - 1 ) I sin 7i^i -f- (</:»y - K 2 O 0 ) cos A 

/Co— K j^L 1. 72 1 J 


(:2) 


Tf we impose the condition that — 0, we get 


0 = 


_ 1 r _ .• 


/<2 — 


sin 


^ sin 71 J 


72., 




with the same expression for </>, modified by multi])]ying the first 
term by and the second by /c.g. Also in this case, 


,/,_5I = _.L ( - (k. - 1) sin !i,t H- {«, - 1 ) ~ sill iiA. (3) 

/C‘, K-i V 7h-\ 72.1 J 


From these last results we draw at once the conclusion that if both 
pendulums be started with the same angular speed 4 = 
remain zero, if /<j = l. The coefficient ^vill then have the value 
— fjep (see (9) § 220). These are therefore the conditions that the two 
pendulums should continue to vibrate as one, if started together as 
one pendulum. 

Such an arrangement of a bell and its clapper would, if started as 
here supposed, fail to give any relative motion of the jjarts, and the 
bell would not ring. We shall, however, consider the failure of a 
bell more fully in'esently. 

If in (2) we assume that k^ = 1, = suppose that (/>„ is 

zero, we get J ^ p 

^ sin n 2 t + </)o cos (‘i) 

, 

of which the maximum value is 6Jo)‘^+vio</)u/?i2- Thus, if the 

arrangement is such that ki = 1, then, although the second pendulum 
may have an initial deflection c/)^, the relative deflection cannot exceed 
the maximum value here stated, which it will be seen approximates 
to if 7^2 be great, that is, if the period of the second pendulum 
vibrating alone is short. Thus the relative deflection remains vei’y 
nearly (j^o, and the two pendulums still practically vibrate as one. 
This result still holds when </>o = 0. 

Ex. 2. Prove that if the condition ce = fd is f ulfilled , the values of 
/C|, /Cy are slfjpe^ —iJfjpe^ and of ?ij, 71^ are \/fd~\lpef b^/>Jcd- pb-, 

s/fd+slpe/b'-^lsjcd—pb'^y respectively. Find the finite equations of 
motion for this case. 

P small, prove that to a first approximation 

n^—^lejd^ and to a second apjjroximation 

ni = \^{fd{ee ~fd) - pefb-}l{ce ~fd){cd~ph% 

712 = ~f^ ) -b - pb-). 

Ex. 4. A rod of length 2a is suspended by a string of length I 
attached at one end of the rod, from a fixed point 0. 

Show that if the inclinations of the string and the rod to the 
vertical at time i be 0 and (^, the equations of motion are 

10+ a cos (<jf) -0)^- a sin (<^ - 0)<j >^ + // sin 0 = 0, 
f^a^ + lcos{4>- 0)0 + 1 sin ((fi- 0)(9‘'^-f-^sin<^=O. 

Hence find the equations for small motions, and show that the 
equation of frequencies is 

{aid - Zg){hd — Ag) — 

Show that this equation has four real roots, and write down the 



zZz. Driving ana Driven Pendulums- Porced vibrations. 

The corresponding values of /Cj, in the Ex. 3 are approxi- 
'rnately = hfl {ce -fd \ k.j,~ -{do - fd)jbf)c. The value \lfjG of 7ij is 

very nearly tliat is, where L is the lengtli of 

the equivalent simple pendulum for the first pendulum oscillating 
alone, and ^/e/d is the same thijig for the second pendulum. Thus 
the two fundamental periods of the system are simply those of the 
two pendulums, eacli hung up alone. 

If, then, p= iiyilq be small, and the double pendulum be started 
from rest with ^„ = ( 56 ^ = 0 , and ^^^0, by imparting an initial angular 
speed 6 ^„ to the first pendulum, we have, by ( 1 ) above and the appi'oxi- 
mate values of /Cj, K 2 , 



Since p is here supposed small, and it is assumed that there is no 
approach to fulfilment of the condition ce—fd—0^ the second term 
makes only a small addition to the first term, which is the main value 
of 6; but so far as the second term goes it varies in the period 
^Tr^ldje. 

The value of (/j is obtained from that of 0 by multiplying the first 
term by and the second by that is, 



Of coui’se, if the effect on the period of oscillation is required witli 
exactness, the more closely approximate values of must be used. 

If the second pendulum has a very short equivalent simple pen- 
dulum, \/c// may be so great in comparison with ^d/e, that the main 
part of (/) is represented by the first term, and this varies in the 
period of the first pendulum. This, of coui’se, is what we should 
anticipate without calculation ; the massive upper pendulum acts as 
driver, and the small attached pendulum is driven in the yieriod of 
the other, and acquires a steady amplitude of vibration of considerable 
amount, while the vibration of the driving pendulum is but little 
art'ected. The term, however, in the value of 0, which has the period 
of the second pendulum, is great in comparison with the corresponding 
term in the value of 

It is to be observed tliat here cj) has for its main term the same 
sign as 0 , or the opposite sign, according as ce'>fd oi’ ce<fd^ that 
is accoi'diiig as the period of the natural vibration of the driving 
pendulum is greater or less than that of the driven. 

223. Theory of Seismographs. The principle of the Gray-Milne 
seismograph, and of other seisniograpliic apparatus for registering 
earth vibrations may be regarded as that of the double pendulum in 
the case here discussed ; but the motion of .such apparatus falls more 



may be considered to be the driver and the 
pendulum "of the instrument, wliicli has naturally a long period, as 
driven. The period, of the driving vibrations is very short, 

so that\/c;//is small, and ^.irsfdje is relatively great. The condition 
that liyil^ is negligible holds here, of course, so that we need 
only include vibrations due to the earth itself in 6, for there can 
be no sensible reaction exerted by the apparatus on the earth. VA^e 
have thus 


0 = A si 




.(3) 


The effect of this on the seismograph is to produce a vibration — 
along with which will be free vibrations of the seismograph itself, in 
its much longer period ^Trs/dje, All these will be registei'ed by 
the apparatus, but there is no difficulty in distinguishing those due 
to the earth or building from those of the instrument. AiVe have thus 

(f) — K^0 + Bsiin ^ (4) 

The value of /Cj is hfljca - fd) = {hle)l{cl f- dje) ~ 47r‘^(^/g)/( ~ 7^) if 
l\ = 27TsJclf, T.j,=^^n^dle. Thus 

<^>= + ) 


AVe may write this, putting ?>/e = 
^ttHO 




■ Ijg, in the form 
f%TT 


+ B sin 


VJ\ 






(G) 


since is very much greater than in almost all cases. Tin 
quantity 10 is the linear displacement of the point of suspension o^ 
tlie seismograpli pendulum, whether placed horizontal or vertica 
(see § 226). The relation of tlie amplitude of tlie vibrations, a{ 
registered, to the actual aupolitude, can thus be calculated. 


224. Bell and Clapper. Ite turning now to the bell and its 
clapper, it will be observed that if TiyiFi be veiy small, as it is 
in this case, and if I be not very great, we may neglect in (2), § 220, 
the term multiplied by tliis ratio. " AVe have then 

al 0 + -I- ^ -p agej) ~ 0, 

(/r + /j j ) O-h hg 0 = 0. 

Tliese are identical equations if 

0 = (^, ^ = (/>, and a = hl^ al + = /’j. 

The length of the equivalent simple pendulum is then for the first 
(the bell) vibrating alone, 

(/i -|- k'^lh ^ aA" kj(i = it {ctl -f- — kr la = ^ -p A, 


second (the clapper) vibrating alone. 

The two pendulauis if started together with and will 

thus vibrate so that 0 remains equal to c/), if the distance of the centre 
of oscillation of the second from the point of suspension 0 of the 
s^^stein, when the centroids are in line, is equal to the distance of 
the ce)iti'e of oscillation of the first pendulum from tlie same point. 
Thus, if the first pendulum is a bell and the second its clapper, and 
the conditions of starting are as stated, the bell will not ring. One 
way of curing a bell from behaving in this way would be to lengthen 
its clapper considerably. This is said to have been done for a bell in 
the Cathedral of Cologne. 

225. Forced Vibrations. The subject of forced vibrations 
referred to above is of great importance. Examples of it 
are found in the phenomena of the tides, which are oscilla- 
tions of the water on the earth’s surface and of the eartli’s 
substance, produced by the periodic action of forces which 
are not to any appreciable extent controlled by the earth 
itself, in such a way as to enable tidal vibrations to have 
any of the free periods of sucli disturbances. A ship is 
made to vibrate by the revolution of the more or less 
unbalanced parts of the engines, and it is made to pitcli in 
the period of the waves it passes over, and to roll in the 
period of the waves tliat pass under it transversely. In a 
great number of such cases it will be seen that the control 
of the driven body by the driving oscillator is absolute: 
the energy of the latter is practically unlimited, or, at least, 
the part abstracted by the driven body is so small a fraction 
of the whole that no modification of the driving oscillations 
is noticeable. It is otherwise, however, in such cases as a 
pendulum driven by another pendulum of energy of motion 
comparable with that which the former possesses when in 
full swing. Take, for example, a beam and scales, in which 
the beam oscillates about its knife-edges (when the scales 
hardly swing about their suspensions), in nearly the same 
period as that in which the scales swing alone. When the 
iDeam is set oscillating the scales gradually increase theii* 
pendulum swing about the extremities of the beam, whicli 
in its turn comes to rest, to begin oscillating again as the 
scales in their turn become the driver, and so on. Thus, if 
the system is left to itself, a continual backward and 


the scales, from the scales to the beam, and so on, nntil all 
the energy has been transformed into heat by the friction 
which retards the motion throughout. 

This is the problem referred to in § 108 as having been 
discussed by Euler. It is obviously an example of the 
double pendulum of which the theory is given above. 
The reader may now woi*k it out for himself and trace the 
energy changes, leaving friction out of account. 

226. Simple Pendulum with Vibrating Support. As an 

example of forced vibrations, we take first 
the case of a simple pendulum hung from a 
point P, which is constrained to vibrate in a 
horizontal direction about a mean position 
0 (Fig. 98), so that its distance x from that 
point is given by the equation cc = asinj>i 
Let I be the length of the cord, m the mass 
of the bob, 0 the angle which the thread 
makes with the vertical at any instant, and 
P the pull whicli the cord exerts on tlie bob. 
The horizontal distance of the bob from 0 
at time t is x-\-l sin (jj, and the vertical distance 
I cos <j). Hence the ccjuations of liorizontal and vertical 
motion are ^2 

+ 1 sin 0) = — P sin r/>, 
cos (j>)= - P cos 0 + mg 

or cos sin r/> . (j7) = — P sin 0, | 

— jj — lcos 0. 0“)= —Pcos 0 + mgr.J 

Multiplying the first of these by cos 0, the second by sin 0, 
and subtracting the second product from the first, we 


eliminate P and obtain 

^0+3sin0= --rrcos0, (2) 

which, if 0 is always small, may be written 

+ = I 



Fig. 98. 


We now assume that smpt is a particular solution 

of this differential e{|uation. Substituting, we obtain 

that A 

But if be the period of the forced oscillation of the point 
of suspension, and the natural period of the pendulum, 
p 2 _ 47 j. 2 ^y 2 ^ gll=:4}'ir^lTl, and we get 

Tl 


A = 


4i7r^a 


a 


Tl- 


r~i 


(5) 


Thus, adding the complementary function to the particu- 
lar solution, with the value of A just found, we obtain 


<f>'- 


47r^ 


cATl^T^,) 


a sin pt + J5i sin t + B 2 cos ^ 


t ...(6) 


4i'7r'^ . 27r, , , /27r, \ 

^ ^ "b ^ 3 (^) 

where G and ol are constants. This, as the reader should 
notice, agrees with (5) of § 223, for the quantity 19 {I has 
there a different signification) which occurs in the first term 
of f/> in that equation is clearly the present asinpt. 

It is important to observe that, if T^, the forced 

vibration term in the solution is opposite in phas§ to the 
exciting vibration, and that the amplitude of the latter is 
altered in the ratio of 47r^ to fj{Tl — a ratio which is 
greater the more nearly the two periods coincide. Examples 
are a plank of wood, which when floating in water has 
a very short free period, and follows at once the motions 
of the waves in a seaway, and a vessel, the period of rolling 
of which is greater than the half period of the waves in a 
seaway, and which therefore oscillates in the opposite phase 
to what must be regarded as the exciting oscillation in this 
case. Other examples are the driven pendulums discussed 
in § 107. 



Resonance. When, however, the two periods — the natural 
period Tg pendulum and the impressed period 1\ 

given by the motion of the point of support — coincide, the 
particular integral wliich we have assumed is not applicable. 
We now assume that cj^^AtGO^'pt is a solution. Substi- 
tuting in the differential equation, 

= ilf 

we find that A = and therefore we have 

0=: ^ a pt+ B^mn ^|i + jBoCos 

with = or, by the values of To given above, which 
are now e(]ual ( = T, say), 

^ V T 

Thus the “forced” part of the oscillation is a vibration 
of frequency 2:?/27r, a quarter of a period behind the exciting 
vibration in phase, and of amplitude increasing uniformly 
with the time. The exciting vibration is given by 
x = a^mpt, and therefore at t — Q we have a^ = 0. Tlie 
forced part of cp represents the oscillation of the pendulum, 
which lias grown up in time t from rest through the action 
of the point of support ; and it is not difficult to see how 
tlie difference of phase arises. For at ^ = 0 tlie pendulum 
hangs vertical with the bob at rest, and the point of 
support is then moving with maximum speed, towards the 
right, let us say. As soon as the cord becomes inclined 
tlie bob is made to follow, and angular speed (p of the cord 
begins to grow up, and continues to do so as the speed of 
the point of support falls off* until when tlie latter point 
has its furthest displacement towards the right the value 
of cj) has become a maximum, and the cord is now again 
vertical, becemse the natural period of vibration of the 
'pendulum is equal to that of the variation of x, and a 
quarter period of both has elapsed since t~0. From tliis 
instant the slope of the thread is towards the right, and the 
speed of the boh towards the right begins to diminish, and 



m zero wlien tne point or support lias come back to its 
middle position, and again the pendulum motion is a 
(luarter period behind that of the point of support. Then 
motion of the bob towards the left begins, and continues 
until the point of support has returned to its middle 
position, and so on. At eacli swing the exciting action 
is repeated, and the appearance of the factor i in tlie 
amplitude is explained. 

We have hero an example of resonavee, by which a body 
is set into violent oscillation by an exciting vibi'ator, the 
period of which nearly agrees with the free period of the 
body. But it is to be observed that in the particular case 
of the pendulum, as in others, the results of the theory 
given above, and of the parallel theory that holds for these 
otlier cases, are modiHed by tlie frictional and other re- 
sistances to motion that exist. The theory of forced 
oscillations with friction proportional to speed is given 
in ^ 235 below. 

228. Examples of Kresonance. Examples of resonance occur in 
all parts of physics. The column of air in a sea-shell, or in an organ 
pipe, picks out from a confused mixture of vibrations in the air that 
vibration wliich suits its period, and if there is energy enough 
available, sounds (piite loudly its own proper note. The student may 
experiment by sounding different notes in a room in whicli there is a 
piano, the keys of which, in order to lift the dampers from the 
strings, are held down by a ])ar of wood hud along the keyboard. 
The notes, if they are in unison Avith notes of the ])iano, will be echoed 
by the strings, whicli will continue to he heard after the exciting 
sounds liave ceased. 

Again, a ship which lies broadside on to waves in a sea-way is 
set into forced vibration, in being made to roll from side to side 
in the half-period of the waves, and, if the natural period of rolling 
(the time of what is commonly called two rolls) of the ship in still 
water agree with the period of the wave, the angle of the inclination 
of the ship may be carried dangerously near the limit of the ship’s 
stability. It is also to be remembered that while there may be 
no such coincidence of periods when the sliip is disabled and rolling 
“in the trougli of the sea,” or steaming in a direction parallel to 
the wave-crests, it may arise when tlie ship steams obliquely across 
the direction of the waves, because then the period of the wave at the 
ship is altered by the relative motion. Tims H.M.tS. DevasUtiion 
lying broadside on to Avaves having a period of about 11 seconds, 
rolled through a maximum angle of C)V to AvindAvard and to 
lecAvard, or through a total angle of 14°. She wjis then made 



to steam obliquely away from the waves at a speed of 7|- knots, 
when she was found to roll 13° to windward, and 14F to leeward, or 
through a total angle of 27|° [Sir William White’s Naval ArchitcoturCy 
p. 242]. Thus the period of the wave and the ship’s “natural period” 
of rolling much more nearly synchronised in the latter case than 
in the former. The rolling of a ship is greatly modified by resistance, 
and the irregularities of the waves tend besides to prevent the full 
effects of synchronism from being experienced. Often an almost 
imperceptible but regular swell in calm weather will, if synchronism 
exist, produce a much greater effect than waves in a heavy sea. 
“Admiral Sir Cooper Key observed that the vessels of the Pnnce 
Confiort class were made to roll very heavily by an almost imper- 
ceptible swell, the period of which was just double that of the ship” 
[Sir William White, loc. The ship’s period in this quotation is 

half the complete period. 

It has also been observed that in the rolling of ships produced 
by a regular succession of waves the amplitude of defection alternately 
ijioreases to a maximum and diminishes to a minimum. This is due 
to alternate coincidence and opposition of the forced and free 
oscillations. If the ratio of the periods be expressed by pjq^ 

where p and q are two whole numbers which have no common factor, 
tlien pl\,—qT^ (and no smaller multiples of 1\ and can satisfy this 
equation), and so in every interval of time or qT^ agreement or 
disagreement of phase between the forced and free oscillations will 
recur. 

If the student attempts to deal with the problem of §226 by the 
method of energy, he will see that the pendulum is not what has been 
called in §65 a “self-contained system,” for it receives energy from 
the exciting vibrations. The rate of receipt of energy can be 
estimated, but that involves the introdnction of the pull of the 
thread on the bob, and then the method of solution coincides with 
that adopted above. 


229. Examples of Forced Vibration. 

Ex. 1. Show that Py the pull exerted by the cord on the bob 
(§ 226), has the value if small quantities of the second order arc 
excluded, and only the forced vibration is considered. 

Find also the value of P when small quantities of the second ordei 
are taken into account. 

Ex. 2. The point of suspension of a sinq)le pendulum has forced 
simple harmonic motion in a horizontal line, of period -I sec. and 
amplitude I inch. If the natural period of the pendulum be 1 sec., 
find the amplitude of the forced vibration. [R.N.O. 1909.' 

By (6) § 223, the angular amplitude in radians is Air'^alg^Tl- 

— _ T • n _ J 1 r> T *1 I* m n i • T 


falling body at tbe place [say 32J-(ft /sec.")]. Tlie angular amplitude 
in radians is theiefore 


9-87 X 4 
12x32JxJ 


< 3 , 


nearly. 


But ^/47r“ is the length of the simple pendulum, and therefore the 
linear amplitude of the forced vibration is = — 1/4)= l?j, 

in inches. 


Ex. 3. An instrument for the detection of vertical oscillations has 
been made as follows (Fig. 99). A strong post with attached bracket 
stands on a massive base which sup- 
ports the whole apparatus. Fi*om the 
bracket hangs a .spiral or other s])riiig 
with its lower end attaclied to a hori- 
zontal lever, at a point distant I from 
a pivot, or knife-edge, about which 
the lever turns. The lever is loaded 
with a mass whicli can be clamped at 
different distancc.s from the pivot, and 
which gives the lever and attachments 
a large moment of inertia about the 
pivot. The spring is .so stretched that 
the lever is horizontal when the apparatus is in equilibrium. It is 
required to find the natural period of free vibration of this spring- 
lever arrangement, and explain how it can be used for detecting 
vertical vibrations. [K.N.O. 1909j 

Let the arrangement rest in equilibrium wuth the lever horizontal, 
and let the moment of inertia about the pivot be and the moment 
of the whole weight about the same axis be Mgli. Further, let the 
equilibrium elongation of the spring, beyond that produced by its 
own weight, be .s, and the pull in consequence exerted on the lever be 
F. We have then Fl^Mgh for equilibrium. Let the elongation of 
the spring be increased from s to s-h.r ; then the upward pull applied 
by the .spring is increased to ,r)/.9, and the moment of this about 
the pivot is F{^-^x)l\8. If be, as we here suppose, a small elongation, 
the opposing moment of forces is Mgh, and so the net moment giving 
angular acceleration B — xjl to the lever is Fxljs^^Mghxjs. The 
equation of motion i.s tlierefore 

X _ Mgk X _ glj^) 



tliat is, 


X x=^0. 

k-s 


Thus the free period of small o.scillations is 27r /(///?, and the 
length of the equivalent simple pendulum is khjhL By making I very 
small, that is, by attaching the spring at a point very close to the 
pivot, the period of free vibration can be made very great. 


Tliift apparatus was proposed as a vertical motion seiRmogra])li l^y 
the late Professor Tliomas Gray (see Trans. Sois. /S'oc., Japan, 1870). 
The arrangement enables a long period to be obtained without the 
use of an inconveniently long spring. 

Writing, now, for (jhl\kh., so that is the frequency of vibra- 
tion, let the support from which the spring is susjDended, and the base 
carrying the lever, etc,, be subjected to a vertical vibration, the 
displacement in which is ^ — a^mpt at time t If .v be the distance 
at the same instant of the point of attachment of the lever ])elow the 
level of the pivot, and the acceleration ^ be in the o])positc direction 
to .r, Ave Imve, at the instant, elongation of the spring = .r, and so the 
moment of farces producing angular acceleration is jl/fj/ix/s. The 
angular acceleration is then and the equation of motion is 

-(Jv-{-0!l=g/i;vlk-s. This may he written in the form 
.i’ + nh: ~ £ ~p-a si n 

The forced vibrations are therefore given by tlie integral equation 


X 


pki 
n^ — p^ 


sin pt., 


and this, if the natural vibrations are negligible, is the equation of 
the vibrational motion of the arrangement. The period is that of tlie 
forced oscillation, a.nd the amplitude is 

The lever Avrites, by means of a ]jen fixed upon it at a coiiA^enient 
point, the vertical oscillations of that point on a A^ertical lihhon of 
paper carried on a suitable holder placed on the base of the apparatus. 
Tlie paper is carried past the pen by clockwork, and the relative 
motion of the lever and the siqiporting frame-Avork is thus registered. 
Tlie period of natural vibration is generally much longer than 
and the forced oscillations are thus easily separable in the record 
fi’oni the natural vibrations, and their period can he determined from 
tlie rate of motion of the ])aper. The equation foiM.- gives tlie reducing 
factor by Avhich a can be found from the registered amplitudes. 


230. Examples of Mutually Influencing Vibrations. Ex. 1. 
Oscillations of Balance and Case of a Watch, The bending of 
the spiral liair-s]n‘ing caused by the deflection of the balance from the 
equilibrium position gives rise to a return couple, the moment of 
Avhich is ])roporti()nal to the angular detlection 0 nndtiplied by a 
constant, E say, depending on the elasticity of tlie sjiring. Thus EO 
the moment of tlie couple, and if ?c/:“ he tlic moment of inertia of tlie 
balance-wheel a,iKl the liair-spring v/hich swings Avitli it, the equation 
of motion is p 



and this, for properly .shaped s])rings, is very nearly true, even for 
somewhat large A’^alues of 0. The period of oscillation is therefore 


Wo Kuaii suppose, toi* snnplicity, that the haianco wheel has its axis 
tlirough the eeiitroid of tlie rest of the wateli. If then the watch he 
liiiiig with its face horizontal by a sling attached to a long line cord, 
th(i torsion in which uuiy be neglected, or be laid on its back on a 
Hinooth table, it will, when the balance swings round in one direction 
througli an angle swing in the opposite direction through an 
angle c/> given by the equation wlc^d— where Ib/i- is the 

inoinoiit of inertia of the watch (without the balance-wlieel), for 
tui'iiing about a vertical axis through the centroid. For the hair- 
H])ring exerts on the balance and the rest of the watch forces which 
have e(jnal and opposite moments, and so throughout the motion we 
have so that ivh^O— Tr/r^(/>. 

The deflection of the balance- wheel is now ^ + and so the 

e(j nation of motion is 

w 

Thus the period is changed from 

"^.Tr^Jwk'^jE to 27r V ^ok-j'jE{ I + wlc^j WK'^\ 

and the fre(iuoiicy from/ to /(I -f Thus the watch goes 

more (piickly. 

A pocket chronometer belonging to Archibald Smitli of Jordanliill 
(presented by the Admiralty for his work on the Deviations of the 
Compass in Iron Ships) when thus suspended was found to gain 
1 second in 1299- In tliis case the ratio of frequencies was i;300/1299, 
and therefore hoJc-jWIC^ was approximately 1/1299, that is, the 
moment of inertia of the watch was about 649 times that of the 
balauco- wheel. [Lord Kelvin, ‘‘On the Hate of a Clock or Chronometer 
as lulluenced by the Mode of Suspension,’’ Popular Lectures and 
Addresses^ voL ii.] 


231. Ex. 2. Watch hung by Bifilar Suspension. Theory of 
Bifilar. A watch is hung with its face horizontal by two threads each 
of length I attached at their upper ends to 
two points on the same level at a distance 
!2f6 apart. The loAver ends are sym- X 
metrically attached to the watch at a / V 

distance 2r apart. It is required to find / ' 

tlio edeeb of the vibrations of the siipiDort / X ^ ^ | \ 

on tlm rate of the watch. 1 O Cl A 

Lb will be clear tbat when the watch in \ / 

banging in equilibrium each thread \ / 

incl filed to tlie vertical at the angle ^ 

siir {(rft — n)jl}- When the watch is turned 

through an angle ^ about the vertical lOO. 

tlu’om^h its centre, the inclination of each 

thread to tlie vertical is sin"^A/?/7. Hence if P be the pull applied 
hv thread the two threads tocrether apijly a couple to diminish 


6^, or winch the moiuent is r . Aiijt ^a'^m LUxi d 100). But 

sin L Oh j5/sin <j) = rlA B, and the moment of the couple is 2Parsin 
Now, if, as we shall suppose to be the case, I be great in comparison 
with r and a, we have ’iP—{W-\-w)gj since the vertical acceleration will 
then be small. Here IF is the weight of the watch (without the 
lialance) and the sling, and w is the weight of the balance. Hence if 
K be the radius of gyration of the watch and sling, and h that of the 
balance, the equation of motion, if the watch is not going, is 


( >r/i2+w^“)<^4-(TF+w) jf/ sin c/) = 0 (3) 

Thus, for small motions, the frequency is 

V ( 1 1 w) («VY//^)/( I F/i ^ H- ? r/t;-)/27r. 

We shall denote this by F, so that 

lF/r^+rf) = ( W+w)argll (4) 


Tf now the balance be vibrating, and its deflection from the position 
which it occu 2 )ies when everything is at rest be 0, the equation of 
motion of the watch, etc., without the balance, is 


1FA'2^+( TF+«;)!|’ «) = 0, (5) 

and that of the balance alone is 

wJc^B — E{^j) — 6^) =0 ( 6 ) 


If blip balance were vibrating alone the equation of motion would 
be ■wIc^d + E0=0j and tlie frequency of vibration would be 

slEjiok'^j'^Tr — /, 

say. Thus 

The two equations of motion (5) and (6) are satisfied by 

9— A sin ^Trnt, cjj—B sin ^irnt (7) 

(so that 71 is the frequency), provided the equations 

- 47r2«2 ir/r =(/> + ( ir+ w) j </</, +£■(</>- 6>) = o, [ 

— iTThiholty^d -jE(<[) — 0)=0,i 
hold simultaneously. The necessary condition for this is 

B _ E _E — A-irhoBh ^ 

-^^^nVlW+{^¥+w)'^g + E ^ 

)Substituting for E and ( TF+w)ar^/^, the values 
47r2/W and 
found above, we have 
B p-n^ 





11 iT(i uw |juu iur L-i-iu/i-j n il j uqucioiuii ^iu; Jutty utj wriLteu iii 

the form 

{?i2 _ (1+ e) F^} {n^ -(l+e) p} - eF'^ (11) 

This equation in has two positive roots, one between + oo and the 
greater of and (1 and another between the smaller of 

these and 0. For when -f-oo , the left-hand side is positive, when 

?i^ = (l+e)f^2, or ?i^ = (l it is negative, and when 0, it is 
again positive. 

We see therefore that if n be greater than F\/l^-e^ or greater 
than/Vl + e, it must be also greater than the other, and the watch 
gains. But (10) shows that then BjA is negative, that is, the watch 
and balance are then deflected in opposi te di rections at each insta nt. 
On the other hand, if n he less than i^Vl+e, or less than /n/i + c, it 
must also be less than the other, and the watch loses. Then A jB is 
positive, and the watch and balance swing in the same direction at 
each instant. 

It is important to consider what will happen if the bifilar 
suspension is held at rest while the watch goes, and is then left to 
itself. The discussion of the analogous case in § 107 above answers 
this question. The watch becomes the driving pendulum, and we see 
that if the natural period of the bifilar be greater than that of the 
watch balance, the two vibrations, that set up in the bifilar ai’i'auge- 
ment and the vibration of the balance, will be in opposite phases and 
the watch Avill gain. This case can be arranged for by placing tlie 
upper points of attachment of the threads sufficiently close together, 
so as to make the value of which varies as a, small enough. 
The mode of vibration is sbown in Fig. 44, where the iqqjer 
pendulum represents by analogy the watch balance, and the lower 
pendulum the bifilar pendulum. 

On the other hand, if the natural period of the bifilar arrangement 
be smaller than that of the watch balance— and this can be ariuiiged 
for by placing the upper ends of the threads sufficiently far apart— 
the vibration set u]) by the going of the watch, and that of the 
balance will be in the same phase, and the watch will lose. The 
mode of vibration is repi’esented by the diagram of two pendulums 
in Fig. 44, where, as before, the u]:)per pendulum corresponds to 
the watch balance, and the lower to the bifilar pendulum. 

This last result is of great iniportance in its bearing on the proper 
mode of supporting a clock which is intended to keep accurate time. 
Very frequently the su])porting fi*amewoi‘k from which the pendulum 
is suspended is not sufficiently massive, wdiile it is rigid enough to have 
a short period of free vibration. The result is that the going of the 
clock is influenced by the mode of suspension just as that of the watch 
is in the second case just considered. 

Ex. 3. Prove that if the watch be hung by the ring from a nail 
(as a watch under adjustment sometimes is in a watchmaker’s shop) 
so that it oscillates like a compound pendulum under the influence of 



where h is tlie distance of the coiiinioii centroid, of watch and balance 
from the point of suspension. 

Hence show that the frequencies (values of n) of vibration are given 
by the equations 

lolc^p p — (h 

~W(K^ + /i^) 71^ + W{K^ + + ^6’ (F + 4- fhoB \ ■” O' 

where F'^={ W-}- w)g/i/{ WK'^ + wlc^ + ( ^o) and P — EjATthoJc^ 

ire the squares of the natural frequencies of free vibrations of the 
•vatcli hanging on the nail with the works stopped, and of tlie balance 
dbrating with the watch at rest. 

Approximate values of are and 

- {wk^j WK'^ )pl{p ” E'^), The frequency of oscillation and beat of 
the watch is n ih the two cases. 

It will be noticed that in all these problems no account has been 
taken of the effect of the motions of other pai’ts of the watch than the 
balance, e.g. of the escapement, etc. These motions must, of course, 
affect the results to some extent. 

Ex. 4.* A carriage of weight IK, mounted on side sj)rings at a 
distance h apart, oscillates about a longitudinal axis mid-way between 
tbe springs and on a level with their top : if the c.g. of the oscillating 
body be at a height h above the springs, and its radius of gyration 
about a parallel axis through the centi’oid be k, and the springs be 
compressed a distance c when the load upon them is in equilibrium, 
find the period of small oscillations. 

If the compression be x at any instant during an oscillation, the 
return force of the springs on one side will be Wxjc. One spring will 
be under compression, the otlier under stretch, and therefore the 
carriage will be acted on by a “righting couple,” due to the springs, 
of moment ^ Whxjc. The angle of inclination is then ^xjb, and if we 
call this d, the moiiient of the couple is \^¥l:>^0|c. Besides this a 
couple is applied in consequence of displacement of the c.g. This has 
moment IK^/isin^, and tends to increase 0, Thus the equation of 
motion for small oscillations is 

(A2+F)d'+^^!i^*(9=0. 

The period of oscillation is 2Trsj4,c{/i^-\-B)j{h‘^ — Ach)gj and the length 
of the equivalent simple pendiilum is h). The period 

is thus greater the greater k and the greater c ; but must be 
greater than 4c/i to ensure return to the equilibrium position. 

232. Dependence of Steadiness of a Vehicle on Period of 
Vibration. For steadiness, a long period of free vibration 
is essential : a carriage mounted on stiff’ springs (tliat is, 



be stin or tiie motion wiii be very uneasy, uare, nowever, 
must be taken not to turn corners quickly if the C.G. is 
high, otherwise the carriage may capsize. [See § 190.] 

The C.G. of a locomotive, or of a railway carriage, is 
made fairly high to ensure easy running; the righting 
moment of a ship, for small angles of heel to one side 
or the other, is usually made so small, that in a moderate 
sea the period of rolling is long. But the ship is so con- 
structed that, as the angle of heel increases, tlie righting 
moment increases more rapidly, so that there may be no risk 
of capsizing in a heavy sea, or, when a succession of waves 
passes transversely under the ship, the period of which may 
neai-ly coincide with the free period of rolling of the ship. 

Lord Kelvins compass card is made exceedingly light, 
and most of the weight is distributed round the rim, which 
is kept in shape by radial silk tlireads under tension. 
The card has thus a large moment of inertia, and there- 
fore a long period of free vibration, thus ensuring great 
steadiness. 


233. Pendulum with Point of Support in Vertical Vibration. 
If the point of support is subjected to a vertical vibration 
instead of a horizontal one, we can write down the equations 
of motion in a similar way to that used in § 226. We have 
in this case y=.asm'pt, 

and the equations of motion become then 

nnil cos <j ) . (J) — I sin 0 . <j>^) = — P sin f/>, ^ 

m{y — i sin 0 . <f> — I cos — —P cos (/> + wajJ 


which give 


or 


(f sin f/) = — I sin ^ 

(/) -P (^j •— y a sin 2^^ sin ^5) = 0. 


For small motions this is 




ij 


sinpt^0 = O, 


'V 


....( 1 ) 


•( 2 ) 


.(B) 
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if it take place in a horizontal plane, give rise to a forced 
conical motion of the pendulum ; if it is performed in a 
vertical plane, no true vibrational motion will result. The 
student may try attaching a small pendulum to the centre 
pin of the pedal of a bicycle turned upside down, and then 
causing the crank axle to revolve steadily. The student 
may write down the theory of a c.p. hung from the crank. 


234. Pendulum Motion retarded hy Friction. If friction 
retards the pendulum motion, the results are modified in an 
interesting manner. The typical equation of the forced 
oscillating displacement of a single body, whatever the 
nature of the displacement may be, when the motion is 
resisted in proportion to the speed, can be written 

+ ( 1 ) 

where asin(;^^+a) is the displacement of the type con- 
sidered, wliatever it may be, at time t in the exciting 
vibration, is the period of the vibrator acted on, 

and X, ^ are the similar displacements in the exciting and 
excited vibrations respectively. 

We assume that sin -h ^8) is a particular solution 
of the differential equation, and find by substitution that 
this value of ^ satisfies the equation if 




p^a 

\/(n^—p^y^+K^p^ 


tan ^ = 


—p^) tan OL — Kp ^2) 

n^—p^ + Kpt€i,noL 


For the equation found by substitution gives on the left 
terms in cos {pt + ^\ the aggregate of which 

are equal to p'^a sin {pt + oC); and since the equation must 
hold for all values of t, we are entitled to equate the 
coefficients of sinp^, cos^^ on the two sides. This process 
gives the values of tan/3 and A written above, as the 


* Equation (3) belongs to the clas.s of linear differential equations in 
■which the coefficients of the terms are harmonic functions of the inde- 
pendent variable. Tliis class of equatioias is discussed in various treatises. 



student should verify. We‘ liave then only to add the 
complementary function to complete the solution, which 
is therefore, if |> \k^, 




p^a 


= sin ( 2 )t+ (3) 


-f sin n't + ^^ cos n't), (3) 


where n' The condition must hold if 

the body is to be capable of vibrating about the position of 
equilibrium when left entirely to itself after displacement. 
If |/c“ > n\ the body will, when left in the displaced state, 



gradually lose its displacement according to the exponential 

law thus losing it all in an infinite time, but 

the greater part of it in a moderate interval of time. As it 
is, the free oscillations once started arc gradually wiped out 
by the exponential multiplier in the manner sliown 

by Fig. 101. 

235. Resonance modified by Friction. Tidal Example. It 

will now be seen more clearly what happens when the 
periods ^irjp and 2irfn, of the exciting vibrations and 
t]ie free vibrations, coincide. The forced vibrations do not, 
as might at first sight appear from (6), § 226 above, become 
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canal theory of the tides, with friction left out of account, 
the excess of the natural period in a canal parallel to the 
equator, above that of the forced tidal wave at the place, 
causes the tides to be inverted in low latitudes, while in 
suiSciently high latitudes where this excess has become 
negative, the tides are direct, and at the latitude of transi- 
tion the tides are infinite. The efTect of friction is to 
modify these results profoundly, and to bring them into 
something like agreement with actual fact. 

What takes place is this. It will be seen from the 
equations found above, that 

tan (a — / 3 ) = — 2 • 

By comparing the values of t for which iim(pt + oC) and 
sin(pt+^) are equal to unity, it will be found that at the 
equator, where the phase of the tide is behind that 

of the tide-producing action by an angle — 
between 7r/2 and tt ; in other words, high water occurs 
later at any place than the maximum of the tide-producing 
action, by the time-interval corresponding to tliis angle. 
But without friction the angle would have been tt, and 
therefore, relatively to the state of affairs, with no friction, 
the existence of friction has set the phase forward by an 
angle in value between 0 and 7r/2. 

As we go to higher latitudes, where still n p but by a 
less amount, a — (8 alters until at the latitude of transition 
it becomes 7r/2. At still higher latitudes a — ^ lies between 
7r/2 and 0, and high water occurs later than the maximum 
of the tide-producing action by the corresponding time- 
interval. But without friction the time of high water, and 
that of maximum tide-producing action, would have co- 
incided — the tides would have been direct ; relatively to 
this state of things, the existence of friction lias retarded 
high water by the interval of time corresponding to a 
phase-angle between 0 and 7r/2. 

236. Ballistic Pendulum. The theory and use of the 
ballistic pendulum, invented by Benjamin Eobins in 1740 
for measuring the speed of musket bullets, aflbrd excellent 


In tlio iirnt i’orin n Iieavy cylindrical Lob is hori- 

zoni.ally by a rigid framework from a fixed liorizontal 
Hn]-)])orl. ''.riic upp(3r cross-bar 
ol' tlie framework Inis a knife- 
cdg(‘. at each end tnrned down- 
ward to rast on liardcned st(iel 
plat(‘.s, and give a boris^ontal 
axis, a,t right angles to the axis 
oT figure of the bob, about which 
tlui wliole framework and bob 
cjin turn as a rigid body. 

hoi.) consists of an outer 
sliell of boiler plate, witli the 
to]) front part removable to 
allow tile iiilxndor to lie got at. 
yVhout two-thirds of the cylinder 
is (illed with lea-d; the remainder, 
which is in front, is filled by a 

block of wood. 1 ^ 

'’.Idle bullet is fired as nearly 

as possible along tlie axis of the 
hob, and, {iL’ier piercing tlie Avootl 
in front, is received by tlie lead, from winch tlie splinters 
of tlie 1 ) 1 x 1 let ai’e prevented by tlie wood in front from 
ridjoiinding into the room. The pendulum is deflected by 
the. blow through an angle which is measured by the length 
ol‘ a. tap(3 drawn out by tlie deflection. Tlie tape is attaclied 
to the boh at a point just below it and is held just firmly 
isiough to prevent slipping of move than tlio riglit amount 
by a. spring which grips it on the same level, just at tlie 
point of attachment to the pendulum, when in tl.ie position 
of stable (Mjiiilibriuin. The tape drawn ont measures the 
chord of the arc of deflection, foi* a radius equal to the 
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canal theory of the tides, with friction left out of account, 
the excess of the natural period in a canal parallel to the 
equator, above that of the forced tidal wave at the place, 
causes the tides to be inverted in low latitudes, while in 
sufficiently high latitudes where this excess has become 
negative, the tides are direct, and at the latitude of transi- 
tion the tides are infinite. The effect of friction is to 
modify these results profoundly, and to bring them into 
something like agreement with actual fact. 

What takes place is this. It will be seen from the 
equations found above, that 

By comparing the values of t for which sin(^?^ + a) and 
sin(pt-|-/3) are equal to unity, it will be found that at the 
equator, where nC^p, the phase of the tide is behind that 
of the tide-producing action by an angle a — /3, lying 
between 7r/2 and tt ; in other words, high water occurs 
later at any place than the maximum of the tide-producing 
action, by the time-interval corresponding to this angle. 
But without friction the angle would have been tt, and 
therefore, relatively to the state of affairs, with no friction, 
the existence of friction has set the phase forward by an 
angle in value between 0 and 7r/2. 

As we go to higher latitudes, wliere still n <! p but by a 
less amount, a — /3 alters until at the latitude of transition 
it becomes 7r/2. At still higher latitudes a — ^ lies between 
7r/2 and 0, and high water occurs later than the maximum 
of the tide-producing action by the corresponding time- 
interval, But without friction the time of high water, and 
that of maximum tide-producing action, would have co- 
incided — the tides would have been direct ; relatively to 
this state of things, the existence of friction has retarded 
high water by the interval of time corresponding to a 
phase-angle between 0 and x/2. 

236. Ballistic Pendulum. The tlieory and use of the 
ballistic pendulum, invented by Benjamin Robins in 1740 
for measuring the speed of musket bullets, afford excellent 
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1 02 bIiunvs an old form of the ponclnlnm which has been 
Tor juany years in the Natural Pliilosopliy Department 
<.i University of Glasgow. Improved forms liave been 
l)y Mr. A. Mallock, but tlie old arrangement wdll serve 
jLA’ood example of this application of the principle of 
n-ncy of angular momentum. 

the ilrst ionn a heavy cylindrical bob is hung hori- 
Jly by a rigid framework from a fixed liorizontal 
>t*t. Dhe upper cross-bar 
framework has a knife- 
frt each end turned down- 
U) rest on liardened steel 
“ 4 , a.nd give a horizontal 
i\A> right angles to the axis 
i ir(i oi the bob, about which 
/bole framework and bob 
nrn as a rigid body. 

( '. bob consists of an outer 
<>r boiler plate, with the 
I* rout part removable to 
the interior to be got at. 

Uvo-thirds of tlie cylinder 
‘d with lead; the remainder, 

1 is in fi’ont, is tilled by a 
oT wood. 

:3 Imllet is fired as nearly 
-isible along the axis of the 
.ml, aher piercing the wood 
>tit, is received by the lead, from which the splinters 
<3 Imllet are prevented by the wood in front from 
IK ling into the room. The pendulum is deflected by 
I <)w through an angle which is measured by the length 
drawn out by the deflection. The tape is attached 
>5 bob at a point just below it and is held just firmly 
’;li to prevent slipping of more than the right amount 
^s]^ring wliich grips it on the same level, just at tlie 
of attachment to the pendulum, when in the position 
tble (Ujuilibrium. The tape drawn out measures the 
of the arc of deflection, for a radius equal to the 




principies or angujar monieiiouin aiui tiiiergy. jubu u 
distances of the centroid, the line of fire, and the point 
attachment of the tape from the knife-edges be A, lb, 
respectively, the weiglits of tlie pendulum and bullet W, 
and I the length of tape drawn out. Then before t 
collision the angular momentum of tlie bullet, flying wi 
speed V, is wvlt' about the line of knife-edges. Wh 
collision occurs the pendulum takes over this angul 
momentum to the amount WWca, if be the moment 
inertia and oo the initial angular speed of the penduli 
about the line of knife-edges. The bullet, moving wi 
the pendulum, and supposed to remain at the same d 
tance as before from tlie knife-edges, retains the amou 
ivli^oo of angular momentum, for h'(o is now the spe 
of the bullet. Hence, since the action and reaction 1 
tween the bullet and pendulum cannot change the angul 
momentum of the whole system about the axis of tui’iiii 
we have 

wvli = ( Wlc^ + lulh-) M or ft) = lovJb I { W]{? -t- . . . i 

We liave here asvsumed, what is to all intents and pi 
poses correct, that tlie transfer of angular momentum 1: 
been completed before the pendulum lias been sensil 
deflected from its initial position. The angular speed 
has been generated, but the pendulum has not had tii 
to turn through any appreciable angle from its init 
position. 

The turning system lias kinetic energy of amount 

j ft)2 = 1 /( m? + 

in absolute units, by tlie value of w found above. Tl 
enables tlie pendulum to go on turning, until, at a deflecti 
dj the whole kinetic energy has been turned into potent 
energy, by the raising of the pendulum to a higher level 
the whole. The centroid has been raised through i 
vertical distance A(l— cos6), and the bullet through 
height /^/(l — cos 0). Tlie potential energy is thus 
( Wh -f ivh')g(l — cos 0) 


•I 


I 0 ) 

=:2(Wlo+ zuli)g sin^ i 6, 

and so we get 

2 _ ^ ( "FTA + wh'){ WJc^ H- wJi^) g sin- 1 0 
^ ^ ^ 

The value of 1<? has been, it is understood, previously 
found by allowing the pendulum to oscillate through a 
small angle about its knife-edges, and determining its 
period of oscillation, with and without a massive cylinder 
of weiglit which can be attslched below the bob with 
its axis of figure parallel to the knife-edges in the plane 
through these and the centroid. This cylinder can be 
made fairly long and thin, so that its diameter may be 
neglected. If 1\ 1\ be the periods of the pendulum alone 
and with the cylinder attached, and the distance of the 
axis of the cylinder from the line of knife-edges, we have, 
by the theory of tlie compound pendulum, 

h^jh = gT^l^iT\ {B + W,K\I wilQi + W^h^j W) = (/r2/47r2. 
Thus we have two equations from which to find and Jl 
When h is found we can use the value ]c^~ghT^l4i7r^, in 
the equations for v^. If L be the length of tape drawn 
out, we have 2/lsin = i or sm}^6 = l/2L. Making these 
substitutions in (3), we obtain 

,__{Wh+ wh') ( Wg%T^ + 4^7rhvh'^g) 

■ ^ 

for the calculation of v. 

For the sake of the example we have worked out the 
exact value of wdth neglect, of course, of the resistance 
of the air, wliich it is difficult to estimate. In view of this 
neglect, and of the smallness of the ratio of to IF, we 
may leave out of account the effect of tlie retention of the 
bullet in the pendulum, and obtain, 

27r wh'L 



or 


( 5 ) 


it IS oi no consequence wnat units oi weignt ana lengtn 
are used except for L If I be measured in feet, and the 
second be the unit of time used for g and T, we get v in fjs. 

In the Glasgow pendulum 25855 grammes, /t = 37*6 
inches, /«,' = 42 inches, i = 47 inches, T=2’0690 secs. A 
Jacob rifle was used of which the bullet weighed 45*5 
grammes. Thus, for a bullet of weight w grammes, 
= 5189^/^^?. (//5) when I is reckoned in feet, and for the 
Jacob bullet v — ^bAl.lfjs. The charge of powder was 
usually G5 grains or 4T8 grammes, and the speed was about 
900 /A 

The ballistic pendulum is sometimes used with the rifle 
screwed into position under the bob, and the pendulum 
then measures the angular momentum of recoil, from 
which the speed of the bullet can be deduced, but only 
with some uncertainty due to the fact that the powder 
gases which leave the rifle after the bullet also produce 
recoil. This may be allowed for by estimating the extra 
recoil in various cases, by comparison with the results 
obtained with the apparatus used as described above; 
l)ut there does not seem to be any very good reason for 
deviating from the latter method. 


EXERCISES VII. 

1. All iceboat is mounted on runners so that it can make no lee- 
way, that is can only move in the fore-and-aft direction. If the 
direction of the lower edge of the sail, drawn forward from the foot 
0 of the mast, make an angle «. with the direction of motion, OV 
drawn in the latter direction represent the speed of the boat, inclined 
to the vjindward direction at an angle /3, and 0 Ik drawn in the proper 
direction represent tlie actual speed of the wind, show that VW repre- 
sents the a])parent wind at the boat, and must be parallel to the sail 
if the boat is at full speed. 

If a circle he described about the triangle 01^ Ik, show tliat, for a 
given wind and fixed angle oc, this is a fixed circle, and that the maxi- 
mum speed of the boat is 0 Ik cosec a., and the course is then so directed 
that the wind blows at an angle a abaft the beam. Sliow also that if 
the speed of the boat be resolved into two components, one to true 
windward and one at right angles to that direction, the windward 
component is greatest when [3 = l7r Hence prove that, if the 
sail can be set so that f^ = sin■■h?., the maximum speed of the boat is 
three times the s])eed of the wind, and the boat travels to windward 
as fast as the wind blows in the opposite direction. (Greenhill.) 



iz niHtis an iiour, incjnaing a aaii'iuinuDe auop aii eacn atauon. rrovc 
that tko electric locomotives must weigh at Ua»t an additional 8 tons, 
if the coefficients of adhesion be and tlie trains be iitted with 
Goutinuo\is brakes (so that if necessary the whole adhesion of the train 
with locked wheels may be utilised to stop). (Gi’eenhill.) 

3. A locomotive of weight M lias two pairs of wheels (radius a) such 
that the moment of inertia of either pair (including axle) about the 
axis of rotation is. A. The engine exerts a couple (moment 6') on 
blie forward axle. Prove that if both pairs of wdieels bite at once 
when the engine starts, the friction capable of being called into i)lay 
between one of the forward wheels and the rail must not bo less than 
^G{A-\'Ma^)lit{)lA-^Md^) : also prove that if the only action hotwoeii 
an axle and its bearings is a couple of moment in’oportional to the 
angular speed of the axle, the linal friction called into play between a 
forward wheel and the rail is 6r/4a. [Forces exerted b}^ the I'ails are, 
F forward on the jxiir of driving wheels, and F' backward on the 
o bh er pair. Hence {Md^ -h 2^^! ) o) = MaC^> = F— F\ F'a = yl cb.] 

4. Prove that the horse-power consumed in maintaining a flywheel, 
weighing fF tons, revolving N times a minute in bearings a feet in 
diameter, is 2240;r«A]Fsin c/>/3300Q, if tan c/> be the coefficient of 
friction. 

Prove that if the flywheel is left to itself it will come to rest after 
making rf^iV^/lHOOcrr/ sin f/j tiinis in 7r^*W/900{rt<7 sin </j minutes, wliere 
/; is the radius of gyration of the wheel about the axle. [Ex. 5, § 204.] 

5. A truck consists of a framework with tlie wheels and springs, 
which carries a box above it hinged along the front of the truck. 
The box is filled with material so that it may be regarded as a uniform 
rectangular block of length height 26, and mass il/, with its 
centroid G at a distance A from the line of liinges. If the truck be 
suddenly stopped, find the speed so that the box may just turn over. 

Provo that if the box thus turns over, the horizontal and vertical 
components of force on the hinges vanish when the plane through the 
line of hinges and G is inclined at the angles sin~^(2/3) and sin“^(l/3) 
resjjectively, and that the total force on the hinges has a minimum 
value 4 n/7/11 . Mg when the angle is sin''^(20/33). 

6. A pulley (weiglit M) has a line cord wrapped round a groove 
(imlius a) in its edge and its middle plane is coincident with that of a 
fixed vertical pulley over which the cord is passed in a groove (radius 
6). The free end of the cord carries a weight, 3f\ and the parts of tlu^ 
coi'd depending from tlie fixed ])ulley are vertical. .Find tlie motion. 

G.l). ^ 2 E 
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A TREATISE ON DYNAMICS. 


[CH. 

Let MK- be the m.i. of the first pulley about its axis that of 
the fixed pulley, 7', T' the forces applied to the latter, by the cord, 
a, rx.' the downward linear accelerations of the movable pulley and the 
weight respectively. Let also cu be the angular acceleration of the 
first jinlley. The equations of motion are 

iZ/f-w = Ta^ M «. = Mg - T, M'a! = M'g- T\ mJc^a! — -T) 

The reader may verify that since coa — a' = a, these equations give 

(m’oP' +■ (if- i/') A' 2 + g 

CL— ■ ' I'* ' ’ 

{M+ M') P (/1 - + a-) 

(i/+ il/') A'2 + i/ W + m p ( A'2 + a2) 

7^ and T' are determined by T—M{g — cl), T' — M(g - (x!). 

Any mass may be rigidly attached to the movable pulley, provided 
its centroid coincide with that of the pulley, and a principal axis with 
that of rotation. M is then the total mass at that end of the cord. 

Find the motion of M in tliis example when the cord to which 
tlie unrolling pulley is attached is held at the upper end by a fixed 
point. 

7. A body of moment of inertia 3Ik'^ about an axis round which it 
rotates with angular speed w impinges on a particle of mass M'. Tlie 
line of action of the shock is perpendicular to the axis of rotation and 
at a distance r from it. 

Find the momentum communicated to M' and the value of r that 
this may be a maximum, on the supposition that just after the impact 
the bodies are moving in contact. 

The speed of J/' is Mkh'o)/(M'r^ + M/c^), which is a maximum when 
r=/c\lMIM', [Equate angular momenta before and after impact.] 

8. A cord is wound round a vertical wheel (weight M, radius of 
groove a, and Bi.r. MK‘^) which is free to turn about its axis which is 
fixed. A weight M' is attached to the free end of the cord. To find 
the acceleration of the system and determine at what distance from the 
axis M' must act so that the angulai’ acceleration may be a maximum. 

[The linear acceleration of M' is M'a^gl{MK '^-\- and the angular 
acceleration of the wheel is M'agl{MK'^-\-M'a^). The latter is a 
maximum when a = KsjMjM'.'] 

9. A heavy rod, free to move only in a vertical line, presses with 



^ 5 ( 1 / - 1 - sin «, 

^ 14 (jF+ - 1 Om cos^cx. 

11. A horizontal platform is Icept moving 'with s.h.m. of amplitude 
c. A uniform cylinder of radius a is placed gently on the platform, 
with its axis horizontal and perpendicular to the motion of the 
platform. 

Determine the motion of the cylinder, supposing the friction 
developed to be sufficient to ensure pure rolling of the cylinder on 
the plane. Prove that if the platform is at rest when the cylinder is 
placed upon it, tlie cylinder rocks over a strip of breadth 4c/3. 

12. The door of a railway carriage which has its hinges (supposed 
smooth) on the side of the door towards the engine stands open at 
right angles to the train, when the train starts off with uniform 
acceleration/. Show (neglecting any action of the air) that the door 
closes in time 

dQ 

y ’^aj Jo sj S121 0 

with a final angular speed \/2tt/7(cx^4'/^-), where 2n is the breadth of 
the door, and k the radius of gyration about a vertical axis through 
the centroid. 

13. A uniform rod is turning (without friction) about one extremity 
on a horizontal table and drives before it a particle of mass equal to its 
own, which starts from rest indefinitely near to the fixed extremity of 
the rod : show that when the particle has described a distance r along 
the rod, its direction of motion makes with the rod the angle 

tan~^^ = 

Why does the particle move outward along the rod ? 

14. A uniform solid spherical ball of mass in and radius a is at rest 
in a cylindrical garden roller of radius 5, when the roller is seized and 
made to roll along the level with uniform speed V. Find the motion 
of the ball, supposing that it does not slip on the roller. 

Prove that the inclination 9 of the line of centres to the vertical 
varies as does the inclination to the vertical of the thread of a simple 
pendulum of length 5 (6 -a), and the ball will lo.se contact with the 
roller when ^ = jb{ld-7 V'^j{h-a)g}. Hence find V so that the ball 
may just go completely round. 

15. The wheel of an Atwood’s machine is supjDoi'ted by placing the 
two ends of its axle in the well-known mannei'' on two pairs of over- 
lapping friction wheels or rollers : to work out the theory of tlie 
machine and explain the action of the rollers. 
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(f., moment of inertia MIP) of the wheel, T, T\T>2'') the pulls applied 
to the rim of the Avheel by the cord on the two sides. Hence if 
12= angular speed of wheel at time 

Mimi=.{T-^r)R-L. 

Let the sum of the frictional couples on the axles of the rollers 
bej L\ and the sum of the moments of the rollers about their axes 
The angular speed of each 'roller is 12/i7r, and therefore 

A,m=L^^-L'L. 


Elimination of L between these two equations gives 

( Mir-+iixlc^ ^jn = (T- T') R-L-'^. 

But if a( = /?12) be the lijiear acceleration of w downwards and 
upwards, 

(■»i -f d) a — {m - m') g~{T- T'). 


Hence 


m+m' + 


If the radius a of the axle be small in comparison with both r and 
II, the effect of the frictional couple L becomes negligible. The rollers 
tlierefore prevent friction from causing any sensible dissipation of 
energy. In many pieces of mechanism ball-bearings are used for 
this purpose. The theory of friction rollers here given requires 
modilication for such bearings, since the balls are displaced bodily as 
they roll in the ball-races ; but the action is similar. The couple IJ 
is avoided by having no bearings for the balls, but on the other hand 
the motion of the balls is retarded by friction in the “races.” 

Ill Atwood’s machines, as usually made, the ends of the axle are 
enormously too thick. A short length at each end should be turned 
down to the thickness of a darning needle. 


16. Find the length of the sliortest equivalent simple pendulum for 
a uniform solid hemisjdiere oscillating about an axis parallel to the 
base in a plane through the centroid perpendicular to the base. 

17. A uniform rod of nuiss m and length is hung from a fixed 
point by a fine cord of lengtli I attached to one end, and the system 
moves in a vertical plane through the fixed point. Find the exact 
equations of motion, and proA^e that the equation of fi’cquencies {nj'iTr) 
for small oscillations is 

a Iv:^ - g {Aa -j- ?jI) or -p ~ 0. 

18. Solve Ex. 17 when the string is replaced by a uniform rod, of 
mass g. and length 2/^, to wliidi is freely jointed at the outer extremity 
the rod of mass on and length "la. 


liioving fonvard in line with speed v, tlie direction of niotion being 
perpendicular to the lengths of the rods. If A is suddenly fixed, show 
that the speed of the middle point of AB is immediately reduced to 
p’j v, the angular speeds of AB^ BO are made 9y/14a, — Sv/l^a, respec- 
tively, and the kinetic eiiergy is reduced by of its original value. 

20. Determine the speed acquired by a block of wood, weighing 
Ik lb., fi*ee to move in a straight line, when struck directly by a 
bullet weighing w lb. moving with a speed of v feet per second ; and 
prove that if the bullet is imbedded a feet, the resistance of the wood 
to the bullet, supposed uniform, is in Pounds Wtvv^K }V+?Ai)2(/a, 

Prove also that the time of penetration is 2alv seconds, during which 
time the block travels through a distance of t<;cfc/( IP-f -?(?) feet. 

21. A railway carriage of weight W and moving with speed v 
impinges on a carriage of weight W’ at rest. The foi’ce necessary to 
compress a buffer to the full extent I is equal to the force of gravity 
on a weight w. Assuming that the compression is proportional to 
the force, prove that the biillers will not be fully eonipi’essed if 

If the yielding of the backing against which the buffers are driven 
be neglected, prove that when v exceeds the limit stated the ratio of 
the final speeds is 

{ W'V-sl%wW'gll{\ + W'l W]l{ TI>+ WgljQ. + Tf'/Tf }. 

Let the speed v be just sufficient for driving the buffers home, and 
let the common speed of the carriages wlien this is done be v/. 
Then by the principle of energy {WA' W')'v^—Wv^~-'2,7ngL But 
(IF-I- W')v'= IVv, and so IV+l/W'). A smaller value of v 

would not give complete compression of the buffers. 

If this value of v be exceeded, let the final speeds be Vj, v.j,- Then 
finally the kinetic energy is what it was at first, and so 

Wvl^ IIV. 

Also Ifyi-H W-o. ITence if p=vjvi we get 

lk(ir>^-{-TP)/(Trp+TP)^-l, 

orp = (l'k- rF')/2Tr, which is zero when W=W'. But at the insLint 
of complete compression of the buffers we have ( W-\- ir')'y'“== Wv^- rngi^ 
(IF 4- ]F')'y^= Wvj and therefore 

Wv^=2wgl{l + If/ IF'), W'v^=^2ivgl{l + IF'/ IF), 
and the ratio can he written as stated. 

22. A thin lamina moves, without rotation and unimpeded by 
friction, in contact with a hoi'izontal plane, when a point A at distance 
.V from the centroid is suddenly fixed. Prove that the speed of the 
centroid is changed to v.^Z-^sin + where v denotes the original 
speed of the lamina, k its radius of gyration about a vertical axis 
through the centroid, and 6 the angle between the original direction 
of motion and the line from the centroid to the point A. 

[The angular momentum about the point of space with which A 
coincides at the instant cannot be changed by the fixing.! 



CHAPTER VIII 


ROTATIONAL MOTION. 

237. Motion of a Rigid Body about a Fixed Point. When 
a rigid body turns round an axis every point of the body 
receives a displacement in a circle, the centre of which is 
on, and the plane of whicjii is at right angles to the axis : 
tliese displacements are all in the same direction round 
the axis, and are proportional to the distances of the 
points from it. An example is the turning of. a wheel 
about a stationary axis. 

The particles of the body retain the same configuration 
relative to one another, since clearly the particles in any 
plane whatever containing the axis retain the same con- 
figuration relative to one another, and the particles in 
any plane perpendicular to the axis remain also in the 
same relative positions as the plane turns. 

At any instant while such a displacement is taking 
place, all the particles have speeds, in the coaxial circles 
wliich are their paths, proportional to the radii of these 
circles; that is, the perpendiculai^s to the axis from the 
different points are all turning with the same angular 
S 2 ^eed in the same direction. 

We can prove that any disjfiacement of a rigid body, 
one point of which is fixed, can be effected by a rotation 
of the body about a definite axis passing through the 
point and fixed in the body. Describe a spherical surface 
in the body with the fixed point 0 as centre, and let the 
displacement be one (however effected) in which points 
Ay B oi a spherical sheet of the body (centre 0), are 



able Figure.] The different points of the sheet do not 
alter their relative positions. Join A and A', B and B', 
by arcs of great circles, and through the middle points 

C, D of these arcs draw great circles on the spherical 
sheet meeting AA\ BB' at right angles. These will 
meet in two diametrically opposite points /, F on the 
spherical surface. Join AI, BI, A' I, B'l. The body might 
have been carried from the initial to the final position 
by a rotational displacement about the line II'. For 
by this turning A is carried to A' and B to B', and it 
is clear that the particles which lay on the part of the 
spherical surface bounded by the spherical triangle ABI 
are in the same relative positions on tlie part bounded by 
All I ; and all the particles in the spherical surface are 
in the same relative positions. 

238. Every Rigid Body Displacement parallel to Fixed Plane 
is eoLuivaleiit to a Rotation. A rigid body is displaced in such 
a way that a plane A fixed in the bodj^-, initially and 
finally coincides with a plane B fixed in space, and three 
points (not in line) in A come from P, Q, It to P\ Q\ K : 
it is clear that the displacement, whatever it be, could 
be effected by first displacing the body so that every 
point of the plane A receives a displacement equal and 
parallel to PP\ and tlien turning the body round an 
axis through P' at right angles to the plane B, until Q, R 
coincide with Q\ R'. [Here again the reader should draw 
the necessary Figure.] 

This displacement may also be effected by a turning, of 
the same amount and in the same direction, about an axis 
at right angles to the plane B, For, except in an extreme 
case,'^the lines joining P, P' and Q, Q' will not be parts 
of the same straight "line. Excluding that case (in which 
no change of direction of lines in the body is involved), let 
these lines be drawn, and their middle points (7, D be found, 
and lines perpendicular to PP\ QQ' drawn through G and 

D. These meet in a point I. A turning about an axis 
through I at right angles to the plane B would evidently 
bring the three points P, Q, R to P\ Q' , R\ and likewise all 


posi fcion.s. 

If 8 denote the displacement PP\ and 6 the angle of 
turning, wliicli is clearly the same in both tlie modes 
of effecting the displacement descinbed above, the co- 
ordinates of I in the plane B are evidently PC— 8 and 
(7/== ^.s/tan id, to be measured from G so that the angle 
PIC{ = -Jd) is in tlie direction of turning. 

If tlie displacement s be the small displacement effected in 
time dt with speed .s*, we have PP' = 8dt, and if dQ be tlie 
angle of turning, we have GI—sdtjdQ. The displacement 
might be effected in tinie dt by a turning about tlie axis at 7, 
witli angular speed d, such that Qdt — dd. We liave then 
(7J=.syd. The axis tlirough / is then the instantaneous 
axis about which the body may be regarded as turning; 

239. Any Rigid Body Displacement is equivalent to that of 
a Nut on a Certain Screw. We can prove that any displace- 
ment whatever of a rigid body can be effected by a 
displacement of the body without rotation (a translation) 
parallel to a certain direction ; and a rotation about an 
axis parallel to that direction. For the displacement can 
be effected by dis 2 :)hicing the body witliout rotation, so that 
a point in it initially at P is transferred to its final position 
P\ and then rotating the body about some axis through P\ 
The diberent points of the body in the latter displacement 
move in planes at right angles to the axis, and the direction 
of the axis and the angle of turning are independent of 
the choice of the point P, The former displacement, the 
translation PP\ can be resolved into two components, 
PAr and at right angles to one anotliei*, of which il77^' 
is at riglit angles to the axis of tlie rotational displacement. 
But, as we saw in §238, the displacement MP', and the 
rotation about an axis through P' at riglit angles to 
AIP', may be replaced by a turning about a parallel axis. 
Hence tlie displacement can be effected as specified in the 
proposition. 

The two displacements may he supposed effected together, 
in such a maimer that the amount of turning effected is 
always proportional to the translation: that is, tlie body 



may be regarded as having the motion of a nut along a 
screw, so tliat each point of tlie bod}^ moves in a helix. If 
,s‘ be tlie distance wliicli measures the translation, and 0 the 
angle wliich measures the turning, the ratio sjQ is the 
advance of the body per radian turned tln’ougli, the “pitcli ” 
of tlie screw, while 27rs/0 is the advance per complete turn, 
called the '‘step” (often also of tlie screw. Thus 

all the helices in which the points of the body move have 
the same pitch. If the motion is a pure rotation 6’ = 0, and 
tlie pitch and step are zero; if the motion is a pure 
translation 0 = 0, and the pitch and step are infinite. 

The motion of a rigid body has been discussed very fully 
from this point of view by Sir Eobert Ball in his Tkeory 
of Screivfi, which the reader may consult for further 
particulars. We shall find this mode of regarding tlic 
sulijcct illustrated later by the theorem of the central axis 
[sec § 247 below. In Chap. XI. below the central axis of 
a system of forces is considered. The system is reduced to 
a "wrench,” a single force along the central axis, and a 
couple about a line parallel to the central axis]. That tlie 
central axis is a single determinate line will be proved 
inJi247. 

240. Motion of a Rigid Body parallel to a Given Plane. 
Space and Body Centrodes. We have seen (^‘238) tliat any 
small displacement of a rigid body, whicli is moving 
parallel to a fixed plane, may be produced hy turning the 
body tlirough an angle <19 about an instantaneous axis 
which meets the fixed plane in the point I. To find /, we 
take two points P and Q in a plane in tlm body coinciding 
wioh the fixed plane, and apply the construction described 
in ^288. Since PP\ QQ' are very short lines, the con- 
struction can be carried out by drawing two lines from 
P and Q, perpendicular respectively to the direction of 
motion at P and the direction of motion at Q. These meet 
at I. The points P and Q are obviously turning about J: 
tlie reader may prove tliat any otlier point in the body 
is turning about the axis drawn through I at right angles 
to the fixed plane. 

\ ... -l-l-.y. -VT TV^ -I* Ti-m /-xn r , 1 -I T r, -i -i- 1 IM -H-i r. 


taking their intersections 



be the distance /P, and 
of P, Q the inclination of i 


ith the fixed plane, and with 
the plane in the body which 
moves in coincidence Avith 
it, we get two curves which 
are called respectively the 
spacG'Centrode and the body- 
centrode ((7.^, 0^), We can 
find their equations in the 
following manner. 

Take two axes Oxy in the 
fixed plane, as shown in 
Fig. 103. Let I be the inter- 
section (coordinates x, y) of 
the plane by the instantaneous 
axis, and P any point (co- 
ordinates C6, h). Then if I 
V the components of velocity 
F to Oxy we have 


—u = Wsmd — 9{b — y), v = 16 cos 6 = d(a — x). 


Hence 


V .. to 

x — a — T’ y=^b + ~T- 

9 ^ 6 


( 1 ) 


If (X, 6, u, V are known functions of the time, we can 
eliminate the time between these two equations, and 
thereby obtain the equation of 

To find the equation of 0?,, take two axes of rj fixed in 
the plane of the body which moves in coincidence with the 
fixed plane, and let >; be the coordinates of I with 
reference to these axes. Let 9 have the same meaning 
as before, and 9' denote the angle at the instant between 
the fixed axis Ox and the axis of f. The coordinates of P 
are now j ^ i sin (0 ^ 0'), 


and therefore, since 

icos0 = a — = Psin0 — 6 — 'j/= — u/0, 

they are 

^+{v cos 0' — u sin 0')/0, ^ — (u cos & + v sin 0')/ 9, 


wliich give the equation of by elimination of the time. 

The- two curves 0^ (Fig. 104) are two series of points 
such that, as the body moves, the points of the second series 
come in succession into coincidence 
vvitli corresponding points of the 
lii'vst serievS, and each in doing so 
conies to rest at the instant, 
thougli, as the body moves con- 
tinuously, it does not remain at 
rest for any interval of time, 
however short. At the instant 
of rest it coincides with the 
point I of the instantaneous axis. 

After an interval of time dt has 
elapsed, the instantaneous axis 
has passed to another position I', 
and another point P' of the body coincides with it. 

241. Velocity and Acceleration of Body-Point. The velocity 
of tlie point of Gjy at the instant of coincidence with I is 
zei’o ; its acceleration has in general a definite finite value. 
If H be the speed with which the point I moves along the 
curve (7.,, it is plain that this is also the speed with which 
the position of the instantaneous axis moves along 
For clearly the distance IP' is equal to IP, if P', I' be the 
points in tlie two curves -which coincide after the interval 
dt The curve Gh niay be regarded as "rolling without 
vslipping along 0,, as a wheel rolls without slipping along 
a rail, and the distance which the instantaneous axis 
travels along the circle of contact of the wheel in any time 
is e(iual to the distance which it travels along the rail. 

Now, since the curve Gi may be regarded as turning 
about I, the point P', at distance from I=sdt, has speed 
w^dt (where ct)=0) at right angles to IP', and this speed 
is annulled in the interval of time dt, in which P' ti*avels 
to I'. Thus the acceleration of the point P' infinitely near 




(joH dt towards I, but this is infinitely small in compariso: 
with ct)s. 

If F (Fig. 104?) be any point in the body, in the plan 
for which the centrodes are drawn, and at distance r fror 
P, the velocity of F is rw at right angles to IF. Henc( 
relatively to J, the acceleration of F consists of two com 
ponents rw at right angles to IF, and in the directio: 
from P towards /. But after dt, P is turning about I 
and we must take account therefore of tlie acceleration o 
the point of the body coinciding with I. Thus we must adi 
to the acceleration of P a component sQ, in the directio: 

of the normal IN drawn t 
Gji (Fig. 105). That directio: 
is also indicated by the dotte 
line through P in Fig. 104. 

Or the acceleration may b 
found as follows (Fig. 105 
From I, r draw lines to th 
position of P for I, and la^ 
off* F'p, Pp' to represent rc 
rco ; the geometrical differenc 
p'p between these lines reprc 
sents the change in rd due t 
the displacement in dt from I to F. The other change 
produced are r^dt and roo'^dt, the directions of which hav 
been specified. But Pp, Pp' are proportional to IP, FI 
and the angle pPp' is equal to the angle IPF. Henc 
the triangles IPF,pPp' are vsimilar, and, since IPp is 
right angle, pp' is at right angles to IF. l'’hus we hav 
pp' = IF.P'plIP = f<dt.r(jolr—i<wdt Thus the acceleratio 
due to the motion of I along the space-centrode is sw, an 
is parallel to the direction IN. 

242. Curvature of Path of Body-Point. We can appJ 
these results to find the curvature of the path describe 



by any point of the body. For, (Fig. 106), let the curve 
(7& roll on the curve in the plane of the paper, and 
(7, B be the centres of curvature of the two cuiwes at the 
point of contact J. Then, if I' and P' are corresponding 
points, we have arc 7P' = arc IP, and if 
the arcs be those traversed in time dt, 
sdt==IG.LlGF=^IB.LlBr, Let/(7=p, 

IB — p\ and we have 

P 


lIGF+l 


\o 


+ 

P P 


But this is the angle turned through by 
the body in time dt, and therefore 




.( 1 ) 



Fig. 106 , 


Tliis is on the supposition that, as 
shown in Fig. 106, the curvatures are oppositely directed. 
If tlie curvature of G^ be in the same direction as tliat 
of Oi, 

« = ( 2 ) 

\p p/ 


and, of course, p'^p. We get then for the acceleration 
of the body-point at 7, the value 


i PP 

p + p 


or cocS' = w' 


.2 PP 
p-p 


.(3) 


according as the curvatures are opposed or in the same 
direction. Also ,s/co = ppl{p±: p). 

For the point P (Fig. 105) in the body the total accelera- 
tion in the direction PI is, by the results obtained above, 
a)V — .swcos 0, if (jy denote lPIN, Thus 

— sw cos — arr^j R, 


where R is the radius of curvature of the path of P at 
the instant. Thus 



r = p/)'cos (6 

that ivS for all points on a circle in the body-plane tonchini 
both curves at /, and of diameter pp'Kp'dbp). All sue] 
body-points therefore pass points of inflexion in their path 
at the same instant. 


243. Signs of Angular Displacements. The direction o 
turning of a body about an axis is positive or negativ 


according to the manner in which it is regarded. Thu 



Fig. 107. 


the direction of turning of a flywheel may be taken a 
positive or negative according to th 
side from which it is viewed. See 
from one side the motion of the to 
(supposing the wheel vertical) is froi 
right to left, seen from the other sid 
it is from left to rig] it. We usuall 
take the former direction, or, to mak 
the distinction applicable to all case; 
the counter-clock direction, as pos; 
tive, the clock direction as negative. 

If we have to take account c 
turnings about a number of paralh 
axes, for example the turning of eac 
of the wheels of a train of wheelwork, we may, viewin 
the arrangement from either side, reckon all those niovin 
in the counter-clock direction as having a positive turnin 
motion, and all those moving the other way as having 
negative turning motion. 

Again, when we have a number of axes in differer 
directions which all pass through one point or origin, it ; 
convenient to settle in each case, according to convenienc 
a direction from the origin outward along the axis, whic 
is to be regarded as positive. Let O-^A, 0^(7,... I 

these directions chosen as positive. Then, regarding tl: 
turning about each axis from the point A, JS, 0, ... , it 
classed as positive or negative according as it is in tl: 
counter-clock direction or in the clock direction. Thu 


in the figure the rotations about and O^B appe£ 


aireauy noticea m s me mrmng oi a rigia Doay 
about an axis is one in which each point of the body moves 
at right angles to the perpendicular drawn from the point 
to the axis, in the same way round for each point, and 
tlirough a distance w dt .p, where co dt is the (infinitely small) 
angle of turning, the same for all points, effected in time dt 
in consequence of the angular speed and jp is the length 
of the perpendicular. The arrangement of the particles 
and their relative distances are evidently undisturbed by 
this motion. 

244. Composition of Angular Displacements. The displace- 
ment of a point P of a rigid body, due to a turning of tlie 
body through any small angle w dt above any axis, say O^A, 
being equal to the product oodt.p of the angle turned 
through, into the perpendicular distance of P from the 
axis is numerically equal to the moment of a force 
P= o) dt, acting along the axis, about the point P, or about 
an axis at P at right angles to the plane of O^A and P. 
This leads to the conclusion that angular speeds about 
different axes (that is angular 
velocities) are to be compounded 
like forces of the same numerical 
amounts along the same axes. 

The theorems regarding the com- O., 
position of angular velocities might 
be inferred from those of composi- 
tion of forces, but for clearness we 
shall give a separate investigation. 

Let first P be a point on O^M, 
and consider the motion of P, due 
to the turnings in an element of time 
dt, in consequence of angular speeds cog, about 0-^A and 
0^5, in the directions shown by circular arrows in Fig. 108. 
Let PA, PB be perpendiculars from P on OA, OB, and 
denote the lengths of these perpendiculars by By 
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blie turning w^dt about the point P is depressed below 
the plane of the paper a distance and by the 

turning co^c??^ about O^B it is raised above the paper a, 
distance The point P will be undisturbed ii‘ 

— ft)j/a )2 = sin/3/sina, where a, /3 denote 

the angles A OP, BOP, and r the distance O^P, Tlie same 
thing can be proved for any point lying in the line O^Af, 
and for no other set of points. The line O^ilf is thus an 
axis about which the body may be regarded as turning' : 
this will be seen more clearly from what follows. 

Let now P be any point in the plane AOB, which also 
contains O^M, and let PA, PB, PM, of lengths p^, P> 
perpendiculars let fall from P on O^A, O^B, 0-J\I (Fig. IQS'). 
Denoting the angle PO^M by d, and, as before, O^P by 'r, 
and the angles AO-^M, ilfO^P by cl, /3, we have for the 
displacement of P, due to the turnings about OA and OJS, 
tlie expression 

dt (WjPi + (6 + 0L)+w^Bm{9 — f3)}, 

which may be written 

r sin 6 . cos a+co 2 cos j3), 

since co^ sin a — Wg sin /3 = 0, as we have already seen. If 
then we write “ «,=^^cosa+a>,coSj8 (1) 

we have for the displacement the expression w dt . y. 

Now WjCOsa+cogCos^ Avould, in the case of forces co^, co., 
along the lines O-^A, OJi, be recognised as the resultant of 
the forces, acting along OM, since the relation 

sin rx = sin /3 

would show that there wms no component of force at right 
angles to O^M. Hence w^^e take cos a + cos /3, the resul t 
as we say of resolving Wg about as tlie resiiltavt 
angnlwr npeed, and the turning at this angular speed i.s 
about O^M, the line whicli we have seen remains at rest 
wlien the two turnings specified about O^A, O^B are 
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the two turnings oy^dt, co.^dt about the axes 0-^A, O^Bj is 
equal to that produced by the single turning 

(oo^ cos a + ^2 cos /3) dt 

about OM, which is so situated in the plane AO^B tliat 

cousin a = A 

First consider the displacement co^dt.p^: this is at right 
angles to the perpendicular from P on OA, and lies in a 
plane at right angles to the plane A OB and containing that 
perpendicular. Evidently it can be resolved into two 
components, one at right angles to the plane AOB, and one 
parallel to the latter plane. Let Pq be the projection of P 
on the plane AOB and the distance OPq. Then, if 6 is 
the angle PqO^M, the two components just specified are 

T^dt . sin {9 + a) and ooji dt. 

Similarly we have for tlie components due to the turning 
w/U about O^B the expressions . cog sin (0 — jS) and 
(jyjidt It has already been proved that the displacement 
(a dt . — r^dt{wy^ sin (6 + a) + Wg sin (0 — ^)} . There remain 

the components ay^idt, oyjbdt. These are parallel to the 
perpendiculars from Pq on O-^A and O^B respectively, and 
since they are proportional to co^, cog have a resultant in the 
direction of the perpendicular from Pq on OAl. The 
magnitude of that resultant is h cos oc + cog cos /3), that 

is co]i dt Hence it has been proved that the displacement 
at P, compounded of the independent displacements due to 
the two rotations specified, is identical with the displace- 
ment at the same point due to the resultant rotation, that 
compounded of the rotations oo^ about O^A, O^B. 

The rotations about O^A, O^B may be each the result of 
compounding the rotations about a pair of axes, and so 
on, so that the rotation about O-^M may be the resultant 
obtained by compounding the rotations about any number 
of axes given in position. 

245. Turning about any Axis expressed by Component Turn- 
ings about Three Rectangular Axes. We shall now show 


{x^ + my + nzY] \ 


Hence the displaceinent effected in dt is this multiplied by 
(jd dt, that is 

uU-- dt { {mz — nyf + (nx — Izy + (ly — mx)^^' | 

= dt {(qz - ryf + (rx -pzf + {py - qxf}'-.\ 


toCT ( 


(i: 


Tlie expression on the right can easily be seen to be 
equivalent to the tliree displacements of the point P 
psfif^z-.dt, q\lz^~+x^.dt, rjx^+y^.dt, due to the turning 
through the angles pdt, q dt, rdt about the axes of the 
set respectively, where each turning is supposed 

to be effected independently of the others, from the same 
initial position of the body. The three displacements result- 
ing from these turnings are not generally at right angles 
to one another, but they give the displacements parallel 
to the axes as follows: — 2^^ PV pai'allel to and 

the components of —qxdt and qz di 

parallel to and the components of qjz^+x^,dt 
and --ry and r;x parallel to and O^y-^, the components 
of r^/x^+yYdt. 


246. Component Linear Velocities of Point in Turning Body 
The rates of displacement of the point P parallel to the 
axes are therefore qz — ry, rx—pz, py — qx; and so we 
have the equations 

u^qz — ry, v-rx—2oz, (1] 

which are useful in many applications. 

These are component velocities of the point P due to the 
rotations of the body about the axes. From them we can 
obtain at once the expressions for the components of 
velocity for a set of mutually rectangular axes Oxyz which 
are turning with angular speeds p, q, r about Ox, Oy, Oz 


respectively, r or we may suppose tnese axes nxea in tlie 
rigid body, and, in the course of their turning witli it, to 
be at time t in coincidence with the fixed axes O^x^y-^z^. 
The motion of the particle P, if that particle is fixed in the 
body, has in consequence of the rotation of the bodj?* 
the components just written down. 

But if the particle at P be moving in the body, and we 
now regard cc, y, z as the coordinates of P relative to the 
moving axes at the instant, which of course we may do, 
since at the instant tlie axes ai’e coincident witli the fixed 
axes, the components x, y, z, relative to the moving axes, 
give the rates of displacement of the particle in tlie body 
with respect to axes fixed in it and therefore moving with 
it. The components u, v, w of the velocity with respect 
to the fixed axes are therefore given by 

^b = x+qz — ry, v = y -\-TX—pz, %o=^z-\-py — qx. ...(2) 

Thus if we draw the vector OP, the components of the 
motion of the outer extremity, P, are given by tliese 
equations. The terms q^ — xy, ... , are those which depend 
on the motion of the system of axes Oxyz, those, in fact, 
due to the motion of the rigid body here supposed to carry 
the axes, and with them also the point P. Thus qz—ry , ... 
are called by French writers the components of the velocity 
of entrainment \ perhaps they may be termed the com- 
ponents of co-velocity. 

If the origin of the moving axes does not coincide with 
that of the fixed axes, the values of to, v, w require no 
modification, provided the two systems are parallel and 
the origin 0 is not in motion. If, however, 0 is in motion 
with components Vq, tlie equations become, as the 
reader may easily convince himself, 

n-x+UQ + qz — ry, v=^y + v^+rx--2'^^^ 

+ iVq ’{•py — qx. 

Then the components of the vehicity of entrainment are 
n^+qz-ry, v^+rx-pz, w^+py-^qx. 

The same results may bo obtained in the following 
manner. Let the fixed axis at time t make angles, 



Liie curecoion-cosinefs ui wiiiuii tire ul, p, y, wiuu unu ciAtifs 
OX, OY, OZ, and let the projection of 0^0 on the axis 
be Xq. Then if be the projection of O^F on we 


x^ = x^-\-OLX + ^y + 'y^, ( 4 ) 

and therefore 

Xj^==XQ+ax+^ij + yz+dx+$y-\-yz ( 5 ) 

But if tlie directions of Oxyz coincide with those of O^X^y^r^;^, 
then a=0, ^=^y — Trj2, and, since c'?(cos 0)/rZ^= — sin 
d = 0 , /3 = 0 , $——r, y = 0 , y = g, and therefore, writings 
u for r«j, and for x^, we get 

u — x-^UQ+qz^-ry ( 6 ) 


Similar expressions are obtained in the same way for 
V and w. 

247. Central Axis. Let, now, the point P be fixed in the 
body so that rc = y~i = 0. Then Uq, Vq, Wq are the same 
for all points of the body, and are the components of a 
motion of translation of the body as a whole parallel to the 
fixed axes witli which the moving axes at the instant 
coincide. We can find for each instant a line in the body 
which fulfils the condition that the motion at every point 
of it is in the direction of the axis of resultant angular 
velocity. The equations of the line are 

q z - ry + Uq ^ rx - jxs- + Vq ^py - q x + W q 

' p g 

It is called the central axis of the motion. Its equation 
depends on the components v^, of tlie translational 
motion, and the components p, q, r of angular velocity, 
just as the central axis defined in §348 below for forces 
depends on the resultant of a set of forces and their moments 
about the axes. 

It may be observed that the central axis is the locus of 
points for which the resultant speed 

v={{q^-ry^uff+{TX-pz + vff‘ + {py--qx+%o^fY^ (2) 
is a minimum. For if this expression be differentiated 
partially with respect to x, y, z, and the derivatives be 
equated to zero, we get exactly the equation of the line. 



vv 11,11 respeci) x>o Liic iixea axes, to wincn uxyz 
parallel, the equations of the central axis are 

q (% - gp) -'*•(?/! - ?/o) + ^^0 ccj - p(g^ - Sn) + 

p p 

T 


are 




If Ave denote the common A^alue of these ratios by F/co, 
F/ct) is the ratio of the rate of displacement of a point 
of the body parallel to the central axis to the rate of 
rotation around it, the pitcli of the screw at the point 
(see §239). If F=0, the body has motion of rotation only, 
if w = 0 the motion is of translation only. 


248. Examples on Central Axis and Rotation. 

Ex. 1. Planes are drawn through any two points I.\ Q of a rigid 
body at light angles to the trajectories of these points, and meet the 
central axis A in N, Show tliat M\ JV are the feet of the perpen- 
diculars let fall from j[\ Q to the central axis, and that 

Pq cos {Pq, A). [Chasles.] 

No generality is lost by taking the central axis A as the axis of .r, 
the coordinates of P as 0, 2 i, and the coordinates of Q as .n; y/^, 
The point P has speeds parallel to the axis of ,r, — cj^i pai*ahel to 
the axis of y, and zero parallel to the axis of z. The corresponding 
speeds of Q are Hence the equation of a plane 

through P at right angles to the trajectory of P is 

n^{x-Xi)-o>z^y=0, 

which meets the central axis in the point x=,v-^. 

Again, the equation of a plane through q normal to the trajectory 
of that point is 

that is, U(^ (.V - .^ 2 ) — m.jy + — 0, 

which meets the central axis in the point 

Hence the first part of the pinposition is proved. The second is 
self-evident, since j)PV is the projection of PQ on the axis A. 

Ex. 2. From an arbiti'ary origin, say the origin 0 of coordinates, 
are drawn three vectors OA, OB^ OC^ representing in magnitude and 
direction the velocities at three points P, Q, R of the body : to show 
that the central axis is at right angle.s to the plane of the three points 
/I, j5, C, and to find the intersection of the central axis with that 
plane. 
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If the coordinates of the three points he a'l, -Ju a'2, 2/2? %, *^’3, 2/3, h: 
the coordinates of A , Bj C are 


for A, with similar expressions for B and 0, to he obtained b;) 
changing the suffixes to 2 for B and to 3 for C. If we denote these 
three sets of coordinates hy we get foi 

the equation of the plane A BC^ 


Viy ^ly 1 

^ 2 ) V'iy ^ 2 > ^ 

Ly V3y fo 1 


The coefficient of .r in this is ViiC^- Q + V'iiC^- ^ 2 )} 
the coefficients of // and ;; can he written down hy syninietrj. Sub 
stitutiiig the values of the coordinates, we lind that these thre( 
coefficients are respectively p, fy, r multiplied hy a common factor 
Hence the direction-cosines of the normal to the plane are pro 
IDortional top, q, r, and the proposition is proved. 

The completion of the example is left to the student. 


Ex. 3. A rigid hody is burning about a fixed point 0 ; show tha 
if the instantaneous axis of rotation, 0/, is fixed in the hody it h 
also fixed in space, and conversely. 

Let the direction-cosines of a fixed axis I’eferred to the niovirq 
axes, be I, m., n. Then the angle between 01 and O.v^ has cosinei 
0 L={lp-\-mq-\-nr)/(jt)j Hence 

6L^^{lp+mq+ nr ?w’) “ ^2 ’)• 


If the axis 01 is fixed in the body, we must have, however p, r maj 
change, p/aj=>(:i, qj^ — k^-, rjoi—k.^ where k^^ k^^ k.^ are constants 
Hence p/w=p/aj, ql^ = ql^, r/(o=:7'Jo}, Thus 

w {Ip -f- 7]iq + ?w') = (Ip -h 7nq -p 7i7*) w, 
and therefore = 1 (^p + 4. nr). 

Now for the motion of a point of coordinates .■??, ?/, 2, we havi 
ii,=:qz — ry^ v~7'x~pz^ w—py-qx. Take a point on the axis Ox^y a' 
unit distance from the origin ; its coordinates with respect to th< 


also Hence we obtain 

0 ) {Ip + m.q + nr) — (si{lp^ mq + 71t) 
or l{iop — (op) -f — 0 ) 5 ') + (oj'/’ — (or) — 0, 

which must hold for all values of m, n. Thus we have ••• j 

the conditions that the axis should be fixed in e 

Ex. 4. Prove that if a body be turning about a fixed point, the 
angulai* acceleration about an axis, the cosines of which with respect 
to the moving axes are Z, w, 7i^ is lp-^mq + 7ir. If Wi be the angular 
speed about the axis in question, we have (Oi—lp-^mq-^-nr. Hence 
6)^=lp+7nq-\-nT-]rlp-)rmq']rnr. But in last example it is proved that 
lp-\-7hq-^nr=0^ and therefore we hav^e 

(i}i~lp + inq-\-v A 

Ex. 5. A body moves along a curve in space in the following 
manner. A point fixed in the body describes the curve, and three 
lines fixed in the body and intersecting in that point are always 
directed so that the first is along the tangent to the curve in the 
direction of motion, the second along the principal normal, and the 
third at right angles to the osculating plane. These lines are at right 
angles to one another and in the order named form a system of 
moving axes Oxpz, in which the turning is from ?/ to z to x and 
X to ;y. It is required to find the angular speeds about the axes. 

Let the radius of curvature at any position of the body be p, and 
the radius of torsion — that is the reciprocal of the rate at which the 
osculating plane is turning round the tangent per unit distance 
travelled along the curve — be r, and let s, the distance travelled along 
the curve from = 0 to the instant considered, be/(zJ). According to 
the sign usually given to the analytical expression denoted by r, the 
rate of turning of the bod,y about Ox is -sIt= -f'{t)lr. The j-ate of 
turning about the radius of curvature is zero, since the changes in the 
direction of the tangent lie wholly in the osculating plane for the 
instant. Finally, the rate of turning in the osculating plane is that 
about the binomial as an axis, and is .s7p=/'(^)/p. Hence we have 

r>=~f'{t)lT, ?=0, r=f{t)lp. 

To find the equations of the central axis, we note that the axis of x 
here taken has, with reference to axes O^xp/^Zi^ directi on- cosines d^jds, 
dipdsj d^jdzy where tbe coordinates of the position at time i 

of the point which moves along the curve. The cosines of the //-axis are 

d^rjlds^, d^^(!ds^\ 

and of the 0 -axis, 

p{d'rjjds . - dClds . d'^iqjds^X 

Calling these three sets of cosines a, 6, c, a', h\ c\ a", c", and putting 

^11 Vx'i H coordinates of a point P of the body, we get 

y = a'(Ti-^) + ..-, 2=a"(.ri -^) + , 


y 

g{a"(.Vi-i)+...}-r{a' - 0 + ■■■}=p- - s, 

V 

>•{ a (.ri - 5) 4- . . .} -p{a%Vj - > 

y 

pia’(.Vi-§)-f-...}-q{a (xj- i)+...}=r~, 
where /?, g, 7 * have the values found for them above, and V is scos(w, «). 

Ex. 6. Prove that if the ratio o/t= const., the curve in the last 
example is a helix traced on a cylinder. 

If we draw axes from a fixed point parallel to the moving axes 0.v?/z, 
then, since pjr is constant, the line through 0 parallel to the central 
axis is fixed relatively to the system of axes. It is therefore fixed in 
space (see Example 3), and therefore the axis 0,7: makes a constant 
angle with the instantaneous axis, which remains fixed in direction as 
the body moves. 

249. Accelerations of Point in Rotating Body. Eauations of 
Motion. In precisely the same way if we set up a vector 
from 0, the components of which along the axes Oxyz:, 
that is, parallel to Ox, Oy, Oz, are v, zu, we obtain the 
components of acceleration in terms of x, y, z, p, g, r, 

theiv rates of variation. If the 
components of acceleration along the fixed axes be cOy, 
we have 

= io + qw — rv = x + Uq + 2gi — Sry + qz — ry 

+P(qy+'i''^} -(q^+r^-)x, 

ciy^v+ru —pw=^y-{-VQ-\-'2iTX’-'^'pz+rx—pz 

+ q{Tz+px)-{T-+p^)y, 

= w +pv --qu=^z+WQ+ 2py — 2qx +py — qx 

+ O'^ipx + qy) - {p^ + q^) z. 

The first two terms on the right in these expressions are 
the components of relative acceleration, the next two 
terms, 2(gi — ry), 2(ra)— _pi), 2{py — qx), form the com- 
ponents of what is called the complementary acceleration, 
and the three groups of four terms remaining form the 
components of the acceleration of entraimnent or co- 
acceleration. Thus, denoting 

qz — ry ~\-j){qy +Tz) — {q^+T^)x 




cCx — + Ci'xc + 7 ^h~y “I" 


~ ^ + tCzc 4- c 7 


...( 2 ) 


where Uq, v^, ih^ are supposed included in x, y, z. 

Thus, if X, y, Z be forces on a particle at P, the equations 
of motion are 

mx + ma^cc + = X, mij + mayo + modyo == F,1 
mz + maze + = ^- J 

These equations may be written 

mx = Z+ X'c, rnij =7+7^7 'inz = Xc, (8) 

where Xc = — m(aa;c + u'kc), — Thus the equations of motion 
are now of the form for axes at rest, but tlie force in each 
case is the applied force, with a force added suificient to 
produce an acceleration equal and opposite to 

It will be noticed that the components c^cj <^ncy K.q 
represent a vector at right angles to the plane of the vector 
{py g, r) (the instantaneous axis about wliich tlie body is 
turning with angular speed and the vector 

Vr = \l£^^y--^z^ (where x, y, z include z^ if these 

exist), that is, the vector representing the relative velocity. 
Its magnitude is 2xVr sin (co, '?^.), where (co, Vr) is the angle 
between the positive direction of the instantaneous axis 
and that of Vr, and its sense is that in which the turning w 
tends to carry the outer end of the vector Vr. 

250. Angular Momenta. By (2), § 71, the components of 
angular momentum about the fixed axes are given 

by the equations 

H^ = X{7)i(hj — yz)}, H.,— 2 {on {xz — icr ) } , \ 


H^=^'L{m{yx-xy)}, 


f 


( 1 ) 


and therefore by (1), § 246, we have 

T/i=p2{m(2/2H-2;2)} — g2(7n.tr7/) — 7'*2(mcc0), (2) 

with similar expressions for But 2{7n. ( 2 /^+ 0 ^)}, ... 

are the moments of inertia about the axes and are denoted 
by A, B, G, while X(onyz ), ... are products of inertia and are 
denoted by D, E, F. Hence 

H^ = Ap—Fq — Er, H^ = Bq--Dr’-Fp^ /«,y^ 
H,,^Gq-Ep^Dq, ] 


(4) 


H^ = Ap, H^ = Bq, E^—Cr 

The kinetic energy T is given by 

T- |X[m { (qz —ryf+ {rx —pzf +{py — 

= + g^X{m(2:^+a;®)} 

_l_ r22{m(a:^ + 2/^) } 

— 2qr'E{'myz) — 2Tp'2{'mzx)^2'pq'E,{'tnxy)], 
and so by (2) ^=E„ ^^E, (6) 

Also clearly T= lipHi + qH^+rH^) (7) 

A proof in all respects similar to that given in § 244 
above for the composition of angular velocities might be 
framed to show that the angular momentum about the 
axis, the direction-cosines of wliich are proportional to 

H,, is (Hl+Hl + Hlf, and that, if this be called 

H, the angular momentum about any axis inclined at an 
angle 0 to that of jff is cos 0 ; but the subject has already 
been discussed in g 71. 

It has been proved in § 75 that the time-rate of change 
of angular momentum, about any axis, is equal to the 
sum of the moments of the impressed forces about the axis, 
or, as it is sometimes put, to the moment of the impressed 
couple about that axis. This holds whether or not the 
system is a rigid body. 

251, Representation of A.M. as a Vector. Rates of Change 
of A.M. about Moving Axes. It is convenient to measure 
a distance from 0 along any axis OA , OB, . . . , in the 
positive direction, in length numerically equal to the 
angular momentum, or angular speed, or moment of forces, 
as the case may be, about the axis. The points A, B, 
may be the outer terminal points of these distances or 
vectors, and will show by their displacements as time 
passes, how the direction or the numerical value of the 
directed quantity represented by the vector is varying. 



Now, the time-rates of change of angular momentum 
for the fixed axes have been found in § 72 above, 

and if these be denoted by the time-rate of 

change of angular momentum about any axis O^Ny the 
direction- cosines of which with reference to 0{X{y-^z^ are 
J, m, riy Also, in §170 have been 

derived the rates of growth of angular momentum for a 
rigid body, about the principal axes of moment of inertia 
supposed fixed in the body, and therefore turning with 
angular speed p about q about and r about 
( 0 ) 3 , cog, CO 3 , in § 170). 

For the case of angular momentum referred to a system 
of axes Oxyz turning with angular speed 0;^, 0^, 03 about 
fixed axes, with which the moving axes at the instant 
coincide, we can find the equations of motion by an applica- 
tion of the method explained in § 9 above. We shall denote 
the components of angular momentum referred to the syvstem 
of rotating axes by and identify these with the 

directed quantities L, My N referred to in § 9. The symbols 
Ly My Ny tlius sct frGe, we sliall use to represent the moments 
of impressed forces — the impressed couples — about the 
axes. Thus we get, if the origin 0 be at rest, 

/i2-0i^3 + 03/q = i)f, ^ ( 1 ) 

K J 

If the axes are fixed in space 0^, 02 , 03 are zero, and the 
expressions on the left reduce to their first terms. If the 
axes are fixed in the body, then 0 ^, 02 , 03 are the angular 
speeds, j)> 9 'j say, of the body at the instant about these 
axes fixed in itself. If moreover the axes fixed in the body 
coincide with the principal axes of moment of inertia of 
the body, we have h^ = Apy h^^Cr, so that the 

equations of motion become 

Ap — {B—C)qT = Ly I 
jBg — (C— A)rp = ikf, l 
Cr^iA-B^m^N. ] 


( 2 ) 


wmcn a/i’e tiie jDUierw equciuiuiia, iuuna m s i/u uy y/au&iier 
method. These give only the rates of change of the 
angular momenta, so that the body is either turning about 
a hxed point, for which the principal axes ai'e taken, or the 
translational motion is ignored. 


252. Body with One Point fixed. Deductions • from Eulers 
EoLuations. From these efjuations we can obtain some 
important results. Multiply the first equation by p, the 
second by g, and the third by r, and add. The sum on 


the left is App-YBqq + Grr, so that 

Aiyp+Bqq^ Orr = Lp + M q + Nr ( 1 ) 

The kinetic energy T is given by the equation 

T=l{Ap^+Bq^-+C7‘^-l ( 2 ) 


so that the equation just obtained can be written 


f^=^Lp+Mq+Nr. 


( 3 ) 


The quantity on the right is the time-rate at wliich work 
is being done by the impressed couples as the body moves, 
and this is the time-rate of growth of the kinetic energy. 
Hence, if L = M=N=0, the system moves subject to the 
condition that the kinetic energy is constant. 

If wc multiply the first Euler’s equation by Ap, the 


second by Bq^ and the third by Or, we get 

A^pp + B^qq + C^rr = LAp +MBq + NGr (4) 

Tlic square, of the resultant angular momentum is given 

(5) 

and therefore the equation just found can be written 

^^^liLAp+MBq+NOr), ( 6 ) 


that is, the time-rate of growth of resultant angular 
momentum is equal to the resultant moment of the im- 
pressed couples about the axis of resultant angular momen- 


tum, If 


L = M = N=0, 


the resultant angular momentmii (jfT below) remains constant 



ui, Dne insoanLaneous axis, is not, nowevei^ stationary, ana 
the value of w also varies. 

253. Body with One Point fixed. Relation of Axis of 
Resultant A.M. and Instantaneous Axis. The cosine of the 
angle between the axes OH and 01 (angle POH in Fig. 109, 
below) is + is, if T be the kinetic 

energy, 2TIHa), Now, if L — A[=N~0, both T and H are 
constant, and we have then o) cos 70J? = 22’///, a constant. 

The direction-cosines of a normal to the plane of I OH 
are {{B — C)qr, {G—A)T‘p, {A--B)pq]l(x)H ^mlOH, and so 
the resultant couple, or rate of growth of angular mom en turn, 
represented by 

{(5- 0)2gV +{C- AfrY + (-^ - BfpY) ^ 

lies in the plane JO/f, and its magnitude is coffsin /Off. 
This is sometimes called the centrifugal couple, or couple due 
to centrifugal forces. For we can write Euler's equations 
in the form Ap^L + {B-G)qr, (1) 

and then (B — C)qr, appear as moments of centri- 

fugal couples, On the other hand, we have interpreted 
— {B~G)qr, ..., above as the rates of growth of angular 
momentum about the instantaneous positions of the principal 
axes, due to the motion of the body. In fact, the angular 
momentum H about tlie axis OH resolves into two com- 
ponents cD^Tcosd along 01 and cousin 0 at right angles to 
07, and the turning with angular speed co about 01 gives 
a rate of growth of angular momentum 

sin I0H= {{B - Gfqh'^+{0-AfrY+{A - BfpY)^ (2) 

about an axis at right angles to the plane I OH. 

The reader may consider for the sake of the analogy the 
equation of radial acceleration in the motion of a particle 
in a plane, m(r — = (3) 

where F is the outward impressed force along the radius- 
vector from the origin. We may consider the term 
cither as appearing in the rate of growth of momentum 



mT = F-\-mT&^. 

254. Motion of a Rigid Body under No Forces. We no\^ 
go on to consider very shortly the motion of a rigid bodj 
under no forces, by means, of tlie inomental ellipsoid 
according to the method of Poinsot. We may suppose oik 
point of the body to be fixed in space ; b\it the conclusion} 
will be applicable in other cases, for example to the oscilla 
tions and rotations, withriiespect to the centroid, of a quoit 
or of a, sticlfr thrown into the air, since these relative 
motions, kfe hot affected by the action of gravity when the 
^body- is-^ree in the air. 



First, we prove that the angular speed about 01 is pro- 
portional to the length of the radius- vector of the momenta 
ellipsoid (M.E.) (described for the body about 0 as centre) 
with which 01 coincides. For let 01 intersect the M.E 
in P, and x, y, z be the coordinates of P with respect tc 
the principal axes of the ellipsoid. Then, since r an 
the angular speeds about the principal axes, we have 

j^jx-qjy— rjz — oojOP. 




ucvic ux c;(Xv;.iA ux uiiciac x<xuxx/o «^cvj.jl vvxiuucxx 


{Ap^ + Bq^ + Gr^)l{Ax^ + By^ + Cz^). 

But the numerator ol: this is 22^, where T is the kinetic 
energy, and by the eci nation of the ellipsoid we can put 
Ax^-^By^-+Gz^ = l. 


Thus we get 


0P2 


= 2P, 


( 1 ) 


a constant. 

Again, tlie value of to . cos lOH is constant. For 

cosJ0ir=2r/a)if, 

?s of 01 are proportional to p, g, r 
xl therefore 


since the di; 
and those of^ 

4 ^ 

and T afed 

l=m=n^. 



255. and^^feivatiable Rolling of 

M.E. on Invafiahle; Plan^ "•'Th-a,»,perpen^^#-^^^^f|bhe 
centre 0 on the tangent plane at P has directioiCTiWies 
proportional to Ax, By, Gz, that is to Ajd, Bq, Gr, Tlie 
perpendicular therefore coincides with OH. Its length is 

iKA^x^+B-y^+G'^z^)^, that is xKOP.H), which, by (1), g 254, 
has the constant value J 2 T/H. The M. e. thus always touches 
a plane pei*pendicular to the axis of resultant angular 
momentum H at the distance wj{OP ,H), or \/2TjH (==‘n7), 
from the centre of the ellipsoid. The plane through 0 at 
right angles to OH is frequently called the invariable jylane. 
In this plane an impulsive couple, of moment H, which 
instituted tlie motion from rest would have to be laid. 
The fixed line OH is called the invariable line. 

Tlie M.E. is turning about the instantaneous axis 01, which 
is coincident with OP. At P the M.E. is in contact with a 
fixed plane parallel to the invariable plane, and so rolls 


on that plane. The angular velocity about OP may be 
resolved into two, an angular velocity of amount 

cocos I0H=2TIH 



i}ne invariauie piane. jli men we fsuppose tne invanaDie 
plane to turn with the M.i5. about OH with speed 2?"/^, the 
motion of the ellipsoid relative to that plane will then be 
simply that of rolling about OG with angular speed 
ojsin 10 H. 

In tlie course of tlie motion, OG describes in the body a 
cone, and in space a portion of the invariable jdane about 0. 
The angle turned through by the invariable plane will give 
the time. 




Ex. 1. Prove that the ellipsoid 

^ 2 , ^ ^ 

which is confocal with the m.e., touches a plane parallel to the 
invariable plane in a point the coordinates of which are 

— y^R{l-\rBh)q^ R{\-^€h)r, 

where 

Also prove that the line Oil intersects this plane of contact in a 
point Z, at a divStance a constant. 


Ex. 2. Calcnlate the speed of the point Q) that is w. ^^in QO/ 
for any instant, and hence the angular speed o; sin QUIf^Xn Q()L^ of Q 
round OL at the same instant, and show that this angular speed 
reduces to hll. 

[This gives Sylvester’s measure of the time required by the body to 
perform any part of the motion ; namely the angle turned through 
by Q about the line OL^ divided by hUl\ 


Ex. 3. Prove that the line OG descrilies a cone in the body. 

Let G be the projection of P on the invariable plane. Then GP—zy. 
Also if the coordinates of G with reference to the princiiDal axes be 
? 7 , i, we have, since GP is parallel to Oil, 

(^-iv)/A.v={7i -y)IB!/={i-z)ICz=ii, say. 

Also, since OG is perpendicular to OTI, Byiq Cz^—Q. The first 

set of relations give ^—x-\-fxAx, 7?=y+/xi5?/, Multiplica- 

tion of these by Ax, By, Cs gives Ax^-{'By^-{-Cz^-\-iL(A'^x^-\-Bhp-\-Gh'^)—(}, 
or /X = - (since A 4- By'^ P = 1 , A p E^y^ P (7%^ = 1 / Th u s 

-'(y^'^A), y—iflO -'(y'^B), z — ^j{\~y^'^G), which, substituted in 
P Czi~0, gives 


A^^ 

VP A - 1 


P 


_Bjf__ 


+ =0 


the equation of a cone. 



fixed plane referred to above; the successive points of 
contact trace out two loci, one on the ellipsoid, the other 
on the plane. The former is called tlie polliode, the latter 
the herpollwde. The former is the locus of points on tlie 
ellipsoid, the tangent planes at which ai'e at a constant 
distance from 0. If ^ as before be the constant lengtli 
J2f/H of this perpendicular, we have the equations 

Ax^+By^+Gz-^^l, A^x^+BY+C-^z^=\, 0 ) 

whicli give the equation 

A{2AT-m)x^+B{WT-H^)y^+O{2CT--m)z^^0, ( 2 ) 

the equation of a cone fixed in the body. This is called 
the body-cone. It rolls on a cone fixed in space, the sj’xice- 
cone, the intersection of which with the fixed plane of 
contact is the herpolhode. The cone is imaginaiy unless 
^r^/22', that is l/uT^ lies between the greatest and the least 
of 5, G. 



Fig. 110 . 


If C be the greatest moment of inertia and A the least, 
then I/zj^^^A or Ijzj'^—C converts the equation of the cone 


B(A^B)y^^ + 0(A-G)z^ = 0 (3) 

A{A-C)x^ + B(B--C)y^-=:^0, (4) 


each of which represents a pair of imaginary planes, in the 



the axis of 2 ^. 

The cone degenerates into two real planes if llv5^ = B, 
where B is the intermediate moment. We have then 

A{A-- B)x^ -^G{B-0)z^ = 0 (5) 

These two planes intersect on the axis of intermediate 
moment, and they separate tlie polhodes which are closed 
curves surrounding the axes of greatest and least moment, 
as shown roughly in Fig. 110. Tlieir intersections with 
the M.E. are therefore called the separation/ polliodes. 

257 . Stability of Motion of Rigid Body under No Forces. 
It has been shown in §169 that an axis of principal moment 
of inertia is an axis of free rotation for a body under no 
impressed forces. The figure shows that if the body be 
set rotating about the axis of greatest or least moment, any 
sliglit deviation of the axis of rotation from the principal 
axis will not result in any further large divergence of the 
axes ; the instantaneous' axis moves in the body so that 
its intersection with the M.E. describes the small closed 
curve of points at the same distance Zo from the centre. 
But if the body be set rotating about an axis nearly 
coinciding with the axis of intermediate moment, the axis 
of rotation will wander off in the body along the polhode, 
whicli it will be seen passes nearly to the opposite side 
of the ellipsoid before returning to the original position, 
The motion is therefore stable in either of the formei 
cases and unstable in the latter. If the body rotates 
exactly about either the axis of greatest or the axis oi 
least moment, the polhode is a mere point. 

258 . Projections of the Polhodes. If we eliminate 2 ? be- 
tween the two equations (1) and (5) of § 256, we obtain 

- G)x^+B{B-G)y^=^,(l~~) (i; 

Whether C be the greatest or the least moment the locus, 
which is the projection of the polhode on a plane at rigid 
angles to the axis of 0 , is an ellipse. The ratio of the 
iT-axis of the ellipse to the ^-axis is JB(B—C)IA(A — G), 



^ O 

instantaneous axis in the body. For the highest degree 
of stability, therefore, we should have in this case A^B. 

Eliminating y between the equations (1) and (2) of § 25G 
to project the polhode on the plane of xz, we get 

A{A~B)x^-0{B-G)z^^\{\-Bd^), (2) 

to 

the equation of a hyperbola. For 1 we get one 

liyperbola, and for 1 < Buy- tlie conjugate. Tlie asymp- 
totes are the two lines 

A{A^B)x^--^CXB-C)z^ = 0, (3) 

that is the lines 

jA{A^B)x + JC{B — C)z — 0,') 

1, I (4) 

JA {A - B)x - JC{B -C)z = 0j 

which are the projections of the separating polhodes. 

259. Form of the Herpolhode. With regard to the lierpol- 
hode we have not space to go into detail. It is a curve 
consisting of different parts, which correspond to the 
successive rej)etitions of the polhode, and from the manner 
of its description, tlie rolling of the ellipsoid, it must 
always have its concavity turned towards the foot of 
the perpendicular from the centre of the ellipsoid to tlie 
plane of contact, and therefore cannot have a point of 
inflexion. Tlie distance of the point of contact at any 
instant from the foot H of the perpendicular from the 
centre is VOP^ — and it is evident from the form of 
tlie polhode as displayed by its projections just indicated, 
that OP varies between a maximum and a minimum value, 
ill each fourth part of its description. Thus, the distance 
hp=JUf^ similarly varies, and so the herpolhode 
is a curve lying between two circles which have the pro- 
jection of the centre of the m.e. as their common centre, 
and touching the outer circle internally and the inner 



in general, however, a closed or re-entering curve ; unless 
the angle turned through by HPy from contact of the 
herpolhode with one circle to contact with the other, be 
commensurable with 27r, the curve will not be repeated. 

Wlien the intermediate moment, the herpolhode 

has an interesting form shown in Fig. 110 . The polliode 
then passes through the extremity of the principal axis 
OB of the M.K., and is tlierefore one of tlie ellipses wliich 
form the separating polhodes. Wlien the extremity of 
the axis OB is in contact with tlie fixed plane, i/P = (), 
and so the radius of the inner limiting circle is zero. 

Let the motion of the M.E. begin at any point of the 
polhode distant from the extremity of the axis OB, say 
at the maximum value of OPj then the motion consists, 
as we have seen (§ 255), of a spin about an axis through 
the point of contact, of angular speed 2 .T/L/, and a rolling 
motion about the line HP with angular speed w sin JO//. 
As tlie ellipsoid moves and the point of contact approaches 
B, tlie motion becomes more and more one of spin merel}^ 
and so the herpolhode consists of a succession of constant ! 37 
diminishing arcs of a spiral closing down on a pole P. 
Tlie spiral is a double one, but only one lialf of it is de- 
scribed by the point of contact. (See Ex. 4, § 260 below.) 


260. Examples on Motion of Rigid Body. 

Ex. 1. If p he the distance II ]\ then from the equations 

,,^2. ^ y 2 ^ ^2^ y] .J.2 ^ 2 _|_ ^^2 _ J ^ (U - ( d + (72- 2^ r= ] , 

fulfilled by the coordinates of the point of contact of the m.k. \vith 
tlie plane on wliicli it rolls, prove that 

. BC(C-B)(r~cL) Cyl(A-(yXp^^/3) 

(“l-/J)(/i-(7)(C'-d)’ (A-B)(yj-0)(C-Ay ■■■' 


where 


(coVi-LCW-]) 




y = .... 


Ex. 2. By means of the relations pjx~ql'}f~rjz—u)IOP=s(%T 
(§ 254), prove that Euler’s equations may be written for the ease of no 
forces in the form 

By - ^/W{G - A)z.v = 0 , ... . 



JLJ.CliV^C UlidiLr 


pp= -sl^T.vfj, 


{A-B){n~C){C-A) 

ABC 


and by the last example that 

pp = sli 7\/ - (P“ - (xy(p2 - fJXp'-^-y), 
from which can be found in terms of L 


Kx. 3. By calculating the rates of description of area by the 
projections of the radius-vector OP on the coordinate planes (that is, 
— xi{-yib\ and taking the sum of the projectioiivS of 

these on the plane of contact, show that if be the rate of increase* 
of the vectorial angle ^ corresponding to the radius-vector p=^HP of 
a point of the herpolhode, 


p^<j>: 




rri \ BC 


and that this, by Example 1 above, reduces to 


p‘-J<^ = W27XpH^), 

where E^{VS-A - - l)(?ir^^7- 1)/Trr-^ J - sJ~(jLfty/rrr. 

Hence show that the differential equation of the herpolliode i 

(i^ -U lip^+E ) 

p-J -(p^-aj){p'- |8)(/r-y) 


Ex. 4. In the case (§259 above) in which show that 

this differential equation i-educes to 


and that therefore 


d^j) I 

<^P \/ Bp — p“ ’ 

p'' 2\/]3 


so that the curve has the form shown in Fig. 66. (See equation (10), 
§ 153.) 

[Tliese examples are mainly due to a Note by M. Darboux in 
Despeyrous’ Traite de la Mecanique.'] 


Ex. 5. From Euler’s equations of motion of a rigid body turning 
about a fixed point under the action of no forces, deduce the stability 
of the motion, when the axis of greatest or the axis of least iiionieiit 
of inertia is the instantaneous axis. 

Let the axis of rotation coincide with OA, then the equations of 
motion are dp — O, (7r=0. If, however, the axis deviate slightly 

from OA, and the angular speeds be q, r, where p\ g, r are small, 

then we can show that in certain circumstances g, r can never become 
large. The equations of motion are now, if products of small quantities 
be neglected, Ap'—O, Jjq — {G—A)rpQ=0, Gr~-{A - B)2^oq~0. Differ- 
entiating the second equation and eliminating r between the result 
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and the third equation, we obtain 




.(i; 


Now, if (A — C){A--B) be positive, that is, if either A>B>C oi 
0>B>A, this equation can be written 

^ + ? 2'‘^<7 = 0 , (2 

where - (7)(d - B)2fjBG is real and positive. If initially q = q 

and r/ = (/o, we get . 

q — q^^ cos nt + ^ sin nt (3 


But initially qQ—{G - Ay\^p^J B^ and therefore 


q — f/(j cos nt -f- 


C-A 

Bn 


sin nL 


(4 


Thus if, as we suppose, q^^ and q^^ be small initially, q can never acquir 
more than the small value given by the last equation, and a simila 
result can be found for r. The instantaneous axis therefore remain 
in proximity to OA. This will be seen more clearly if we find th 
position of the instantaneous axis. By the relation Bq=^(G- A)7p^ 
we get for r the equation r=Bq/(G— A)p^)y or 


> , Bn o,) • 

r = ?v cos nt + -- — 79 — sin nt. 
A-C 


,.(S 


Hence, for the angle AO I which the instantaneous axis makes wit 
Od, we have 

tauylQ/=^X.+!l a 

P« 


For the angle /I which the axis of resultant angular nionientur 

OH makes with OA^ we have 

V BV 4- Gh'^ 


tan ^1(9//=--- 


Ap^, 


0 


Thus, if A be the greatest moment, the fixed cone lies within th 
moving cone. 


Ex. 6 . iShow that if A be the greatest or least moment, and B=( 
that the instantaneous axis describes in the body a right cone roun 
OJ, the axis of figure, and that tliis cone rolls on a right cone fixed i 
space. 

W e have here n^=(A - BYp^j B^ or ‘ n = (/I - B)pJ D. The equation 
for q and r become 

q ~ cos nt - 7'n sin nt.^ cos ntA- g'o sin 

or q — RQO^{nt->re\ r= /f sin(?U-|-c), 

where and tiiWG — rJg,,. The resultant of q and r is then 


A>B, and in the contrary direction if A<B. 

It is clear from the Poinsot representation of the motion that as 
the M.E. (here of revolution) moves, the instantaneous axis must make 
ahvays the same angle with the invariable line OH, Plence 01 
describes a right cone in space, that is, the cone fixed in the bod}' 
rolls on a right cone fixed in space. If A'>B^ n is positive, and the 
axis 01 moves round OA 

in the body in the direc- 

tion of rotation. The ^ A 
angle which 01 makes 
with OA is \ 

tan-“(s/^rJ/Vo), \ 

that is, tan~^(/?/po), that \ 
which OH makes with \ 

OA is (BR I A \ 

which is less or greater q O (^) 

than the former according Fig. ill. 

as A>B or <B, Thus 

the fixed cone lies within the moving cone in the former case, and 
the concave side of the latter cone rolls on the convex side of the 
former. In the other case, the convex surface of the moving cone 
rolls on the convex surface of the fixed cone. The two cases are 
shown in Fig. Ill, (a) and {b). 

Ex. 7. Discuss the motion of a symmetrical quoit, and of a long 
thin cylinder. 

■When the quoit is thrown into the air its centroid moves in a 
parabola, if the resistance of the air be supposed insensible ; but the 
motion of the body relative to the centroid is unaffected by gravity, 
and is the same as if that point were fixed. The moment A about 
the axis of figure is very much greater than the moment B^ and so 
if the quoit when it is thrown is given a rapid rotation about the 
axis of figure it preserves that rotation unchanged, except by the air 
resistance, and the direction of the axis only changes comparatively 
slowly, if at all. The action of the air is thus rendered nearly the 
same throughout the flight, and the mark aimed at is more certainly 
reached. The fixed and moving curves are as shown in Fig. Ill («). 

The motion of the cylinder illustrates the other case in which 
A<B. Here again there is stability in the case of rapid rotation 
about the axis of figure. A juggler throwing knives or other elongated 
bodies from one hand to the otlier, nr to another performer, gives in 
the act of throwing the necessary rotation al)out the axis of figure, 
which therefore remains nearly fixed in direction, and the body can 
be caught with ease and certa inty. 

An elongated rifle bullet rotating rapidly about its axis of figure, 
and preserving the direction of that axis constant during the flight, is 
another example of this case. (See Chapter IX.) 




1. Cumpoiiiid two screw inotioiis about recbaugulai* axes, (}.r, Oy, 
if a>i, CO 2 be the angular speeds, and pi, m the pitches of the screws. 
Prove that resultant angular speed is about a line OJ^ in the plane 
.vOf/ inclined at the angle ^=tan“^(wj,/ajj) to and that tliere are 
two linear speeds, 

cos 0 +i>} 2 P 2 ^ along 01\ and ^ ^ 

at riglit angles to OP, 

Show that the former of these and the resultant angular speed give 
a screw motion about OP of pitch sin^6^. 

2. Prove that the motions of Ex. 1 give a single screw motion of 
igular si)eed\/ojj + (oii about a line O'P' thz’ough the axis of z parallel 

CO OP at a distance — jUi)sin 20 from the plane ,vO//. 

Show that this line may be constructed as follows : Take two points 
d, B on the axes 0.v\ Oif equidistant from 6>, such that the distance 
between them ispi — p.^. Through A OB describe a circle ; the centre 
is C', the mid-point of AB. Let OP intersect the circle in P, and join 
CP. Then lAOP^O^ lACP~2Q, Let fall a perpendicular PD on 
dZ?, then DP—\{p^-p,^m\2Q. Now draw perpendicular to the 
plane of the circle a line PP' of length equal to and a line from 
P' parallel to PO to meet Oz in O'. The line O' F is the axis of the 
single screw which represents the motion. 

3. Sliow that if the angle 0 of Ex. 2 be varied unifonnly by 

variation of Wi, Wjj' while l^<^pt unchanged, the successive 

positioiLs of O'F trace out a surface of which the equation is 

2z(.r‘^fy'^) = (^i -p^^xy. 

The successive positions of O'P' ai’e the generators of the surface. 

4. Show that the pitch p (Ex. 1) of tlze screw for any generator of 
the cylindroid is inversely proportional to the square of\he radius-, 
vector in the given direction of the conic 

where C is a constant. When is it possible to have generators for 
which the pitches of the screws are zero, so that the motion is of pure 
rotation ? 

5. From Exs. 3 and 1, § 260, prove that 

j 2T {2AT-~m){ 2BT^ lF){2CT-IP) 

^ MTABO 

where ^ is the inclination of the instantaneous axis to the invariable 
line. 

Hence show that if the m.e. be written in the form 


on the ui variable plane of the racluia-vector to the point of contact of 
the ellipsoid with the plane on which it rails. 


//W 1 

^ABVTOK^' 


It has been seen (§254) that the first part of that is is the 

angular speed with which the plane through the invariable line and 
the radius- vector to the point of contact is turning about the invariable 
line. The remainder of arises from the other component of the 
turning about the instantaneous axis. 

6. To find the motion of the principal axes (hJ, OB, 00 in sjmee. 

Let 6 be the angle which OA makes vvitli 01 : the motion of a point 
P on OA at unit distance from 0 is at right angles to the plane A 01 
with speed co sin /?. Let ^ be the inclination of the plane A 01 to A OL : 
the speed of P at right angles to AOL is co sin 6* cos Now let a 
denote the angle AOL, and be the angle at which the plane AOL is 
inclined to a plane through OL and fixed in space. The speed of P at 
right angles to AOL is fclierefore also ^isin a. Hence 
sin a = oj sin ^ co.s 

But a, 0 are the sides of a splierical triangle the vertices of which are 
the intersections of OL, OA, 01 with a sphere of unit radius described 
about O as centi’e, and (jy is the angle between these sides at 
If f (.see Ex. 5) be the third side, sin a sin ^cos </j=cos cos a co.s 0. 
Hence sin 'ht — w cos (o co.s oc cos d. But w cos f is the turning about 

OL, that is 27’///, and ojcos 0 — (Oj. Hence 


2 7 ’ 


27 ’ E 




II A 


sinco aJi = //cosa//l. This gives the rate at which the plane AOL is 
turning away from a plane intersecting it in OL and fixed in .space. 
Similar results hold for the planes BOL, COL, incliiied at the angles 
b, 0 to tile fixed plane. 

7. Show that if the invariable line OL make angles wdth the 
pi-incipal axes tlie cosines of which are cl, fS, y, Euler’s equations, for a 
body Avith one [joint fixed and under no forces, may be written in tlie 
form IJOd. -1I{B ■ C)l3y = 0, Avith tAvo similar equations. 

Taking along Avitli the equations of last Example, Avritten in tlie 

6L-ff{l/C- 1/B)l3y=0, ... , 


Uie equations of Ex. 6, 


(1 




shoAv that if tAvo bodies of principal moments A, B, C, A', B', C\ be 
initially placed Avibli their principal axes parallel and be set in 
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motion by parallel impulsive couples H' which fulfil the relation 
= , prove that after any time t the prin- 

cipal axes will still be equally inclined to the axes of the couples. 

8. Prove that if the kinetic energies of the two bodies in Ex. 7 
be T, T\ 

A A'~B B'~~G irr 

and hence that the angles between the corresponding planes AOL^ 
A'OL'^ ... will increase at constant rate %{TjII - T'jlB). 

9. A body free to turn about a fixed point is impulsively set into 
motion : to find the equations of motion about principal axes fixed in 
the body. 

[Let L, M, N denote the time-integrals of the iiiq^ulsive couples 
Z, i¥, iV, and use Euler’s equations.] 

10. To find when an impulse applied in a given straight line to a 
body movable about a fixed point produces no rotation of the body 
about a perpendicular from the fixed point to the line. 

Take the direction of the impulse as Ox and the perpendicular as 
axis Oz, Then, impulse about Oz=% and (03=0, if D~E—Q. {^2 is 
then a principal axis for the sections xOz^ yOz, 

11. Find the direction of the axis of the impulse of moment H in 
order that the initial kinetic energy of the body may be a maxirnuni. 

Here + N V(7). Let B-> C, then clearly T 

will have its greatest value if N be made equal to //> and L = IVI=0. 
The impulse should be applied about the axis of least M.i. 

12. To find the values of L, IVl, N for fixed axes. These are given 

(3)5 § 170. They are 

A Wi — Fii)^ — = L, — Fiiy^ + ~ Dco^ == M, — Awi — -f Gio^ = N, 

where Wj, ai’e the angular speeds of the body about the axes, 

and A, B^ 0, i>, F are the moments and products of inertia. If 
the motion does not take place from rest, then for cui, (tj.2, Wg we must 
write c>i~(wj)o, a)2“ (0)2)0? ^3“(^3)u‘ 

13. An impulse //applied at a point P of a rigid body movable 
about a fixed point 0 gives that point a speed F; to find the 
instantaneous axis. 

The direction of V must be at right angles to OP since 0 is fixed. 
Hence the direction of V may be taken as O.r, and OP as Oz. Then 
(§ 246) F= 0)22 - 0)3^, 0 = - o)i2, 0 = 0)1 ?/ - 0)2.?;. But 2 = OP^ x=y- 0, 

and therefore F=o)2e, o)i=:0. Also iV=0, that is, (70)3= or 

— DVjGz, Hence show that the instantaneous axis lies in the plane 
y&2, and makes an angle tan~^(C'/Z)) with Oz. 



CHAPTER IX, 


TOPS AND GYROSTATS. GYKOSTATIC ACTION 
IN MACHINERY. 

261. Symmetrical Top moving about Fixed Point. Eq.uations 
of Motion. As a preliminary to the discussion of the theory 
and some of tlie applications of gyrostatic action, we con- 
sider the motion of a body which'turns about a fixed point, 
and is under the action 
of gravity. We suppose 
the body to be sym- " 
metrical as regards dis- 
tribution of mass about 
an axis which puvsses 
through the point of 
support, and which we 
shall call the axis of 
figure. The body is in 
fact a top, and its posi- 
tion may be taken as 
that represented in Fig. 

112. 0 is the fixed 

point and OG is the 
axis of figure, which is 
inclined at an angle 9 
to the vertical OZ. Two 
other axes OD, OE, at right angles to one another and to 
GO, are taken as axes of reference. These are not fixed 
in the body, but one of them, OZ), is at right angles to 
the plane ZOO, the otlier, OE, lies in that plane. They 
move with the plane ZOO. 




i ' J. ' 

turning oi the top about OD at angular .speed d, and a* 
turning of the plane ZOO with angular speed ^j/' about OZ, 
all in the direction.s (clockwise as seen from 0, Fig. 112) 
of the arrows in the circles .surrounding tlie axes. The 
angle x//' may be taken a.s that wliich a horizontal line in 
the plane ZOO makes with a fixed liorizontal line. 

Now x/r may be re.solved into two, x/r cos $, x/rsin 6, about 
0(7, OE respectively. Hence the total angular .speed, n, 
about OG is co + x/rcosd. The A.M. about OD is AQ, about 
OE is iLx/rsind, and about OC is Cn—G(oo + \jy'COsd), if 0 
bo the moment of inertia about OG and A that about 
OD or OE. 

The turning of the plane ZOG about the vertical is 
frequently called the pj^ecession of the top, for a reason 
which will be exjfiained in 8 275 below. Sometimes the 
turning about OE is referred to as precession. In the 
discussion of gyrostats we shall regard motions about 
different axes, perpendicular to the axis of figure, as pre- 
cessions, according to convenience. The context will make 
clear the sense in which the term is used. 

Now let a vector OH be drawn from 0 in the proper 
direction and of the proper length to represent the re.sultant 
A.M. of the top : the vdooity of H is the re.sultant rate of 
change of A.M. in direction and magnitude. The .speed with 
wliich the extremity H of that vector is moving in any 
direction in space is the rate at which A.M. is growing up 
ill that direction. Thi.s of course is partly due to the time- 
rate of increase of length of OH, partly due to its cliange 
of direction in consequence of the motion of the axes about 
which the components of OH are reckoned. We noxx^ 
proceed to calculate this speed for the moving axes OD, 
OE, OG themselves. 

Taking first OD, we notice that gravity exerts about 
that axis, in any of its po.sitions, a moment Wc/Il sin 9, if 
the di.stance of the centroid of the top from 0 be h, and tlie 
weight of the top be W. This is one expression for the 
rate of growth of A.M. about OD. Another expression is 


growth. These arc : ( 1 ) A 6 due to increasing angular 
speed about OD, (2) the rate of production of a.m. about 
the instantaneous position of OD in consequence of the 
motion. [In wliat follows tlie instantaneous position of OD, 
or of OE, which are botli definite directions in space, will 
be referred to as simply OD or OE, when an axis is referred 
to as moving toward or from either, and tlie reader will 
kindly supply the proper interpretation.] The turning 
about OE with angular speed \/rsin0 moves the axis 00 
round towards OD, and therefore produces a rate, Gn-\jrs\n 0, 
of growtli of A.M. about OD. Similarly the turning about 
00 moves OE away from OD, and therefore a.m. is growing 
about OD, at rate 6cos9. Thus the total rate of 

growth of A.M. about OD is A6-i'{On — A\j/'(tos6)\lr^m9, 
and equating this to Wgli sin 6, we get the ecjuation of 
motion 

— il-\/rcos 0)'\/r sin 9= Wghsm 6, (1) 

which will have many applications in what follows. 

We notice next that there is no moment of forces about 
the axis of figure. The rate of growth of angular momen- 
tum consists (1) of A'xp'^^osO.O due to the turning of OE 
towards the instantaneous position of OD, and (2) 

— -dO-v/zccsd 

due to the turning of OD away from the position of 00 by 
the rotation about OE. The total rate, due to the motion 
is thus A0\l/'Qos6 — A0\jy'GOs6 or zero, and since tliere is 
no moment of forces, we have 

C'h=0 (2) 

Therefore n and Goi are constants tliroughout the motion. 

Furtlier, about OE there is also no moment of forces. 
Tliore is, however, rate of change of angular momentum 
Ad(\j/'^m6)/(U because of rate of change of angular speed 
about OE, and of cliange of inclination 0 of the axis to the 
vertical. In consequence of the motion there is, as the 
metliod already employed shows, ¥ate of growth of angular 
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i'(juati«)ns oT 201 in lla* Tonn 

( j ^ ^ xj/ {*< )s f) )\h sin d 


all Ihc nionienis of 
is (’alhsl a split rit'ff I 
I hi’ lop is «»!’ splicrii'al 
fh/. we can pnt ihe 


Wph 

A 


sin (I 


\//sind I ( 2\// (*os d — // d. 

WM*(.h Ma‘ in(e^ra,l et|na(ion correspontliuL;' to tlu‘ second of 
i.hes(\ nn.iuely. 

a ' cos d I d/ sin ’f! . • 


Thus, MO Fa.i* as t.hoso (Mpialions an* etaic«‘rned. wi* may 
snppoHi' (,li(' aeiiial lop replaced hy a s]jhrrical ma*. provided 
A r(‘nh*iins I, he same, aial Ihe actual rotational speed // is 
cha-nexal i.o //', whert* //' lA* d lni : in other words, that 


give the whole motion, there is no loss of generality in 
supposing the top spherical. 

It is to be noticed, however, that the kinetic energy is 
not given by this substitution, for Gn''^ = G^n^lA^. 


263. Rise and Fall of Top. Putting now for brevity, 

a = {2E-Cn^)IA, /3==G/A, 

we obtain the equations of energy and angular monientuin 

in the form = 1 (1) 

Y/(l — 2:^) = /3 — hnz.] 

Eliminating -y/r between these equations, we get 

= (a — az){l — — (/3 ~ hnz)^ =f{z) (2) 


The cubic expression f{z) is negative when 0=— 00,0—rhl, 
and positive when 0 = +00 . It is also positive when 2; has 
its initial value 0^, say, which must be between —1 and 
+ 1. Two roots of the equation f(z )~0 lie therefore one, 
0^, between —1 and Zq, another, z^, between z^ and +1, and 
the third, 03, between +1 and 00 . The last is not relevant 
to the question, since ~1 < 5;< + l. We have therefore 


z^ = a{z-Zj){Z 2 - 3 )iZs-z) (3) 


The product of the three factors is positive since is 
positive • the tliird factor is obviously positive, and there- 
foi’e z must lie between z.^ and z^. We have taken z^ as the 
greater of tlie two roots z.^, z.y Hence, as z alters the 
angle 0 varies also, but is always such that cos0 lies 
between the limits z^, Z2. 

From (3) 2 can be found as an elliptic function of the 
time f, and thus the top rises and falls periodically. 


264. Path of Point on Axis of Top. By elimination 
tween i = Jf{z) and ■\jrr={^-hnz)j(\-z^), we get 


d-^_ j^hnz 

dz 


be- 

•( 1 ) 


from which \(f can be obtained in terms of by quadrature. 



Let a sphere of radins 1 be drawn round 0 as centre, 
and call the point in which the vertical through 0 
intersects the sphere, the pole of the sphere (Fig. 113). 
Then, if P be a point in which the axis of the top meets 
the surface, the projection OP on the radius is the 
value of z, and the distance of P from that radius is — 
The tangent of tlie inclination i of the line traced by P 
on the unit sphere to the meridian Z^P at _^y position is 
'-{lS~-hnz)js/fXz), in which the value of is taken + 

or — according to tlie sign of This expression shows 
that the path of P is at right angles to tlie meridian 



whenever 0 has one or other of tlie values unless 

it should happen that at either limit z — ^lbn. Thus the 
path lies between the two parallel circles on the unit sphere 
corresponding to When z^^jhn at one of these 

circles, the path of P has cusps as shown in Fig. 114. As 
we shall show, this can only be the case at the upper circle. 

The form of the projection on a horizontal 
plane is shown in Fig. 115 for the second 
case. 

If the value of ^jhn lie outside the limits 
^ 2 ^ P'—hnz must always preserve the 
same sign as P moves. But if ^jhn lie 
between and the path will have the 
form shown in Fig. 116, from which the 
changes of sign and value in tan i can be traced. To settle 
whether when z{^f'ijbn) lies between -1 and +1, it also 
lies between z^ and z^^, we have only to consider the value 
which tliis gives to fiz), that is wliich of course miist 



Fig. 116 . 



/W.(a-»£)(l-|l) (2) 

in which the second factor is positive. Hence if the first 
factor is positive jSjhn lies between and The con- 
dition is tlierefore ^/6?^ < a/a. 

There is, however, the case in which tliis factor vanishes : 
13/hn is then equal to one of the limits 
which we substitute inf{z), (x-a^jhn, and get 

~ ~ (/S - ) 

If we equate tlie right-liand side to zero, we see that 
one root of the equation is given by the first factor. 
The second factor is zero if ^ — hnz = a{l—z^)lhn. But 
a(l— s“)/7m is positive, and therefore ^ — hnz must also be 
positive if tliis equality holds, that is, zci^jhn, with ni 
positive. We see then that if one of the roots of 

f(^z) = 0 bo ^/?m, it must be the greater root. Thus the 
cusps are at the upper circle as stated above. 

Tlie conclusion thus analytically obtained for the position 
of the cusps is obvious from considerations of energy. 
For at eitlier limiting^ circle the term in the kinetic 
energy depending on 6 is zero. The potential energy, 
liowever, lias its maximum value at the upper limiting 
circle, and its minimum value at the lower. At the lower 
circle therefore it is impossible for •\//' to be zero, otherwise 
the kinetic energy would, for the miniTmim of potential 
energy, be reduced to the constant part hCn^, depending 
on the spin about the axis of figure. But, since the total 
energy does not vary, the kinetic energy must have its 
greatest value at the lower limiting circle. Hence the 
cusps, if they occur, are connected with the reduction of 
the kinetic energy to the constant part in consequence 
of tlie adjustment of the maximum of potential energy 
to the value E—lCn^. 

The dynamical reason for the form of the path in 
Fig. 110 is clear from (1) above, the second of (1) of 
§263. If the two roots ot* /(^) = 0 be such that before 



i cclUilli-lg UilC iiiinu yjs- vcuxu-v^, k 3\_; gicoiu 

that C7^cos0 exceeds G or then yjr^i—z^) must 

become negative. In other words, the turning about the 
vertical must be reversed from the direction which it had 
at the lower limit of cos Q, where 0?^ cos 6 <C.G. 

It is here assumed that the diagram of the third case, 
that in which ^jhn lies between z-^ and z^, is shown in 
Fig. 116(c). The positive advance in the value of in 
each period is there shown as greater than the negative. 
This can be proved, but we leave the discussion for the 
present. 


265. Top started with Rapid Rotation and Zero Precession. 
Let it be supposed that initially d = 0, 0=^9q (and therefore 
cos 0Q = Zq), = 0, and n very great. Then 

E— Wgh cos Oq. 

Thus, initially, oi = aZQ, ^ — bnz^. Afterwards, when the 
inclination of the axis of the top to the vertical is 0, 

we have j ^ ^ ^2 = Wgli (cos 0^^ — cos 0) ( 1 ) 

or, as we now write it, 


e--\-yl/^(l-z^) = a{z^-z) ( 2 ) 

Also i/r ( 1 — 0 ^) = ^ — hnz — bn (^q--z) ( 3 ) 


We have seen that i‘^ = (a — as)(l — ,'5^) — (/3 — and 
therefore, by the values of oc, /3 given by the initial con- 
ditions in this case, we have 






.(4) 


The second relevant root, 0 ^ say, will cause the factor 
1 — 0 ^ — bhi^{zQ — z)ja to vanish. Hence 




(5) 


It follows that if n be great be small. 

Hence the axis of the top moves between two close right 
cones which have OZ^ for their common axis. 


\jy' — bnr ^ — ^ ( 6 ) 

By the value of 2 ^ 0 “ obtained we can write this 

in the form 2 

(7) 

The quantities — both small: their ratio 

depends on the value of 0 . Tlie value, however, of the 
ratio (1 — is (since 0 can differ but little from 0 ^) 
very nearly 1. We see from (2) that 0 q> 0 ^, that ls, 
0 ^ is the value of 0 for the upper limiting circle, and 0 ^ 
is that for the lower. 

We notice that when 0==0o, that is at the upper circle, 
A/r — O, or the curve of intersection of the axis with the 
spherical surface is that shown in Fig. 115, for it ivS 
clear from (2), (.3) and (7) that is small in com- 

[)arison with 0 when 0 approximates to 0 ^, though both 
() and i/r approach zero, and the path meets the upper circle 
in a series of cusps. 

Again, when 0 = 0 ^^, we have \l/' — a/hn~2WfjJilCoi. We 
shall see that the average value of xjr is WglijCn in this 
case. 


266. Approximate Solution for Rapidly Rotating Top. In 
tlie present case, 9i—6q is small, and 6 lies between 6^ 
and 0j^. Let 0 = + V ^ small quantity. We 

get cos0 = cosdQ— ■; 7 sin 0Q, that is, 0 = 0 ^)—?? sin 0^. Now, 
substituting in (4), §265, we get, neglecting terms affected 
by the factor rj/n-, and remembering that 1 — 0 ^ = sin^6^, 

if = ai] si n 0Q ~ hhi^rf ( 1 ) 


heroin this we obtain 


bn dt = 


di] 

j siir 00 / 1 sin 0oY^\ “ 

“ V'~2 ) J 
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and so >7 = fi.sin 0g{l-(iOBbnt)/2hhi:i Hence we have 

0 = 

and therefore 

01 = 00 + ^;^^^^ 00 ('■ 

It only remains to determine yk We have 

— hn {cos 0^, — cos(0o + ??)}/sin^(0o + ?y) = 6??7?/sin 0, 
Hence ^ (1 cos hnt) (4 


This gives ^^ = 0 Avhen ^ = 0, for then 0 = 0o, and \ly' = a/b 
when t = 'irlhn. This agrees with the statement in §2(j5. 

The motion expressed by (2) and (4) is one of oscillatio 
about a steady motion with constant values 0^ and a/2b 
{^WglijCn) of 0 and \/r. We sliall prove later that tb 
steady motion is stable. Meanwhile we note that the perio 
of oscillation about the state of steady motion is 

2 ' 7 ^/ 67 ^ = 2irA / On, 

267. Eeaction of Top on Support. 

Ex. It is required to. find the horizontal and vertical forces excrtc 
on the support by a rapidly rotating top, supposing the point < 
support 0 to bo fixed. 

If the azimuthal motion is insensible, tlie outward horizontal for< 
exerted by the support on tlie top is IJ7i(0 cos 6^- 6i“sin 6*). TI 
vertical force is - Tr^+ ]FA(0sin 6^+ ^J^cos 0). Hence the forci 
exerted on the ground are 

x= - irA(0 cos sill 6>), ir^- H7^(0sin0+02cos0. ...( 
But by (2) of § 266, 

^2 

0 = \a sin 0 ^ cos Jmt^ 

Putting co.s 00, sin 0o for cos 0, sin 0, we get 


±\.3 llOOICtJU auuve, WllS liu IHJCOLIUI, Lilt; tL>SniUlLlUU inULltJd 

with angular speed "For this motion tliere must be applied 
through the centroid the inwaixl force 

IFAsin DVda^sin 0^^{l -coiibncy^/4h'hi\ 

Hence an outward force of this amount is applied by the top to the 
support, and this must be added to the value of uY given above. 

268. Top on Perfectly Smooth Plane. So far we have supposed 
the point 0 lixed. If, however, the top be su];ported on a plane 
which oh'ers no resistance to the motion of the point 0, we notice that 
no horizontal force is applied to the top, and that therefore if the 
centroid G is initially at rest horizontally, it will remain at rest. 
We may apply the preceding discussion to tins ca.se, if we take the 
centroid G as the lixed point and modify the equations to take 
account of tlie vertical motion of G, The axes ai’e taken as before, 
but through G. 

Let F be the vertical reaction of the iilaue on the point 0 of the top. 


Then we have, by tlie reasoning in § 2G1, 

A Cn — Aij/ cos sin 0 = Fh sin d (1 ) 

But A sin $.9 is the .s])eed of G vertically downwards. Hence 

W-~{h0Hine)== Wrj-F 

or /^=nV- H7i(sm0.^ + oos6I.C/'‘*) (-2) 

Substituting this value of F in (1), we get 


(A A- M'fi^ si n^ 0) 9 A- 1 FA- sin 9 cos 6^ . + {On — A \p cos 6) \p sin 9 \ p;, v 

= lIV/Asin 6^, / 

wliich takes the place of (1) of § 261. 

The e(]uation of constancy of angular moniciituin about the vertical, 
through G in this case, is the same as (4), § 261, 

(7?icos 9 A- 9 ~ G (4) 

The kinetic energy in the present case is 

ly\ p- Siii^ 0 . A «iii^ 6»)-f 

and the potential energy is IF^Acos^^, as before. The equation of 
energy therefore is 

4{(^ + llVrsiir 9)9'^ + A sin- 6^. 0)1^}+ IFyAcos 9 — E. (5) 

We remember that Cn is constant, and write by (4), 
il/ = (G- On cos 0)1 A sin^ 9. 

Thus the equation of energy can be written in the form 

i|(.4 + UVt-sin- + + "yicos 0=7?, ...(6) 


in wnicii Y aues iiuu tijjptJcii. jli uuw wc wiitc 4. lui v;uo u iii tiiia, 
get, after reduction, 

A{A+ TW(1 Cnzy-{-2A (c - lVg/iz){l -z^), 

where 2c = 2^- a constant. It will he noticed that c is the wl 
energy mimis the energy of the rotation of the top about its axi 
figure. 

"From this t can be expressed in terms of 2: by integration ; but 
discussion is beyond our limits of space. 


269. Examples on the Motion of a Top. 


Fx. 1. Prove that, if we write cos'-^ c/j + ^ysin^ (jf>, (3) of § 
reduces to 

= 7)1^ {I - A'" sin- <p), 


where 






if ^ = /l/IT7i. [Thus t can be found as an elliptic integral of the : 
kind.] 

Also prove that if c/)==am9i^, 

4 = cos ^ — ^'icn^ int + cos ^ sn^ 7)it. 

[Greenhill, Elliptic Fitnctions^ g 210.] 


Ex. 2. Prove that 


, ^ _G-Cnco^e_l G + Gn ,1 G-Cn 
Ay rrrTTr ^ — ^ ^ n+o i ■ 


so that A ^ = 


sin“6^ 2 1+co.s^? 2 1 -cos 7’ 
G^-Gn , G-Gn 


"2 1 + - '^ 1 ) sn- mt 1 - - (^2 - h) 

Also by (4), § 268, show that 


so that if F sn^ , F sif-^'y^ = v — — ’ 


d . 


4] 1 - 

cn yj . dn Vj cn 7;^ . dn r-j 

sn , sn y.j 


d(}nt) 1 - sii^ Vi . sn'^mt 1 - sn^ ^2 • 
[Greenhill, loo, ciL'] 


Ex. 3. Prove that the axis of the top keeps time with the beat 
simple pendulum of length = suspended from a poin 

height ^l{^i+h) 0, so that a point on the pendulum at distt 

P/jL from the point of suspension moves so as to be always at the s 
level as the centre of oscillation of the top. [Greenhill.] 


performing small oscillations about a state of steady motion at 
inclination 6^ of its axis to the vertical. Find the distance described 
by the point P (Fig. 113) on the unit sphere in the period of vibration. 
By (2) and (4) of §266, ^ve have 

+ sin^^oi /'^) ^ — (a sin OJbii ) sin 

and this is approximately the speed of P. Hence integrating over a 
period 27rjb7i, we get for the distance s travelled by P, 

« = 45^j-2sin0„=8^sm6>o, 

if we denote the mean value of xj/, that is aj2hn^ by ja. 

The distance travelled in a period by the centroid of the top is 
therefore 8/x/i sin Oolbn. 

Ex. 5. A symmetrical top is held at rest on a rough horizontal 
plane, with its axis inclined at an angle to the vertical, and an 
angular speed n about the axis of figure is given to it by unwinding a 
string. The top is then left to its elf. Sho w that the inclination 6 
oscillates between 6^^ and cos"^{l -Jl - 2^ cos 6^o+P^}) ’^^here 
'p = ‘lWghAIChi^. 

Ex. 6. Prove that the distance ^ described by the point P 
(Fig. 113) on the unit sphere fulfils the equation 

{CV - 4 WghA cos ^(,) tan ^=4 WghA sin 6^^ 

By (1), § 263, we have ^2 + ^-sin-^=a.-acos and this is if <j) be 
the rate at which the axis of the top is changing direction. Hence 

= ^/cL - a cos 0. 

But we have also, by elimination of ij/ between the two equations 
(1) of § 263, 0—\/(^-acos0- {(/i - b^i cos 6')/sin and therefore 

d([) \/oL - g cos ^ . sin 6 

dO (fjc, _ a cos shPO ~ (/i - bn cos 0)'^ 

But, initially, d=0oj — and therefore 

oL=acos6?,j, f3 = bn COB 

Substituting in the last equation, reducing, and writing p for 

d4> smj 

dO iJi-2pcoB6QA-p^~{p~coB6f 

Now, at the other limit 0i of 0 we have cos 9^p-slT^2pcoB 9 q+P% 
and therefore we get, by integration, 


^=sin ^ 


Ayi-2pcos Oq+p^ 


0 = cos"^{p - cos ^^ 0 + U- 


/?=sin-l 

\/^2 - 2^ cos 6^i + 1 


/5=K- 


Hence 

jo-cos^o _ 
\/^“-2^?cos 6^0 + 1 
jo -- cos fti 


\/p^-2p cos 

This is, of course, also the measure of tlie angle turned through 
the axis of tlie top on the surface traced out by the axis. 

The expression found for /3 gives 


.os /?=■_■.. 

\/jU2_2^COS l9o + l 


and it follows that sin /3= 


sin 6^^ 


Mence, we have 


slp^ — 2p (’.os /?„ + 1 
{p - cos 0^) tan 13 = sin 6q, 


the relation to be proved. 


270. Steady Motion of Top Eapidly Rotating about a Fix 
Point. Stability of Steady Motion. It is proved in § 2i 
above, tliat if a top be set spinning about its axis of figu 
at a high sp(f.ed and then be left to itself, with one poi 
fixed, it will perform small oscillations about a state 
steady motion between narrow limits of 6, the small 
of wliich is the initial inclination of the axis of tig'll 
to the vertical. But as an example of a method win 
is of frequent application, another discussion is here giv€ 
We have, § 261, the equations 

A6+{Cn — A\j/^ cos 0)\j/' sin 0 = Wgh sin 0,1 y 


On cos 0 + ^ \ly' sin^0 = (?. / 

We notice first tliat if 0 be changed slightly by acti' 
which has no moment about the vertical, 

d(Gn cos 9 + A\j/' sin-0) = 0 ( 


The peculiarity of steady motion is that 0 is permanent 
constant, so that 0 = 0. Hence ■\j/' must be constant als 
let its value be //. We get therefore by the first of ( 
for steady motion, the equation 

(Oni — A ju cos 0) // = Wgk ( 

The factor sin 0 is dropped as we do not suppose that 0 = 


it.s roots siiouia be real is that > 4^1 Y\^gh cos d. Unless 
tins condition is fulfilled, steady motion is not possible. 
For example, a top cannot spin upright in steady motion 
unless ^AWglu We shall return to this question 

presently. 


Now let the steady motion he deviated from, so that the inclination 
becomes where 0 is the steady value, and the azimuthal motion, 

or procession Jis we shall call it (see § 275), becomes /x+t/. Substi- 
tuting in the first of (1) and in (2) multiplied by sin 9^ combining the 
results and using (3), we obtain, as the reader may verify, 

A -f - 2 I Vf/hA cos 9 + «. = 0 (4) 

The quantity in brackets can bo written as the sum of two squares, 
and is therefore positive. Hence the deviation from steady motion 
is simple harmonic. The period is 



{A‘y - 2 WghA cos Q + 


If blie motion had been unstable, the period would have been 
imaginary. The result shows that if a top is in steady motion, and 
is slightly disturbed without violation of (2), the motion is then one 
of oscillation about the state of steady motion, in a period which is 
sliorter the greater the spin. The period here obtained is a more 
exact value than that, ^TvAjCn^ found in g 266, to which, hoAvever, it 
reduces if the terms in /r^, /x^ be neglected. 

The two values of p given by (3) are 


€n 

2/1 cos 9 



4d IFr/A 
CV 


cos 


e). 


Eitbei* of these values of p is possible and may be realised by starting 
the top properly. The smaller root, which approximates to Wgh/Cn, 
or, more exactly, to WgHl +(A Wgh cos 9)ICV}/C7i, Avhen 7i is great, is 
that which applies when the top is held with its axis inclined at some 
angle 0 to the vertical, set into rapid rotation by the un\vinding of a 
stihig, and then left to itself. The motion is not then strictly steady, 
but is one of oscillation through. a small range of 9, and a range of p 
from twice the initial value of ^ to zero. For truly steady motion, 
the top must, besides being set into rapid rotation, have given to it at 
starting the proper amount of azimuthal motion p. 


271. Graphical Representation of Condition of Stability of 
Steady Motion. The dynamical stability can be illustrated a 
very elegant geometrical construction due to Sir George Greenbill. 
Tn Fig. 117 dC is the vertical, OC the axis of the top. OC and OG' 
are made of lengths to represent respectively the angular momentum 



VtSiUlUcLl, tliliu Ulie ctU^UlilJL' JllUIlitJUUUlU \J'IL ctuinib tne 

axis of figure. These are components of an angular momentum OK 
in the plane GOZ^ obtained by drawing lines in that plane at riglit 
angles to 00 and 0G\ and the line OK to their point of meeting K. 
KM is also drawn vertically, and KN is drawn pai’allel to OC to 
meet 00 in N. 

[From K the line KTT at right angles to OK is drawn to represent 
Ad ; and so Oi?” represents the resultant angular momentum.] 


Elevation 



Fig. 117 . 


OK is equivalent either to the two components OC', C'K or to the 
two OC, CK. Now C'K is Axj/sin 6 , so that 

CK = OC sin 6 - C'K cos 6 = {On - A ij/ cos 0) sin 0, 

Also MK~ 0F= O'K /sin 6— Aip, 

and KO^ On cos 0 — A\j/ cos^ 0~{On - A\p cos 0) cos d. 

Thus NK ^On- A\j/ cos 

Now, if the motion is steady, ^ = 0, and H coincides with K. Let 
the steady A^alue of ^ be /a. The point K then moves round 00, 
keeping d constant, at such a speed that angular momentum in the 



direction of the motion of A' measured by the speed of K in that 
direction, grows at rate CK.fji^ TK^/isin 0. But 


OK = ((7/1 — A /X cos 0) sin 6^, 

and therefore we liave 


( On — A fx cos 0) /X = VVgh, 

the quadratic etjuation for /x found in § 270 above. 
By the diagram, 


Wg/i . ^ 


Wgk 

lt/{ 


and 


qK_ 
~~ A “ 


MK 

A 


'J’hus we get MK . NK — A Wgk^ and thus, for 00 with the given length 
and inclination 0 to the vertical, K lies on a hyperbola of Avhich 00 
•and 00' are the asymptotes. 

If E be the middle point of C'F, we get 

C'E-^ - KE'^^C'K. KF^KM. NK. sin 6 tan (9= Wgh sin 9 tan 9. 

If the line O’K intersect the hyperbola again in K\ another value p! of 
the azimuthal angular speed exists for K\ and is the larger root 
of the equation. 

When the roots are equal the line G'K touches the hyperbola. Then 
Ai/- i OF, KN = h 00\ and therefore 

A Wgh = KM . NK:=l OF. 00' = I Ohi^ sec 9. 

Hence C^//- = 2\/A IT^'Acos 6^, p=:^2WghlOn. It will be seen that the 
hyperbola depends only on the angle 9, so that if 00' be too short 
O'K will fall below the vertex of the branch of the curve shown 
dotted in the diagram, and steady motion will be impossible. The 
roots of the quadratic ai’e then inuiginai*y. 

What happens, when the top is started with the given a.m. O71 , 
at a ^iven inclination 0 with 9 and ^ zero, is, first (since the 
tei’in of the kinetic energy remains unaltered, while terms 

•^A6i‘-^and are called into existence at the expense of the 

potential energy) a sinking of the axis below the inclination 9. This 
sinking continues while 9 increases, and 9, at first a maximum, 
diminishes until when 9 is zero ^ is a maximum. At that instant if/ 
has the steady motion value /x, as appears from (1) of § 270. Fig, 117 
.shows that at the starting of the top K lies within the hyperbola, and 
that Avheii ^ = 0 the value of \f/ is the smaller root of the steady motion 
c(|uabion just referred to. It cannot possibly be the greater root 
unless a sufficiently large initial value of \j/ is given to make 
{On- A\p cos 0)4' > 

when, by (1), § 270, A must be negative, and the axis will rise toward 
the point K. 

After 9 has thus become a maximum, and K has reached the 
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have then ((7?^- Ai^cos 0)^ > Wgh, and ^ increases, until it attains a 
maxinnini value just when the absolute value of 0 is greatest, as we 
see from (3) of § 261, for then (9=0, and therefore ^=0. Then the 
absolute value of d diminishes, a negative value of 6 grows up and 
the axis rises. 

Unless the initial position is such that the line CK intersects the 
hyperbola, there does not exist a value of with which if the top 
were started it would continue in steady motion. 

272. Additional Couple about OD. Effect of forcing Pre- 
cession above Free Value. Now let an additional couple N 
about OB be applied to the top, say by the action of a ring 
similar to that which constrains the model in Fig. 121, so 
that the whole moment about OD is sin 0 + iV, and 
let the top be in steady motion in these circumstances. 
We have then the equation 

{Gn — Afx cos 0) // sin 0 = Wgh sin Q + N 
or -^~=-Afj.Hose+ OnfjL - Wcjh (1 ) 

If //p /Xo (/Xi > /Xg) he tlie roots of the equation 
A cos Q— On fjL+ W(jli — 0, 
we can write (1) in the form 

= Wffk ...(2) 

by §271 above. According as JV is positive or negative 
/X does or does not lie between /x^ and /Xg, that is, the point 
K in Fig. 117 does or does not lie within the hypei'bola 
which gives the values of /x for free steady motion. But 
if N be positive, it must arise from the exertion of a force 
by the ring on the axis tending to increase 0, so that tlie 
axis presses upwards against the ring, tliat is, the outer 
end of the axis tends to rise. On the other hand, if N be 
negative, the point K in Fig. 117 lies outside the hyper- 
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and that any decrease of fi will cause the axis to fall. 

It is shown in § 261 that A.M. is produced by the motion 
about the axes OG, 0^ at rate {Gn — A^l^ cos 9)\fr sin 6, and 
so we have the equation of free steady motion 

{On — 4 /X cos 0)/x sin 6 = Wgh sin 9, 
which can be written, without change of signs, 

A cos — (1) 


If this equation is fulfilled because — t-he smaller root 
of the quadratic in //, any sudden increase in fx, without 
change in 0, must give the quantity on the left a positive 
value, that is make {Gn-‘A'\p' cos 0)i/r sin 0 exceed Wgh sin 9, 
and so by (1), § 261, aL 0 must be negative, that is 0 begins 
to ac{iuire a negative value, and the top rises. On the 
other hand, if the equation is fulfilled because [x — fx^, the 
greater root, any increase of fx beyond that value will make 

(Gn “ A \j/' cos 0) ‘"^in 0 — Wr/h. sin 0 

acquire a negative value, that 
is AO must be positive; in 
other words, 0 begins to ac- 
quire a positive value, and 
the top falls. Similarly dim- 
inution of jUL from the values 
/Xo, fx^ causes the top to fall 
and rise respectively. 

It is important to notice 
that the common rule “ hurry- 
ing the precession causes the 
top to rise, delaying the pre- 
cession causes the top to fall ’’ 
is not, as it is usually given, 
correct. The effect of either 
depends on whether the 
smaller or the larger of the 

two possible values of fx is that of the vsteady motion, 
the majority of cases which occur in experiments with tops, 
it is tlie smaller value of fx which characterises the motion, 



Fig. 118. 


In 


and so the rule in its ordinary form gives results in 
accordance with experiment. 

Fig. 118 shows the effect of imposing precession about 
a vertical axis in a balanced gyrostat. Precession about a 
horizontal axis is produced. 

273, Reaction of Ring-Gruide or Space-Cone on Top. If, as 
in the model of Fig. 121 and in the toy shown in Fig. 119, 
the top be furnished with a material cone or axle, fixed 
round the axis of figure, which rolls on a cone fixed in 
space represented by the ring in Fig. 121 or the curved 
wire of Fig. 119, and the point of support be at the 
centroid, th^e couple on the top must be applied by 
the pressure of the fixed against the moving cone. The 
circle of the points of contact on the moving cone is the 
polhode on the top, and the fixed ring or curved wire is 
the herpolhode. (See Chap. VIII.) 

The pressure of the axle on the ring-guide, that is of one 
polhode on the other, is to be found from the calculation 
of the rate of growth of A.M. given in § 261. This is the 
rate of displacement of the extremity H of the vector OH 
representing the A.M., and is clearly about an axis at right 
angles at once to the axis of figure and to the vertical, an 
axis, therefore, which may be rejDresented by the axis OD 
of Fig. 112. For OH is always in the plane ZOO of 
Fig. 112, which is perpendicular to the path of the point I 
of the instantaneous axis along the guide. 

But the A.M. grows in the direction OD at rate 

— il-x/r cos 0)-\//'sin 6, 
and therefore, if N be the couple, 

+ — .d-i/r cos sin 0 = i7‘, (1) 

or if the motion is steady, 

(0?i— jlyacos0)yasin 0 = iV'. (2) 

This equation is sometimes written in this connection* in 
the form { Cco - - C> cos 0} /r sin 0 = (3) 

^Seo Klein and vSommerfeld, Theorie des KreAnds. n. 173. where, 

nur,. — 1,. • ^ ’ 


plane ^Oa (§261). 

li A — G, we have the steady precessional motion, under 
couple N, of a spherical top, that is, the equation is 

0{n — fjL cos 6) jjL sin 6 = If, (4) 

as in §2*72 above. We shall see below that the term 
introduced by the inertia of the case of a gyrostat enables 
a similar equation of steady motion to be obtained for that 
form of top (§ 281). 

The pressure on the ring is N/l if I denote the distance 
of the point of contact of the axle with tlie ring from tlie 
point of support 

If a slight push or blow be given to the axis of the top, 
an impulsive couple is applied which produces an increase 
of the component Axl/'SmO of A.M, about the axis OJS, that 
is, changes xjr to \j/' + 6\j/', if 6 is kept unchanged by the 
guide. This increase in makes the rate of growtli of 
A.M. about Oi) more rapid than is accounted for by the 
couple N, and so the top endeavours to turn about OD 
in the direction to keep tlie rate of change of a.m. tlie 
same as before, that is so as to press with so much greater 
force against the guide, that the enhanced value of W is 
that required for the greater precession. [The reader 
should as an exercise verify this by the consideration 
of an actual case, drawing the momentum axes, and 
determining the sense of tlie couple iV".] 

274. Explanation of Clinging of Axle of Top to Curved Guide. 
Tlie action of the top shown in Fig. 119 is very curious, 
but its explanation may be made out easily from the above 
discussion. The axle rolls round the curved guide 
following all the convolutions, however sharply curved, 
and on coining to the end of the guide in one direction 
turns rapidly round the end of the wire and rolls back on 
the other side. Tlie axle has been described as clinging 
to the wire like a piece of iron to a magnet. 

For simplicity we liave supposed that there is no gravi- 
tational couple on the top. The action of the guide may 
be analysed as follows. Consider a right circular cone 
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generator; a short element of the guide at the point of 
contact is at the intersection of the guide and a circular 
section of the cone. Such a cone may be made to pass 
through any element of the guide, and 0 is now the semi- 
vertical angle of that cone. The element will in general 
give a component of action on the axis of the top in the 
plane through the axis of the cone. 

We have for tlie couple applied to the axle in the plane 
through 01^ the equation 

A0-\-{ On — J i/r cos 0)^^ sin 0 = W. (5) 



Besides this couple iV, a reactional couple in the tangent 
plane to the cone througli 01 is applied to the top. For 
clearly a component F of reaction of tlie guide acts on it at 
I with or against the direction of motion along the circular 
section, according to the angle between tlie section and the 
guide, and F and --F inserted at the point of support 
give a couple of moment N'', the axis of wliicli is at rigJit 
angles to OJ, in tlie plane COL Tliis can be resolved into 
two components W'sinrx, N'cohol {cl — IOC) about OG and 
OE (at right angles to 00) in the plane GOI, Tlie former 
couple of comparatively small moment alters the speed 
of rotation, tlie latter gives cliange of \jr at iiuniej*ical rate 

\{r sin 0 ~ i\^'cos OL, 



leas on tlK3 from this cause. 

'riuivc is also a frictional couple which in general splits 
into two components, one with or against N, and the other 
lud})ing or retarding according to the direction of the 
guid<i. 

Now let the axle come to a discontinuity in the guide, 
for example one of the ends. The couple N ma}^ be 
r(\garded as tlun'o suddenly annulled, and therefore (since 
any tiling like steady motion ceases) A6 as taking at the 
sam(3 time a value 

— { Cn — A'\jy' cos 0) sin 0, 

tli(^ value of yl0 — iV just before the discontinuity is arrived 
at. In other words, tlm motion may be regarded as disturbed 
by an. outward force N'/l applied at I to the axle. Thus 
0 grows up rapidly, and the axle moves outward. 

Jhit as the axle moves outward owing to 0, a rate R of 
gi'owth of A.M. about OB woxdd be produced, were it not 
f(.)r another motion of the top. There is now no couple 
about OB, and therefore, in order to keep R zero, the top 
must turn al^out OE, and in the direction, as will be seen 
from the lignrc, to bring the axle against the end of the 
wiri^, across which the axle will roll, until the next shaip 
corner is reached. In tliis way the axle rolls round the 
en<l of the guide, while the space-cone ot angle 0 changes 
[josibion rapidly. 

When the end has been rounded the precession becomes 
.igain neai‘ly steady, but the axle now presses against tlie 
)ther side 'of the wire. The precession is now in the 
ipposite direction, and the axle therefore again prcvsses 
igainst tlie wire, but in the opposite direction to that in 
vhi(‘Ji it formerly pressed at the same place. 

A simihir explanation accounts for tlie liard pressing ot 
he axle against the guide where 0 increases or diminislies 
•apidly, as it does in a guide like tliat of Fig. 119. 

275. Astronomical Precession. The terni precession as 
.pplied to the motion of a top or gyrostat is derived from 
he " precession of the equinoxes " caused by what becomes a 
onical motion of the eai’th's axis, if the translational motion 
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the motion of the earth’s centre. While the earth thus 
rotates, the differential attraction of the sun on the two 
lialves of the earth’s equatorial protuberance, that turned 
towards the sun and that turned away from tlie sun — to 
take the earth at perihelion or at aphelion — exerts a couple 
which tends to bring the earth’s equator into coincidence 
with the ecliptic, by turning it about a diameter at 
rificht an£:les to the radius-vector from tlie earth’s centre 
This couple plays the part of the couple 
about the axis OD (Fig. 112) 
applied by gravity to the top. 
The result is the samej just as 
the top does not fall down, but 
has an azimutlial motion in 
virtue of the couple, so that the 
axis of rotation, if tlie motion 
is steady, moves in a right cone, 
so the earth’s axis does not 
approach perpendicularity to 
the ecliptic, but, relative to the 
earth’s centre regarded as a fixed 
point, has a conical motion in 
space about a line drawn from 
the earth’s centre to the pole of the ecliptic, which answers 
to the vertical OZ in the case of the top (Fig. 120). The 
angular speed of a point on the earth’s axis about the axis 
of the cone is MIGmmiO, where M is a certain mean value 
of the moment of the couple referred to above as applied liy 
the sun’s attraction. This is exactly analogous to the value 
Wgh sin OIGn sin 6, which the theory of the top gives for the 
processional motion of angular speed about the vertical. 
The conical motion of the earth’s axis has a period of 
26,000 years, and causes the astronomical phenomenon of 
'precession of the eqioinoxes, that is the continual revolution 
of the line of equinoxes in the plane of the ecliptic. 

This is illustrated by Fig. 121, which shows a terrestrial 
globe with the lower half cut away, and the upper part 


Fig. 120. 



loaded .so that it can turn about a point of support at the 
centre, with the pin P in contact with the inside of the 
liorizoiital ring RP at the top. The pin P is the upper 
end of a cone fixed on the body, having its vertex at tlie 
centre 0 of the globe ; this cone rolls on a cone fixed in 
space. The latter cone is repre.sented by the ring RP, 
which is enough to guide the moving cone: all the rest 
i,s cut away, but it is 
understood that the 
vertex in this case is 
also at the centre. 

As then the globe 
tui’ns about the axis of 
figure the cone P rolls 
on the fixed cone, and 
travelling round the 
axis of iigure describes 
a cone in .space, in the 
model a cone of 23" 27' 
semi- vertical angle. The 
equator of the globe is 
shown by the dark line 
intersecting a meridian 
througli P in iV. Tlie 
upper .suiTace of the rim, Fig. 121. 

to wliich the supports 

of the ring R are attached, represents the plane of the 
ecliptic, and the point N represents the intersection of 
the e(]uator with that plane. N therefore represents 
an equinox. As the globe revolves in the counter-clock 
direction (as .seen from out.side P) tlie pin P rolls round 
the ring in the clock direction, and .so the point N niove.s 
from right to left along the ecliptic, in the direction to 
meet the rotation, that is to make the equinox occur Cc^lier 
in time. This is tlie preces.sion of the equinoxe.s, which i.s 
thus completely illustrated by the model. 

Ex. Supposing the model enlarged to tlie size of the earth and to 
q^iii with the same speed as the earth, find the diameter at the north 
pole of the cone fixed in the earth with vertex at the centre, which. 
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its vertex also at the ceutre of the earth, gives precessioual 
1 of 26,000 years’ period. 

e rolling of a cone fixed in the body on a cone fixed in 
represents exactly the steady motion of a top. The 
as it rotates about the axis of figure with sj)eed n 
ach point of tliat axis carried round the vertical OZ 
angular speed The point I in Fig. 112 is there- 
in consequence of the rotation about 00, being carried 
e direction from the reader, while, in consequence of 
irning about OZ, it is being carried towards the reader, 
he position of I be so chosen that the one motion just 
jeracts the other. Then, as we shall show, the body is 
ng about tlie line 01, which is the instantaneous axis. 


). Rolling of Body-Cone on Space-Cone. As shown in the 
3, I lies on two circles described about OZ and 00 as 
Denote the angle 10(7 by gl, then Z0I=d — GL. The 
of the two circles arc O7sin(0 — a) and O/sinrx. 
I has speed at right angles to the paper, of amount 
^’sina, due to the rotation about 00 and speed 

sin Q . 01 cos oc, 


0 the rotation \/7sin0 about OE. 

\j/' sin 9 


tan OL • 


n 


Thus we liave 


,(i) 


resultant angular speed is thus about 01, and is 

always lies in the vertical plane ZOO, which turns 
1 OZ witli angular speed Hence, if 0 does not 
neither does (X, and 01 moves round OZ in the cone 
ni-vertical angle lOZ—d — a, the cone fixed in space, 
will be noticed that the moving cone rolls in this case 
e convex surface of the cone fixed in space, and that 
fore processional, or azimuthal, nmtion is in tlie same 
Aon as the rotation. In the case of the eartli, the 


vvc Jluvv HiiHiywe Lue motion in trie loiiowing manner; 
which gives a geometrical picture of what takes place. 
(Consider two axes OA and OB fixed in the body, at right 
angles to one anotlier and to 00, and therefore principal 
axes about which the moment of inertia is A, to coincide 
with OJ) and OBJ, and let a short interval of time r elapse. 
The moving cone has rolled forward on the fixed cone, and 
the instantaneous axis is now OF. _ Tlie change of direction 
FOI' on the suidace of the cone is towards the position 
which OA occupied at the beginning of t, that is towards 
the position then of OD. Tlie angle 101' is clearly 

\j/'T sin (0 — a). 

By the turning of 01 towards OD in this way the 
angular speed about the position of OA at the initial 
instant of r has (as we see by the principle already 
frequently applied) been increased by 

. cos{7r/2‘- Y^'7”sin(0 — a)}, 

that is by sin-d . -v/rr sin (0 — a). 

['^^rhc somi-vertical angle of the cone has in the time t been 
increased by but this has only moved the instantaneous 
axis parallel to the plane ZOO, and therefore can have 
produced no effect on the angular .sjDeed about OAJ] 

Now tlie figure shows that 

sin {Q — a)/sin 0 = (71 ~ 1 // cos 0)/ 
that the change of angular speed just calculated is 
\jrT{n - cos 0 ) sin 0. 

'For — "x/x cos 0 is the angular speed about 00 relative 
the plane ZOO, and thex'eforc ( 7 X — cos 0) sin a is 
jalanced by x// vsin(0 — a), so tliat 

sin(0 - a)/sin a = ( 7 ?- - ^ cos 0)/V>. 

But sin0/tana = 7?7V>, and tlierefore 

sin (0 - a)/sin 0 = (7i - V> cos 0)/( ^/cosa ) _ 

= (71 — x/r cos 0)/ J-n^ + •\/^^sin'-0.] 



cluinge 0T which has grown up in the angular speed 0. 
The total rate of growth of angular speed about the 
instantaneous position of OA is therefore 

0 + {n — \j/' cos 0) sin 0 ; 

and this is tlie rate of change of tlie angular speed about 
OA in its position at the instant. We have proved 170) 
that this is also the rate of change of the angular speed 
about OA as it moves with the body. 

The angular acceleration about the axis OD, the 
instantaneous position of which was taken as coinciding 
with that of 0^, is uninfluenced by the rotation of the 
body with angular speed '7^ — •\/rcos0 relative to the plane 
ZOO, and is therefore simply 0. 

The reader may in like manner find the position of 
the axis OH of resultant A.M., and find the ecpiations 
of motion from a consideration of its motion. 

277. Motion of a Top deduced from Euler’s Equations. The 
equations of motion of a top, with reference to the special 

axes 0(7, OD, OE which have been 
used above, are often obtained by 
means of Euler’s equations, and to 
complete the discussion we indicate 
how that is done. We have to 
use axes fixed in the body: one 
of these is 0(7, the others are OA, 
OB, which are in the plane of OD 
and OE (see Fig. 122). Since OE 
moves with the plane ZOG, we 
may take EOB as the angle 
through which the body in its 
turning about 0(7 has outstripped 
the plane ZOG, Denoting this 
angle by (p, we have ^ = the 
angular speed relative to ZOG, 
Putting jy, q for the angular speeds 
about OA and OB, and for that about OG, we have 

p = 0 cos (p + yjysm 6 sin q), q= --.Q sinp + yj^ sin 0 cos p. (1) 
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§§ 276, 277] EULER^S EQUATIONS. 

The Euleriun equations are therefore 

Ap — {A —C)qr== Tf^Acos ^sin 0, 

Aq — {0--A)rp= — "PF^Asin 0sin 6, j- (2) 

^lr = 0. J 

Hence ?• = 0 + cos 0 == w + i/r cos 6 is constant. 

)Subsfcituting the values of p, q, r in the first two equations, 
inialtiplyin^ the first equation by cos 0, and the second by 
sin 0, and subtracting the second product from the first, we 
get, after reduction, 

A^+{Gn'-A^lr cos 6)^/ sin 6 = TF^A sin 0, (3) 

which is (1) of § 261. 

Multiplying the first equation obtained by the substitu- 
tions by sin 0 and the second by cos 0, and adding the 
results, we obtain 

A\l)'sin9+{2A^lr cos 6 — On) 6 = 0, (4) 

or (3) of § 261. 

The last found equation, if multiplied by sin 0, is directly 
integrable, and the result is the equation of constancy of 
inoinentuin about the vertical OZ. 

The reader may also verify that if the first equation 
of (1) be multiplied by p, the second by q, the third by r, 
and the results be added, the equation obtained is directly 
integrable and yields the equation of energy. 

It will be noticed that by the values of q) and q in (1 ) we 
have when 0 is zero, and OA and OB therefore coincide 
with OD and OE, 

p = (9 + Y> ('??, — Y> cos 0) sin 6, q = sin 0 — 0(9i — 20^ cos 0). (5) 

The first of these agrees with the value obtained otherwise 
in g 276, and the second can be obtained in a similar manner. 

The reader should also obtain them by the method of § 6, 
proceeding as shown in § 261. 

The reader should also cai-efully note the fact here 
illustrated, that p, g, n the angular accelerations with 


speed about OA, OB or OG in their new positions is the 
same as for the fixed axes, with which at the initial instant 
of dt they coincided. On tlie other liand, while the angular 
accelerations about the fixed axes, with wliich OD and OE 
coincide at the instant, are the values stated above in tlie 
equations for p, q, the accelerations about the moving axes 
ODj OE are simply 9, and d{'\jj' sin The former is less 

than p by “v/r cos 9) sin 9, and the latter greater than q 

by (rt — cos 9) 9. 

278. Gyrostats. Motion of a Gyrostat. The theory of a 
top given above applies with some slight modifications to 
the motion of a gyrostat, that is, a fly-wheel mounted in a 
case or on a framework, and set into rapid rotation about 
its axis. Figs. 123, 124, and 125 show different gyrostats 
made for ditterent purposes. The first shows a fly-wheel 
with heavy rim, mounted on an axis tlie ends of which 
are carefully rounded points held in cup bearings, adjustable 



by screws, and secured by locking nuts which prevent 
any possibility of loosening of the bearings as the wheel 
revolves. The bearings are attached to a case sliaped to 
enclose the wheel and its axis; so that the central part 


passed round tlie axle. A strong line cord about 6 or 




7 yards long lias one end passed round the axle, and the 
two ends are then knotted together. The cord is then 
passed over the over-lianging pulley of a small electric 
motor, so that the plane of the now endless string is at 
riglit angles to the axis, and the string is crossed to give 
it a bettor grip of the axle. The motor is now started 
while the gyrostat is held by the operator, who pulls only 
slightly at first, so as not to stop the motor. After a time 
the fly-wheel will have been got iuto motion, and tlie string 
is cut by a blow from a sharp knife near where it is 
running to the axle, and runs off. 

A simpler form is that familiar to nearly everybody as 
a scientiffc toy, in wdiich the case is i*educed to a ring 
carrying tlie fly-wlieel bearings, and provided with a stand 
on whicli the gyrostat can be placed in different positions. 





every one. The angular momentum of such a wheel is 
great though its speed of rotation be small. A simple 
form of gyrostat (or rathei* top) may be constructed, as 
suggested by Sir George Greenhill,by mounting a bicycle 
wheel at one end of a straight rod as axle, and lianging 
it from a fixed point by a universal joint at the other 
end. The wheel can then be spun by a stick placed 
between the spokes, and the phenomena of precession, 
reactions, etc., studied. The gyrostatic action of the wheels 
of a vehicle (a rapidly moving motor-car or railway 
carriage, for example), moving round the curve, gives a 
couple aiding centrifugal force to upset the vehicle, which 
must be balanced by the reaction of the ground or rails. 
The reader may calculate this couple by the methods 
explained below. 

279. Gyrostatic Stability. Two positions of a gyrostat 
which experiment and theory show are stable are indicated 




in Figs. 126, and 127. In the first, the gyrostat is supported 
on two stilts, one rigidly attached to the case and parallel 
to the plane of the wheel, the other merely a stifi‘ wire 
with rounded points, the upper of which rests loosely in 
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lower endvS ot* the vstilts rovst on a metal plate. If the 
gyrostat is free to oscillate in azimnth, it will be stable 
when thus supported. 

In the second case, the gyrostat is supported on gimbals, 
with its axis nearly vertical. It can thus turn its axis 
away from or towards the vertical in any dii-ection. It 
has in fact two freedoms to turn from the vertical, one 
about the axis of eacli gimbal ring. The upright position 
is thorouglily stable when the fly-wheel is spinning. The 
remarhablc fact will be proved below that the gyrostat 
must be unstable for Jyoili freedoms when the fly-wheel 
is not rotating, otherwise it cannot be made completely 
stable by rotation. In point of fact only an even number of 
freedoms can be rendered stable by the angular momentum. 



Fig. 128. 


In Fig. 12(S a gyrostat is shown supported on a bifilar 
sling, arranged in different ways. In the third and fourth 
diagrams of this figure the two threads are crossed by 
putting one through a ring placed in the other. Here 
azimuthal oscillations are possible. It is clear that the 
inclinational equilibrium in 1 and 3 is stable without 
rotation; in 2 and 4 it is rendered stable by rotation 
of the fly-wheel. The azimuthal equilibrium in 3 4 

is only rendered stable by rotation. These arrangements 
are due to Lord Kelvin. [See Thomson and TaiFs Natural 
Philosophy, § 345x.] 

One of the most striking experiments which can be 
made with a gyrostat is that shown, carried out in slightly 


I’yro.sfcat is shown hung by its rim, while a weight is 
liuiig from one end of the part of the case siUToundiug 
tlie axis. The gyrostat thus supported is pulled by the 
weight, so that it is acted on by two equal and vertical 
forces at a considerable distance apart, and would, if the 
wlieel were not rotating, turn round so as to bring the 
centre of gravity of the whole under the supporting thread. 

But if the wheel is in I’apid rotation, 
the axis of rotation remains approxim- 
ately horizontal while the whole revolves 
about a vertical axis. The axis of rota- 
tion of the fly-wheel turns round in a 
horizontal plane, that is to say, turning 
is produced about an axis perpendicular 
at once to the axis of rotation, and to 
the axis about which the vertical forces 
tend to turn the gyrostat. One almost 
naturally expects (though any other 
behaviour of the gyrostat than that 
which actually takes place would be 
really unnatural), the axis to he tilted 
down. This does not happen; the axis 
moves round sideways. The result is 
not, however, more wonderful than the 
fjg. 121). azimuthal motion of an ordinary top 

under the action of gravity. 

The same thing is shown in Fig. 125, and perhaps in the 
latter case more strikingly. The whole gyrostat is hung 
by a cord attached outside the containing ring, and by its 
weight pulls the centre of gravity down. As before, the 
axis, if free to do so, turns round in azimuth. 

It is to be noticed that the direction of this azimuthal 
turning of the whole gyrostat is (like that of the top under 
gravity), always towards making the fly-wheel face in tlie 
direction in which it would face if the rotational motion, 
of the wheel were produced by the turning moment, or 
torque, due to the weight of the gyrostat and the pull in 
the supporting cord. As the vertical line of action of the 
weight moves round with the gyrostat, the turning in 
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The precessioi’i may he explained in an elementary w^ay 
as follows. Consider a ring of balls contained in a circxilar 
tube as shown in Fig. 130. Let the balls move roimcl in 
tlie tube in the direction shown by the arrows, wliile a 
couple acts tending to turn the whole system rotind tlu'. 
axis A By so that G comes forward towards the readex*. A 
ball when at B has no A.M. about AB, but as it rises £il)ov(‘ 
AB it will, if the ring have any turning about tliat liiu% 
be made to take up siidi A.M. Tli(3 ball will thereroia^ 
press against the tube in t]i(3 direction from the x*ead( 3 r. 



l^iG. 130. Fig. 131. 

Similai'ly, a ball below the level of B losing its a.ai. ns 
it rises presses against tlie tube in the same direction. Tlio 
right-hand half of the tube is thus pressed away from tlu*. 
i^eader. 

It will be seen in the same way that the balls in tlxo 
left-hand half press on tlie tube towards the reader. Thus 
the tube is made to take a precessional motion about CJJ. 

The directions of tlie motions are sliown by the circles in 
Fig. 13J. 



maiiet, tne gyrostai) gives a vioieni) sicteways wrencn. ine 
explanation of this is obvious. The downward turning of 
the gyrostat gives a rapid rate of production of angular 
inoinentuni about a vertical axis, Avhile the action of tlie 
operator has a moment, not about a vertical, but about a 
horizontal axis. The gyrostat as a whole, therefore, moves 
round sideways about a vertical axis in the proper direction 
to annul the production of angular momentum about that 
axis. 


When the gyrostat is supported by a cord, or on a glass 
plate or stone slab, so that a couple is applied to it by 


gravity tending to change 



the direction of the axis of 
rotation, it will be noticed 
that when the precessional 
motion is impeded by 
appl37'ing a couple round 
__ the vertical axis, the gyro- 
stat at once begins to fall 
down, and that if a couple 
is applied in the opposite 
direction, that is so as to 
hurry up the precession, 
the axis actually rises. It 
is thus, as was long ago 


Fig 132 pointed out by Jellett in 

his Theory of Frictioio, 
that a top is made to x'ise in the hrst part* of its spin 
and fall in the latter part. In the first part of the 
spin the rotation is so rapid that the point of contact of 
the peg with tlie surface of the stone slab is moving 


relatively to that surface in the direction opposite to that 
indicated for the precession in Fig. 182, so that the friction 
applied to the top gives a couple about its axis hurrying 
up the precession; in the latter part the spin is so slow 
that the point of contact is moving the other way, so that 
the couple due to friction delays the precession, and the 


top falls. [It is very instructive to experiment with two 
identical tops, one with a peg ground sharp, the other with 
a well-rounded peg. The former, if supported on a glasH 
or marble slab, does not rise up from its initial inclined 
position — the latter does.]* A dynamical explanation of 
all this will be found later; and the phenomena here 
described, though apparently not directly connected witli 
the subject, will help to make clear the dynamical divS- 
cussion. 

Another experiment, which it is convenient to describe 
here, is made with the gyrostat (Fig. 133, §283) spun as 
before. It is provided with a pair of trunnions, attached 
at extremities of a diameter to tlie edge surrounding the 
case in the plane of the fly-wheel These rest in bearings 
on the two sides of this rectangular frame of wood : and 
the g^u'ostat when thus supported, and the frame held 
level, has its axis nearly vertical Moreover, the centre of 
gravity of the gyrostat (wheel and case) is almost exactly 
in the plane through tlie timnnions at right angles to tlie 
axis of rotation, so that there is little or no stability due to 
gravity witli either end of the axis uppermost. 

The direction of rotation of the fly-wlieel is shown by 
the arrow-head marked on the case. If then, holding the 
tray in his hands, the operator carries it with the gyrostat 
round in azimuth in the direction in which the wheel is 
rotating, t)ie gyrostat remains at rest so long as the azi- 
muthal motion imposed on the whole system coincides with 
the rotation ; but if the azimuthal motion is reversed, tlie 
gyrostat at once capsizes so as to bring its rotational 
motion into coincidence with the azimuthal motion. Tliis 
will also aflbrd an illustration of the theory of the in- 
strument. 

Finally, consider the arrangement in Fig 137, (like that 
of Fig. 129 without the attached weight). A gyrostat has 
the centre of gravity of the fly-wheel and the case (which 
is supposed to be symmetrical on the two sides of the fly- 
wheel) at the centre of the fly-wlieel Tlie fly-wheel is 
spun rapidly, and the gyrostat is liuug at the lower end 

rtf Q 1r»nnf wiro an f.Uo nvia nf + 


greater tlian that of the vibrations wliieli the same syst(nn 
would execute if tlie fly-wheel had no rotation, '^riio 
moment of inertia of tlie gyrostat round tlie vortical 
axis is virtually enormously increased. 

This arrangement is analogous to tliat of a large and 
very rapidly rotating fly-wheel supported in a certain way 
on board ship, with its axis across the horiziontal line about 
which the ship rolls. If this wheel were of great enough 
moment of inertia and rotated sufliciently rapidly, it would 
virtually increase the moment of inertia of the rolling 
vessel and lengthen the period of rolling. The virtual 
increase of moment of inertia is proportional to the scfuare 
of the angular momentum of the fly-wheel. This ari’aiigc- 
ment will be referred to again later. 

281. Eauations of Motion of Gyrostat. The e(|uations 
given in § 261 above for the motion of a top re<]uire 
modiflcation for a gyrostat to take account of the 
that only part of the iiistruinent — the fly-wheel — has the 
angular speed n about the axis of figure. We suppose, 
however, that the distribution of matter is symmetrical 
about the axis of the fly-wheel, that the wheel has moment 
of inei'tia G about its axis, and that the rest of the 
axn-angement, wliich we shall call the C(6.s’C, has moment of 
inertia G' about the same axis. Frequently a jDoint on tlie 
axis of the gyrostat maybe taken as fixed ; we shall denote 
then by A the moment of inertia of the whole about an 
axis through that point at right angles to the axis of 
flgure. We refer to Fig. 112. 

First, then, we suppose that the angular speed n is only 
taken by the fly-wheel, wliilo the case turns with the 
angular speed \/r about the vertical. The angular speed 
of the case is thus a/t cos 0 about the axis of flgure and 
’yp'sinO about OE, and the wliole system turns about OV 



it iB Ayj/' Bin 0, and abont OG it is Cn+ G'-yj/^ oos 0. Thus tlie 
rate of growth of a.m. about OD is (0'?7.+ (7'V>cos sin 0 
clue to the turning about OE, and sin 0cos 0 due to 

the turning witli angular speed yj^cosO about OG. a.m. 
therefore grows about the instantaneous position of OD at 
total rate 

^ 0 + { Gn — ( — O') cos 0 } -v// sin 0 = Wgh sin 0 ( 1 ) 

In a similar way the reader may calculate tlie total rate 
of growth of A.M. about the instantaneous position of OE, 
and, since there is no moment of forces about OE, verify the 
e{j nation 

A^l > sin 0+ {2{A - G')f cob 9 -Gn} 9=0 (2) 

As before, we notice that this equation of motion is 
derivable from that of constancy of a.m. about the vertical 
tlirough tile fixed point, which is now 

(On + G\ly COB 0) cos 0 + AY^sin”0 = (? (3) 

Equations (1) and (2) are exactly the same as those 
obtained in §201, witli A—G' substituted for A in the 
terms within brackets on the left, but not in the first 
term in each case. 


282. Steady Motion of Gyrostat. Period of Oscillation about 
Steady Motion. We may find, in precisely the same manner 
as for the ordinary top, the condition of steady motion at a 
constant inclination 0 of the axis to the vertical, and the 
period of a small oscillation of the gryostat about steady 
motion. Tlie equation of steady motion is 


{ Gn — (A — G')jUi COB 9} fJi = Wgh ( 1 ) 

''file period of oscillation is 

27r/>tf(A sin20 + (7'cos“0)/l }“ 1 

^ ~ {"F V"/'- - 2 Wt/hfjL^iA - C") cos 0| < 2 ) 

If C' — 0, tliis reduces to the period obtained for tlie 


ordinary top. 


2 k 


n 


motion is 


Gnfx = Wgh, 


and there is only one possible value of fi. 


becomes 


2irg.A 
Wgh sin Q ' 


27rA 

' Gn sin d 


( 3 ) 

The period 

w 


283. Gyrostat with Axis Vertical, Stable or Unstable accord- 
ing to Direction of Azimuthal Motion. We now take some 
cases of gyrostatic motion. First, let the gyrostat be sup- 
ported (as shown in Fig. 133) by two trunnions screwed 
to the projecting edge in tlie plane of the fiy-wlieel on 
a wooden tray as shown. The axis of the flj^-wheel is 
very nearly vertical, and the wheel is spinning rapidly 
in the direction of the aiTOW shown on the upper side of 
the case. The centre of gravity of the whole instrument is 
nearly on tlie level of tlie trunnions, so that there is no 
stability clue to gravity. 



Fig. 13o. 


If now the tray be carried round horizontally with 
constant angular speed fx in the direction of spin, the 
gyrostat remains quite stable. If, however, it be carried 
round in the opposite direction, the gyrostat immediately 
turns on its trunnions and capsizes so that the other end 
of the axis is uppermost, and if the azimuthal motion is 
continued in the same direction, the gyrostat is now stable. 
It will be observed that the fly-wheel is now spinning 
in the direction of the azimuthal motion. Hence the 
gyrostat is in stable equilibrium when the azimuthal 
motion is in the same direction as the rotational motion. 
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particular case. It will be seen that the terms mghp,md 
and J./;t2sin0cos 0 are small in comparison with (777ya8in6, 
tlie former because k is practically zero and the latter 
because jul is small in comparison with oi. 

Hence the equation is 

A0-}-Cniix6=^O ( 1 ) 

The solution of this differential ecpiation, if n and ju be 
in the same direction so that n/u is positive, is oscillatory 
motion of period 27r\/A/U)ijUL about the vertical position, 
so that this position is stable. 

On the other hand, if n and ju have opposite signs the 
solution of tlie differential equation is of another form, 
curiously connected with tlie former, but representing a 
different state of things. It shows that if the gyrostat is 
disturbed from the vertical position of its axis it tends 
to pass further away from it; the instrument capsizes. 

These results are indeed indicated b}^ the differential 
equation. The moment CnjuO, producing rate of change 
Ad of A.M., is in the first case in the direction to check 
motion away from the vertical position and to bring tlie 
gyrostat back to that position, while in tlie other case 
GnfiQ, having the opposite sign, produces a.m. in the 
direction away from the vertical. 

It will he seen that in this arrangement of the gyrostat 
it has only one freedom of motion as regards inclination 
of the axis to the vertical ; it can turn about the trunnions 
but not about a horizontal axis at right angles to the line 
of the trunnions. Hence, as we shall now show, it cannot 
have complete dynamical stability. [See § 284.] 

284, Gryrostat on G-imbals. Gf-yrostatic Pendulum : Analogy of 
Motion of Electron in Magnetic Field. Consider the arrange- 
ment shown in Fig. 127 of a gyrostat on gimbals. One 
end of tlie part of the case which surrounds the axis 
carries knife-edges in a line at right angles to the axis and 
intersecting it. These knife-edges are pivoted on a ring, 
wliich itself carries knife-edges at right angles to the 
beaidngs on which the former rest, and tliese in their turn 
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same level. The part of tlio case surrounding’ the ^axis 
ma}?” be supposed prolonged so as to give any rc(]uired 
“ preponderance ” Wgli to the gyi'ostat above either axis. 

Let the total mass wliich turns about the axes formed 
by the knife-edges be W and W\ tlie heights of the 
centroids above (or distances from) the axes be h, //', the 
moments of inertia about the axes be A, A\ the respective 
angular deflections (supposed small) be \[r, <j), and the 
moment of inertia and angular speed of the fly-wheel be 
C, n. We get then, by the process so often employed for 
the rates of growth of a.m. about the axes, fixed in the 

present case, . .. 7 . ^ 

A\(r + Cnej) = Wg]i\ly, 1 


A'<f-^Gnyj^=W'gh'cl>,j ' ' 

or, if we write B= Wgh, B'= W'gh', 

Cnej) — B\l/' = 0 , ] 

A '(j) — (Jiiyir — B'(j) = b. j 

Now let \jr=^ac}''\ Then, by substitution, we get 

irv^A.a -\~ ivG^ih — = 0, ) 

ihi^A'h “ ivCna — B'h = 0, J ^ ^ 

and therefore, since ir~ — 1 , 


{i^A + B) {v^A' + F) ~ 1/2(7 = 0 (4) 

The (]uantities A, B, A\ B' are all positive according to 
the suj)position made above, and the roots of the quadratic 
in 1/2 are real and positive if the inequality 

{Chi:^^AB'^A'B)>^AA'BB^ 

is satisfied. Tliis is the condition of complete dynamical 
stability, foi*, if it be fulfilled, and 0 represent simple 
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of the gyrostat is at riglit angles to botli lines of knife- 
edges — in the diagram the upright position. Eacli de- 
flection may have either of the two periods given Ijy the 
two real roots v\ of (4). The motion is tlierefore stable, 
and there arc two modes of vibration which the gyrostat 
may take either separately or in combination. 

It is important to notice that if (contrary to the figure 
oi course) B, B' have opposite signs and the product B, B' 
therefore be negative, one of the roots of the (juadratic 
in is positive, the other negative ; and conse((uently 
there is only one possible mode of stable iriotion, for the 
negative root of the quadratic in gives an imaginary 
period. 

Let now ]i^h\ W\ A==A\ and let 
be the four roots of the determinantal ecpiation in v ; 
then, since the real and imaginary parts of x — y = he^^^ 
must separately satisfy the dilferential ei (nations, and since 
the expressions for the ratio ajh exhibited above give 
a — ib, we get 

\lr=^Li COS n^t d- L[ sin 7i^t + cos Tid + Bl sin 
cj) — Li sin n^t — L[ cos ni^t + sin n.J, — /A cos ihj; 

where L^, arbitrary constants. 

We see that the first terms on the right give a circular 
motion of a point on the axis in the period 27r/9q, that 
the second terms give a circular motion of the same period 
in the opposite direction, and that the third and fourfh 
terms give circular motions in opposite directions in the 
period The radii of the circular paths are the 

values of ij , L\ , etc. 

If we combine two of these circular motions, say those 
given by the first two terms, or the last two terms, on the 
right of equations (5), we get Fig. 134 as the path of a 
point of the axis of the gyrostat. [^The rays are not drawn 
in to the centre.] For here the radii are equal, tlie periods 
unec[ual, and the motions of the circular components oppo- 
sitely directed. If we take the motions given by the first and 
third, or by the second and fourth terms in each equation, 




Fi(i. 13a. 


Fk;. 135. 


t/lie eoinponent radii, and the re»sultant angular speed is 
the mean of the components. 

W1ien the two motions exist together, we liave the path 
shown in Fig. I3G. There the present 
arrangement inverted is represented hy 
a pendulum witli a fly-wheel rotating 
about the axis of figure contained in 
the bob, so that there is gravitational 
stability for both displacements apart 
from rotation. Tlie theory is essentially 
the same in liotli cases. In the pendulum, 
however, the universal gimbal joint is 
replaced l)y a short piece of steel wire 
whicli bends easily but resists torsion 
very greatly. 

Without serious error, It may be taken 
as equal to A', and so the motions are 
circular, as we have seen. Tlie period 
of describing the circle in one motion 
Fig. 136. i« and in the other The 

student may verify that in the case of 
tlie gyrostatic pendulum shown in Fig. 136, where the 




proviaea wie iiy-wneei nave inoment oi inerijia u, Liie 
periods are ^irj{'±'p + h) and 47r/(2p — fc), where p:=>J(jjh, 
lc=GnlWlt^ (supposed small). For ecpiations (2) may be 
written ,-j ^ ^kJ)+phj = ^ ( 

With proper analogues for k and these are precisely 
the approximate equations of motion of an electron in a 
magnetic held. In the electromagnetic case, the value 
of k is, if the magnetic inductive capacity of the medium 
be taken as unity, eHjnn, where e is the charge and m the 
effective inertia of the electron and H is the magnetic 
field intensity. 

In the case referred to above, in which one of the 
inclinational modes is stable and the other unstable 
without rotation of the fly-wheel, one of the elliptic or 
circular motions just discussed is possible, the other is 
not ; for in the latter case the period, as we have seen, 
is imaginary. This, in point of fact, is the general 
theorem, of which the action of the gyrostat supported 
on trunnions with its axis vertical, as described and 
explained in g 283, is a particular case. 

It will be noticed that while complete stability is con- 
ferred on a gyrostat if it is unstable as regards both its 
freedoms without rotation, this is not the case when only 
one freedom is unstable. This is a case of a general 
tlieorem, which asserts that for a holonomous system (§ 302) 
only an even number of degrees of freedom can be rendered 
stable by rotation. 

It was proposed in 1870, by Sir Henry Bessemer, to 
obtain a steady cabin for a cross -channel steamer by 
placing it on a gyrostat with its axis vertical and sup- 
ported on fore-and-aft trunnions. This plan was bound 
to fail ; for it will be seen from what has been set forth 
above, that while the arrangement was stable when the 
ship’s head was turning in one direction, it could not be 
stable when the ship was turning in the opposite direction. 
A gyrostat has, however, been successfully applied recently 
by Herr Schlick to mitigate tlje rolling of a ship (see 
g 288 below). 



Itr will now be evident that if the gyrostat is so fixed on 
bearings that the motion, which the change of direction 
to which its axis is subjected tends to bring about, is 
made impossible, a couple preventing the motion will be 
brought into play and applied to the bearings by the 
framework to which they are attached. The magnitude 
of this couple is Gnfji, where n is the angular velocity of 
the hy-wlieel and jn is the angular velocity with which 
its axis is changing direction. For, take a distance OG 
along the axis of rotation from the centre of the fly-wliecl, 
say to represent the a.m. Gn. Then 0(7 is turning with 
angular speed fx towards a line at right angles to 0(7, 
OD, say. The rate of production of a.m. about OD is 
therefore Gujul. The gyrostat will tend to turn about 
OD in tliG direction to anmul tJm rate of groxoth of 
A.M., and can only be held in equilibrium when the 
couple applied to it in the opposite direction is Gnp., 
Then this couple it is that produces the rate of growth 
of A.M. 

In this way the equation of motion can be written down 
at once in eacli of a number of practical cases which we 
shall now consider. 

A good example is a dynamo armature of large moment 
of inertia, rotating with velocity n about its axis placed 
athwartships, while the ship rolls with angular velocity fi. 
The armature tends to turn about a vertical axis, but is 
prevented by fore-and-aft forces applied to the ends of 
the axle by the front and back of the bearings. Tliis 
couple is always of just the amount to produce' the rate 
of growth of A.M. which, in consequence of the changing 
direction of the axis of rotation, is being generated about 
an axis at right angles to the deck. It tends to shear the 
bearings off the deck, and is reversed when the ship rolls 
back, and varies in amount as the angular velocity of 
rolling varies. If the bearings are in the fore-and-aft 
direction tlie rolling of the ship has no effect, but the 
pitching causes equal and opposite forces to be applied 
to the two beaiungs. These forces are again in the plane 
of the deck, but are in this case across "the ship. If the 


tu ouutiri ui ou 111 cL jitiriou oi iu secuncis i^wiiau is coiimioniy 

reckoned two periods of rolling or “two rolls’’), find the iiionient of 
the couple on the bearings. 

In ton-foot units the moment of inertia is 2. The maximum 
angular speed of rolling, that at the middle of the roll, is in 
radians SttX 15/(10 x 57*3) = 37r/57'3 = ’165. The angular speed of the 
fly-wheel is in radians Stt. Hence the couple in a plane parallel 
to the deck which is called into play is in ton-foot units 

2 xSttX -165/32 or *26. 

If the length of the axis between the centre of the beai-ings is 2 feet, 
each bearing will be acted ou by a force of -J of a Ton. 

286. Virtual Increase of Moment of Inertia of Vibrating 
Body produced by Gyrostat. To illustrate tlie gy rostatic 
couple brought into play by constrained precession of tlie 
axis of rotation and the method here used for its calculation, 
we take the following problem, which was dealt with by 
Lord Kelvin at the meeting of the British Association at 
Montreal in 1884. A long vertical torsion wire had a 
gyrostat, with axis horizontal, attached 
to its lower end in such a way that the 
gyrostat turned with the wire, when 
that turned about its axis. The wire 
was attached at a point of the rim, in 
the plane of the fly-wheel (Fig. 137). 

A twist was given to the wire, and 
the system of gyrostat and wire then ^ 

performed torsional oscillations about ^ 

the vertical. When the fly-wheel was ' 
made to rotate rapidly the period was W 
found to be increased in the ratio of 137 , 

J A' -j- Ghh^jM ga to J A where A . ' denotes 
the moment of inertia of tlie gyrovstat about a diameter 
of the fly-wheel, On tlie a.m. of the wheel, M the weight of 
the gyrostat, and a the distance of the point of attachment 
of the wire from the centre 0 of the wheel. 
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rotation. The moment of inertia of the gyrostat regarded 
as a torsional vibrator hung on the wire is virtually 
0-Qb'/J\Iga + A' ; when there is no rotation of the fly-wheel, 
the iiioinent of inertia is simply A\ 


287. General Theory of Vibrator containing Gyrostat. In 

view of various practical problems, we give here a rather more 
detailed discussion of ecjuations (1) and (2) of §286. Let 

then, l)y substitution, we obtain 

iWtvl - wJ{On-{- 0, 1 

i^ixl^KA ' + ia-kCn 4* Kr — 0, j 
k t(x.Cn _ iVA'-\-T 
K 


so that 


.( 1 ) 

.( 2 ) 


' i-(x!^A+ Wga icf^Cn 
Tlm«, we have tlie ecpiation [see (4), § 284] 

(d V- - t) (d - Wga) ~ C 7 “?i 4 x,“ = 0 , 

a (puidratic e([iiation in f/A Thus there are four values of^ oc, nainelj, 
(x.i, oLo, — fx-i, «'uid the complete solution of the ecpiations (1) and 

(2) of 4^286 for the initial conditions 6>=0, (f)=0==0 is given 

(y==/.Vsinaij{ + /r.jsin ^Ij== + 

where, since when i=0j = 0—0, we must liave 

+ a2^2 = TTi + /r^ = <jto 

Now, by (2), we have in ang case, 

0C|d. “j~ 7 


(3) 


.(!>) 

..( 6 ) 


/fj + n (ja 

imXn 

' lu ' i^if^iA A- Wga 


itjL^Cn 
i“uZx\' A- T 
io^yCn 


,.(7) 


) 


SO that, again, in any case wliatever, 

/fj (?: V!;d' + t){i V\A + Wga) 


lu 


uChi^ 




III the ])reseiit case -I’acu, and so putting - 1 for i\ we get 


K^_ (d'(4- 0 (^1 0^1 - 
1L~ ' C-VaJ 


- 1 . 


.( 8 ) 


We iiiiglit liave supposed the wire at rest without toi’sion and the 


should have had 


iy(j. 


( 0 ) 


UlULtl.lIJ', UL1.UV>«.L €U^. 

</j = /ij sin (Jilt + fu^sin ol./, 

^ /l’j cos (J-{t-]r h cos 

with the condition 

Kiff-i + /igf/.^=0, /bj 0{) (h^) 

Then we should have found also 

h- - **V “) (] j ) 

^‘i CVuZ 

It will be noticed that if A(x.\ be small in comparison with Wga 
(which iu § 286 was supposed to be the case), the two freciueiicics of 
vibration have approximately the common value 

JL \ I 

27r ^ CVA'A' Wgar 

so that the period is y=27r > (1^) 

^ ^V(jaT 

I the result oljtaiued above [3, 286]. 

If the angular momentum Gn of the fly-wheel is. zero, (3) becomevS 

(dU^~T)(doL2- %a)=0 (13) 

The first factor gives the period 27rVd7r of tlie free oscillations of the 
wire and the attached gyrostat, when the fly-wheel is at rest and the 
gyrostat is moving only in azimuth with the lower end of the wire : 
the second factor gives the period 27r\/AI Wga of the free pendulum 
oscillations which the gyrostat can perform about the point of attach- 
ment to the wire, when the wire is held at rest. By means of these 
I periods, or the corresponding frequencies, the quantities r, )Vga can 

be eliminated from the equations set forth above. 

288. Gyrostatic Controller of Rolling of Ship: Schlick’s 
Apparatus. The solution here given is applicable to the oscillations 
of a ship in which is fixed a gyrostat as sliown in Fig. 138. When 
the ship is upright and the gyrostat in equilibrium, the axis of the 
fly-wheel is vertical. The wheel is pivoted iu a frame as shown. 
The frame turns on the bearings bj), and a weight W gives the 
arrangement gravitational stability. In an arrangement of this kind, 
devised by Herr Otto Sclilick to diminish the rolling of a ship, a 
brake pulley B surrounds the axis hb^ about which the frame turns, 
and friction of a graded amount is applied by a special device. 
The brake damps out the free oscillations of tlie system and also serves 
to reduce the forced oscillations. Bub the action of tlie brake mnst 
not be so violent as to prevent the swinging of the gyrostat, as that 
would annul the inertia effect, which is of the greatest importance for 
the forced oscillations, according to the principle illustrated in § 287. 
If the ship is set rolling in still water, the theory of the motion 




Fig. 138. 


When the ship rolls in a sea-way, the main oscillations of the ship 
are forced oscillations of the period of the waves, and the natural 
period of the ship is so increased by the gyrostat that any resonance 
elTect, due to near agreement between the period of the wave.s and 
that of the ship, which might exist without rotation of the fly-wheel, 
is rendered impossible. The differential ecpiations of small o.scillations 
are, as we see at once from what has been stated above, 

i'i Mcj) ~ C cos \ ^ ^ (2) 

A 0+ NO + 0:4 + WgaS = 0, J 

where /I, A' are the moments of inertia of the gyrostat for the axis 
6, h and the ship for the longitudinal axis about which she rolls, IS-O is 
the frictional couple applied to the gyrostat frame by the brake /iand 
otherwise, W</jis the frictional couple applied by the water to the shi]:) 
as slie rolls, M is the righting moment per unit of the angle B of heel, 
Wga is the “preponderance^’ of the weight IF, C' is the amplitude, 
and p/Stt is the frequency of the forced rolling produced by tlie waves. 

Tlie forced oscillations are given by sn])posing = 

Substituting in the differential equations, we get 

K ( - /I + iN'p -f M) - ikpCn = , k{- A iNp 4- Wga) -f iKp Cn = 0. 

Here it is to be remembered p is fixed in value : the coeffieient.s W, /: 
are complex quantities. The reader may solve for K and Xy and 
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realise then the solution of the differential equations. The reader 
will find in Nature for March 12, 1908, some numerical solutions by 
Professor Perry for such an apparatus. 

To complete the solution, the expressions already obtained for tlie 
oscillation in still water are of course to be added. In practice the 
frictional resistance, due to the action of the water on the ship, may 
be neglected, and the re.sults may therefore; be simplified by putting 
^^' = 0. Of course N is iiot made so great as to render the gyrostatic 
action inefiTective : it is possible to have it small enough for this and 
yet large enough to give through the relative motion of the ship 
and gyrostat a sufficient damping out of the free oscillations, and to 
reduce the forced oscillations. 

Just as the turning of the wire produced tilting of the gyrostat, so 
the rolling of the vessel causes turning of the gyro.stat about the 
axis hb, and this may set up or augment pitching of the vessel. For 
a full account of the action of this important appliance the student 
may consult Kleiji and Somrnerfeld’s Theorie des Kreiseh, Bd. V. 
(Leipzig, 1910). See also a theoretical paper by Herr Foppl in the 
Tranmotions of the InUiiution of Naval Architects for 1904. 

289. Fcmcault*s Apparatus to show Earth’s Rotation. 
Grilhert’s Barygyroscope. Tlie theory of a method originally 
proposed by Foucault and by Sire, of using a properly 
mounted gyrostat to show tlie rotation of the eartli, will 
now be easily understood. Let tlie gyrostat be supported 
on an axis, as on tlie tray in the experiment in § 283 
above, in the plane of the wheel, and passing through the 
centre of gravity. Suppose this axis to be fixed liorizon- 
tally east and west so that the axis of rotation can move 
in the plane of the meridian. Then the slow turning motion 
of the earth supplies the angular speed //. If the gyrostat 
be so placed that the direction of spin of the fly-wheel is in 
the direction of the rotation of the earth, we have precisely 
the same equation as before, 

AG + CnfxO — Q, .( 1 ) 

wlieii 6 is small. The gyrostat then turns on its bearings, 
so tliat its axis moves in the meridian, and oscillates about 
the direction of the earth’s axis in the period 27r J A IC-af]., 
where n is the angular speed of spin of the gyrostat and a 
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converted, witli axis elastically constrained to horizontal ity, 
into a non-magnetic but powerfully directive marine 
compass {Nature, July 20, 1911)], and for Gilbert’s bary- 
gyroscope, also for demonstrating by a gyrostat the earth's 
rotation. [See Ex. 8, p. 547.] 

In this a gyrostat is supported on bearings, as in 
Foucault’s experiment, fixed horizontally east and west; 
but it is given a certain adjustable amount of gravitational 
stability through the centre of gravity being beneath the 
line .of bearings. 

Let A (Fig, 139) be the (north) latitude of the place, and 
the axis of rotation of the fly-wheel be inclined at an 
angle 6 (lower end, say, towards the 
south) to the vertical at the place P. 

The angular speed, co say, of the 
earth’s rotation can be resolved into 
two components, one, w sin (A + 6), 
about the axis of the fly-wlieel, the 
other, a)COs(A + 0), about a line at 
right angles to this axis, and drawn 
towards the north. If n and w be 
similarly directed, the component 
CO cos (A + 0) gives a precessional 
motion which, for a proper value of 
6, will equal lF(7/tsin0. At this inclination there will be 
equilibrium, and then, as in the cases considered above, 
Gu cos ( A + 0) = W gh sin 0. Hence 



tan 0 = 


Cn(jo cos A 
fticosinAd- Wgh 


( 2 ) 


If the spin be reversed the inclination is to the other side 
of the vertical, and of amount & given by 


tan 0' = 


Cn(£i cos A 
C)i(c sin A — Wgh 


( 3 ) 


This deviation 0 or 0' must be taken into account whmi a 
gyrostat is used as a clinometer, or to give an artificial 
horizon. 



Tlie components or a> aoout tlie vertical and auoiit tiie Jiorizontal in 
the meridian are wsinA and wcosA. Tlie latter has a component 
w cos A cos c /3 about a horizontal axis towards the east of north at right 
angles to the line of bearings. This, in its turn, gives an angular 
speed about an axis perpendicnlai’ at once to the horizontal axis just 
specified and to tlie axis of rotation, of amount oi cos A cos c/) cos 61. 
The component wsiiiA, about the vertical, gives a component, 
wsin A sin about tlie axis last mentioned. Tlie precessional angular 
speed about that axis 'is therefore oj(cos Acos(/>cos ^-sin Asin 61). 
Hence, since the couple about that axis has moment ir^//,sin61, we 

have Cno)(co'& A cos <jj cos 0 - sin A sin 6) = IVc/h sin 


and therefore 


tan 0— 


071(1) cos A cos cfi 
C7ioi sin A H- \Vg/i 


.( 4 ) 


Here it is supposed that 71 and (o arc the same vva}^ round, if th(jy 
are not, the denominator has the value CVwsinA— 11 ’]^/?, and the 
upper end of the axis is turned towards the south, instead of to 
the north as in the former case. 


290. The Brennan Monorail Oar. In this invention g^yro- 
static action is used to keep a carriage in stable equilibriinn 
on a single rail, and the apparatus is entirely self-acting. 
It forms at once the nerve-system which detects the need 
for the application of a righting couple to the carriage, and 
mechanism by which the couple is applied. Two gyrostats 
are placed in the carriage with their axes in line, and trans- 
vei'se to the rail, as shown in Fig. 140. The wheels IF, W' 
are driven by motors and revolve about the axes A A, A'A\ 
at the same speed in opposite directions, as indicated by 
the arrows. The wheels are enclosed in cases 0, C\ from 
which the air has been exhausted, and which turn about 
the axes BBy B'B', The system can turn as a whole 
about the axis 0 which is parallel to the rail. By means 
of two segments, B, B\ above the apparatus, the gyrostats 
are made to take equal and opposite precessions, when any 
precession occurs; then, of course, the axes cease to be 
in line. 

When the car is upright and in equilibT'ium, the gyrostats 
are upright, witli their axes in line transverse to the rail. 



Siippose, now, a cotiple to be applied to tlie car, say by a 
gust of wind, or the displacement of part of the load, so as 
to tilt the car over on the rail, to the right, say. In con- 
we(]uence of tlie rotation the axes of tlie wheels retain their 
directioiis, and the carriage turns relatively to the gyrostats. 
This brings the shelf i), which is fixed to the car, into 
contact Avith tlie spinning axis J? of the left-liancl gyrostat, 



Fig. 140 . 


and the axes begin to be tilted. Each gyrostat therefore 
begins to produce by its motion A.M. about a^ vertical 
axis, and the gyrostats tlierofore precess in oppo>site direc- 
tions, This precession is assisted by tlie couple exerted by 
the force of friction on R. enhanced by slipping of the 
wniTullB R OH tllC sliclf D, wllicll i.S iu 



couple iw applied to tlie slielf D, and therefore to the car. 
Tliis couple, which is due to the acceleration of the pre- 
cession, ivS sufficient to arrest the tilting and turn the car 
in the opposite direction. 

The shelf D extends away from tlie reader, and on tlie 
right tliere is a corresponding shelf B' extending towards 
the reader, as shown by the plan, on wliich tlie end R! 
of the spindle acts in the case of a deflection to the left, 
as explained above for R, There are two otlier slielves 
E, E' wliich ai’e arranged to come into contact witli rollers 
S, S', mounted on sleeves turning loosely on the spindles. 
The slielf E extends inwards towards the reader, the shelf 
K' outwards. 

It will be clear that in consequence of the precession of 
the gyrostats brought about by the pres.^ing of the shelf 
D on the end R of tlie rotating spindle, iilie roller S' lias 
been brouglit over the slielf E', Gonseijnently, as the car 
swings over to tlie left in consequence of the coiqile applied 
by the gyrostats, tlie roller S' comes into contact witli E'. 
Precession in the opposite direction to the former pre- 
cession is caused, Imt there is not now any accelendvnfj 
couple, but really a retarding one, since the roller sleeve 
turning round on and supporting tlie spindle applies a 
friction couple to tlie gyrostats rm,s//hf// the precession, 
wliich, it is to be remembered, is now back towards the 
mid-position. The gyrostatic axes do not, however, greatly 
alter their inclination to the liorizontal while precession 
occurs in obedience to the couple applied by the pressure 
of the slielf on S', 

As precession goes on, the axes of the gyrostats are 
brought once more into tlie line RR', with H lowered. 
They go beyond the mid-position and R' begins to roll 
on the slielf D', and so applies a frictional couple to tlie 
gyrostat, just as R did before, with tlie result tliat the 
gyrostats now begin to turn over and apply a couple 
to the car from left to right. Tlie car tilts over, and the 
roller S comes into contact with the shelf E, tlie axles ai*e 
brouglit once more into line, R presses on D and ro1h 
along it as before, and a couple to the left is applied tc 


brilun position under the deflecting couple, that is a 2 :)osition 
in which it is lieeled over to meet the couple (supposed still 
existing) through angles which rapidly diminish in amount. 
Finally, the vibration lias been wiped out, and the car 
stands in the new position of ecjui librium. Tims the 
car is held over against the deflecting couple, if that is 
maintained constant. 

Wlien the car runs on a curve tlie two gyrostats exert 
eijual and opposite gyrostatic u.ctions, and the car takes 
the curve without the gyrostatic resistance which a single 
gyrostat would liave applied, and whicli would liave been 
very inconvenient. 

Tlie mode of action of the gyrostats on the car has been 
modified in various ways by Mr. Brennan in later models : 
but the principle is perhaps suflficiently explain(‘d in the 
description here given of tlie arrangement wliieh he ex- 
hibited to the Royal Society in May lfl07. [Seii tlie 
article by Professor Perry, in for March 12, IflOcS.] 

291. Gyrostatic Action of Turtiines in Steamers. Interest 
in the gyrostatic action in steainei's in wliich the main 
propelling engines are of the steam turbine type was 
excited at tlie time of tlie Cobra disaster, and a series 
of letters from engineers and otliers appeared in the 
technical journals. These letters were informing in very 
varying degree, but the general conclusion come to was 
no doubt correct, that the gyrostatic action could not 
produce any breaking moment so groat as to affect a 
ship’s safety. For example, to break the shij), as the 
Cobra apparently was broken, by a breaking moment 
applied to it in a vertical plane, the ship’s head would 
liave liad to turn round at an impossible rate. Rolling 
could bring no gyrostatic action into play, the axes of 
the turbines being fore and aft; pitching would produce 
a moment no doubt, as will be seen, much greater than 
the former, but tending to bend the vessel in a horizontal 
plane, that is, about vertical lines. 

Tlie following discussions are based on authoritative 
estimates of the data necessary for the calculation of the 
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tlie liull (1) of a large Atlantic liner (the Carmania 
(2) of a torpedo-boat destroyer, and (8) of a cro.ss-chaniii< 
steamer. 

The mode of calculation will be clear from the precediu 
discussion. Wlien, for example, tlie ship's head turns rouir 
the direction of tlie axis of the rapidly revolving turbim 
is clianged at a rate ji, tlie // of the equations abov( 
that is a precession of speed fi about a vertical ax 
is imposed. But to correct the generation of a.m. aboi 
an atiiwartsliip axis, which tliis produces, the turbiiK 
make an effort to turn about tliat axis, and so a coup^ 
is applied to tlie ship, and an equal and opposite couple \ 
the turliines. Hence the turbines may be regarded ( 
Iiaving a precession of angular speed fx in asiiimith pn 
duced by the couple j’ust referred to, which, therefor 
has the moment Gn/x, if Gn be the a.m. of the turbines. 

If the turbine rotors be e([ual in all respects, and ru 
at the same speed, but in opposite directions, the tot 
couple exerted on the ship, as a whole, will bo zero. Bi 
each turbine will exert a couple on the ship at the bearing 
and an opposite couple will give the ^^I’ecession fx to tl 
turbine. Internal stresses will be exerted on the ship i 
consequence of the opposite couples, and the stresses wi 
be a self-balancing system within the ship. 

A corresponding action of course takes place when tl 
ship is pitching with angular speed fx. 

For the Giirmania,^ the total weight of the rotors, thn 
in number, may be taken as 200 tons, and the radius < 
gyration as 4 feet, vso that in ton-foot units, the momei 
ol’ inertia of the rotor on each wing-shaft is 1280, c 
the supposition that the weight of each rotor is of tl 
whole, and the moment of inertia of the rotor on tl 
centre shaft is therefore 640. The number of revolutioi 
is 200 per minute, and therefore the value of fx is 207r/3, : 
radians per second. The ship's head can be turned throu^ 
f of a degree, or about of a radian in a second. Hem 
the gyrostatic couple of moment Gufi which must 1 

* Foi* tliesc data wc aro to Mr. W. J. Liiko, of Messrs. Jo] 

Brown & Co., Limited, 8hipbuilder.s, Clydebaiik, who built tlie Carmany 


i-ipplied by tlio ship to each wiii((-rotor to give it tlio 
precession wliicli the tiirniiig of the ship involves, and 
tlierefore also the moment of the ecpial and opposite couple 
exerted on the ship, is 1280 x 207r x ?j X X in 
ton-foot units ; tliat is, the moment is- that wliicli would 
be produced by a force of 11 ’2 Tons acting at an arm of 
1 foot, or a couple of *28 ton acting at an arm of 40 feet. 
Sucli a couple cannot have any perceptible efiect in straining 
the ship. 

If we take 12° as tlie range of pitching, and the period 
as 6 seconds, the niaxiinum angular speed is 

27r X 0/(6 X 57-3) = 1/9, 

in radians per second, and this is to be substituted for the 
1/75 in the above calculation. The couple is thus 8 ’3 times 
the former couple, oi‘ 2*3 Tons at an arm of 40 feet : still 
quite a small couple wlien regarded from tlie point of view 
of breaking the ship, even if relatively as lightly built as 
was tlie Cobra. The engines of the Cobra were, of course, 
very small as compared with those here considered. The 
gyrostatic couple due to pitching is, however, reversed 
twice in each (double) period of pitching. For a range 
of pitching half as much again, and a period of 9 seconds, 
the gyrostatic action would just be the same. 

If there were only two shafts, one right-handed, the other 
left-handed, the moments applied to the ship would bo 
e(|ual and in opposite dircictions. Of counse, internal 
stresses of a kind easily analysed would be set up in the 
structure. These would tend to produce alternately coin- 
jDression and extension at the bow, and extension and 
compression at the stern, athwartships in each case ; but 
they would be quite negligible. 

For three shafts, if two turn one way, and the third the 
other way, and the weight of the turbines be supposed 
distidbutcd among them in the ratio of two parts to eacli 
wing-shaft and one part to the centre sliaft, the resultant 
gyrostatic couple is much less than h of that calculated 
above, inasmuch as the radius of gyration of the centre 
rotor is only 3 feet. The couple may be taken as 9/32 of 


wiiig-rotors oeiiig oppositely curectea at eacn instant, will 
produce internal stresses, wliicli can only be of iinportanco 
in the event of their coinciding in period with a free 
oscillation of the ship as an elastic structure, an event 
which seems very unlikely. 

If, however, one wing-shaft be driven ahead, the other 
astern at full speed, so that the direction of rotation is the 
same in both, and the centre shaft be stopped, the gyrostatic 
couple (due to pitching) a^^plied to the ship will be twice 
that duo to each wing-shaft, or 1(S6 Tons at an arm of 1 foot. 
If the centre shaft be at the same time driven full speed 
ahead, the couple will be that just stated, with 9/32 of its 
amount added or subtracted, according as the centre 
shaft runs in the same direction as the wing-shafts, oi‘ 
in the contrary direction. If the centre sliaft is run at 
diminished speed, the latter couple must be diminished in 
proportion. 

For a destroyer the weight of each rotor may be 
taken as 6 tons, the radius of gyration as 2 feet, and the 
revolutions 900. This gives moment of inertia, in ton-foot 
units, 24 for each rotor on wing-sliafts. The angular 
velocity is dOx in radians per second, and the angular 
velocity with which the ship can be turned round is 
3" per second or of a radian per second. The gyrostatic 
couple for the two rotors running in the same direction 
would be 48 X 307r X yV ^hat is, 7’4 Tons at an 

arm of 1 foot. 

With the same period and range of pitching the gyrostatic 
couple for the destroyer would be about twice the couple 
just calculated. 

Here, again, to get the true values of the resultant 
couple, we must take onedialf, or, if tlie vessel has triple 
screws, some other fraction of the values j*ust found. 

For a cross -channel steamer, the following data have 
been furnished by the Hon. G. A. Parsons : . weight of 
each L.p, rotor 7 tons, radius of gyration 21 inches, speed 
700 revolutions. The moment of inertia of each rotor is 
thus 7x1*75^, or 2T4 in ton-foot units, and the speed 
is 707r/3, in radians per second. The maximum gyrostatic 
couple of each rotor, for the same amplitudes and periods 



or pitching as those supposea above, is thus above J’o ions 
acting at an arm of 1 foot. 

11* the turbine on tlie centre shaft has, as Mr. Parsons 
states it has in this class of vessel, less than half the mass 
of the others, the resultant couple on tlie ship will be less 
than one-half of that Just calculated. 

The stresses seem quite insignificant. Their only im- 
portance, if they have any, must be m their rapid reversal 
and the consequent forced vibration of the structure. 
Danger is not likely to arise from near agreement of the 
period of this forced vibration with that of some natural 
free period of the structure, but this is a question for naval 
architects. Nor are natural vibrations in the rotor itself 
likely to correspond in period with tliat of the gyrostatic 
couple. [See a paper by Dr. Henderson, Transactions of 
the Inst of Engineers and SJnphnilders in Scotland, 1905.] 

292. Gyrostatic Couple on a Locomotive or Carriage. 
Gyrostatic couples of practically insignificant amount 
have been found for a new locomotive recently built in 
Glasgow, part of which consists of a rapidly rotating 
steam-turbine and dynamo mounted with their common 
axes in the “fore-and-aft” direction. Numerical par- 
ticulars cannot be given here, but the couples due to 
passing round curves, or over parts of the track where 
the gradient is changing, can have but little effect on the 
running of the engine. 

Ex. 1. A caiTiage, which has wlieels of total moment of inertia C 
and radius «, runs on a curve of radius It with speed v: find tlie 
gyrostatic couple on the train. 

The angular speed of a wheel i.s v/a, and the a.m. of tlie wheels 
is Cvl(t. Hence a.m. Ls being generated hy each wlieel of amount 
Cvjna .vj R=C}rj)iaR per second, if n be the number of wheels, about 
an axis drawn from the wheel in the direction hachvarch along the 
track. In order to counteract this, the carriage will tend to turn 
about this axis in the direction outwards from the centre, until 
the couple required to produce a.m. at the rate due to the turning 
is applied to the carriage by the excess of pressure on the outer 
rail. Thus the gyrostatic action provides a couple of moment Cv'/aR, 
which tends to upset the carriage in the same direction as the coiq)le 
due to centrifugal force, and is balanced with the latter by the action 
of the rails. 
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inner mil, is Cv-jhali. The ratio of this to the centrifugal force 
Mv^jR^ wliere M is the weight of the carriage, is GlMctb, and is 
obviously very small. 

Ex, 2. Work out the action of the steam-turbine referred to above 
as mounted on a carriage with its axis in the fore and-aft direction. 

The A.M. of the turbine may be denoted by On, wliere n is the 
angular speed of r<>tati(m. As the carriage moves forward on a 
curve, there is a rate of production CnvjR of a.m. about an axis 
in the direction of the radius of the curve at the position of the 
turbine at the instant. This throws more weight on the front 
wheels and less on the back, or vice versa^ according to the direction 
of rotation and of turning in the curve, until the reaction couple 
applied to the carriage by the rails has moment CnvjR. If c? be the 
distance between the fr<mt and back sets of wheels, the difference of 
weights borne is CnvjRdy which is the fraction GnvjMgRd of the 
weight M of the cfirriage. 

If the locomotive, with the “ foi^e-and-aft turbine, referred to 
above, is not on a curve but on a convex part of tlie track, of radius 
of curvature /i!, there will be a rate of j^roduction of A.ai, of amount 
GnvjR about a norma! to the track at each instant. Tf the rotation is 
in the counter-clock direction, as seen by an observer standing beliind 
the carriage, the rate of growth of A.ai. is about the outward normal, 
and so the rear of the carriage tends to slew round towards the 
observer’s left, and the front towards his right. Tlie i‘evei'se is the 
case with reversed rotation, or with concavity of the track. 

293. Drift of a Projectile. The turbine thus moving forward 
while rotating, may be compared to a projectile fired from a rilled 
gun. The rotation of the projectile is right handed in that case as 
looked at by an observer at the firing point, and the shot drifts in 
its trajectory, which is convex upwards, towards the right. But with 
this direction of rotation of the turbine, the fi’ont of the carriage 
would turn towards the left ; so that the idea of the projectile as a 
gyrostat moving forward on a convex track with its axis in the 
direction of motion throws no light on the drift of the projectile. 

The cause of tins drift is not yet fully understood, but it is con- 
nected with the rotation, as its direction is reversed with that of the 
rotation. It amounts to 25, IT, 4'4, 11’5 metres on ranges of 500, 
1000, 2000, 3000 metres respectively. Since the rapidly spinning pro- 
jectile tends to keep the direction of its axis unchanged, it is presently 
moving forward on the convex trajectory with its axis in the plane 
of the trajectory, but pointing a little upward relatively to the patli. 
Thus it has a motion in the direction of the axis together with a 
lateral component. Hence, by 5^80, a couple is applied by the air 
tending to increase this obIi(]uity of the axis of spin to the direction 
of motion ; but, as the projectile spins rapidly about its axis, it 


cur, iuiu lejiiwvpij i/o tiie piiva its point is cnrecteci siigiitiy iipwara 
and to tile right, and tlie shot is eoiitinually deilected towards the 
right by a side thrust applied by the air. 

294. Stability of Eotating Projectile in Air. We now consider 
the stability of a rotating projectile in an unlimited frictionless 
litjuid.* Let the projectile rotate about its axis of figure with angular 
speed n, so that its a.m. about that axis i.s Cn. By J? 80 the projectile 
will experience a couple depending on its motion with speecl v in the 
axial direction, and in a direction perpendicular to tlie axis with 
speed u. The moment of the couple is 

(^2 ” ^*l) 

wliere are the etFective inertias in the directions of v and u 

respectively, what are denoted by in §80 above. 

Now let the shot have precessional angular speed /x about an axis 
parallel to the direction of the resultant niomentum, tliat is, tlie 
resultant of <\v and c.m. Tin’s is the direction of the impulse which 
would be required to produce these components of momentum. If 6 
be the angle which this direction makes witli the axis of figure, 

tan 0 ^C 2 ulciV, 

We suppose the motion to be steady. The shot now “processes” as 
if it were an ordinary top (Fig. 112) spinning about a fixed point 0 
with the line of resultant momentum vertical, and endowed with a.m, 
Cn about the axis of figure, and an effective a.m. /J/xsin 6j about an 
axis OE^ at right angles to tl]c axis of figure 0C\ and in the vertical 
plane containing OG, The couple i\^acts about an axis represented in 
tlie case of tlie top by OD. 

For steady motion, § 272 above gives tlie equation 

( Cn - A /X cos 0) /X si 11 ^ = W ( 1 ) 

Now, since N ^{c^ - o^uv and tan 0 = e>Mlc{Vj we have 

iV'= - (cjj - Ci)v^ tan 0, 

^2 

and therefore (1) becomes 

( C7i — A /X cos d) /X = ( 6’2 — Cj) 'ir sec 0, ( 2 ) 

for we do not suppose that 0=0, which would mean that the shot did 
not swerve from tlie axial direction of motion given to it by the gun. 

* The cliseiission luire given is a version of that by 8ir George Grcciihill 
(see “(gyroscope and Gyrostat,’’ Encyc. Brit., 10th edition, vol. xxix.), 
to whom most of recent investigation in this subject is due. 


inequality into an equation. 

Now we call put q = il/+ J/'tx, (ri) 

where M' is the weight of the displaced fluid and cx., are coefficients 
depending on the shape of the body. Thus 

f., - f, = M'ili - a.). 

If be the angle of rifling and d the diameter of the bore at the 
muzzle of the gun, 

tan-^ = ;[ ^ ^ — (t-’u ~ 1 

^ 4 y- Co I 

A l’ 

If ^ 1 , k» be the radii of gyration of the body about the axiKS of 
figure, and the other axis about which the body revolves wibli angular 
speed ji sin 0, we have, writing k for df /i/, 

( 7 = 3/4 

aud tan2/3 = + kF;) («) 

Now we may apply this theory to a shot in aii', and in that case we 
may neglect M'/cfJM in coinpai'ison witli /’i;, and write 

tan2^ = K (/3 - a), (7 ) 

which, if CL and fS are known, gives a lower limit to the angle of 
rilling required for stability. Into the calculation of a. and /7 for 
an ellipsoid, for which alone the discussion has been completed, we 
cannot here enter. [See Greenhill, article on “Hydromechanics,” 
Enctfc. lOtli edition.] 

For an automobile torpedo completely submerged and without 
buoyancy M’~M and Cj = /¥(!+(;-), cq = 3/(l+/5), so that 

— r =4i/-(fc+/l- =)|-qr;g (/?-«•)• 

The A.M., Cn^ is supplied by a rapidly rotating fly-wheel in the 
torpedo with its axis along the axis of figure and running at a 
very liigh speed, about 150 revs, per sec. In the Obry self-steering 
torpedo, when the axis of the torpedo turns relatively to that of 
the gyrostat, ruechanism actuated by compressed air and started 
by the gyrostat bring.s a rudder into action to restore the projectile 



Lu lors uuursc. xii vv uui [jcuu, one; 

cipparatus (axis perpendicular to direction of motion) both detects 
the deliectioii from the course and applies the restoring couples. 

295. Boiling of a Solid of Revolution on Horizontal Plane. 
Lot 0 (Fig. 141) be the point of contact of the solid witlt 
tlie horizontal plane, G the centroid, GG the axis of iigiire, 
and draw a vertical through G meeting the horizontal 
plane in M, and a perpendicular from 0 to the axis of 



figure meeting it in N, Denote GN by x and ON by ^y. 
Let F, F' be the components of friction at 0, the former 
acting along the intersection of the liorizontal plane and 
tlie vertical plane, and the latter at right angles to the 
vertical plane as shown, and let R be the reaction of tlie 
plane on the solid at U. What is called pivot-friction (by 
tlie Germans “ boring friction”), the resistance to spinning of 
the solid on the plane, is here neglected. F or a body resting 
on wliat may be regarded as a point its moment is very small. 
Let 0 be the inclination of GC to the upward vertical. 

Now take axes at (?, one along GG, the second, GD, at 
right angles to the plane GOG, and the third, GE, at right 
angles to GG in the plane GOG, all as shown in the figure. 
If the solid turn about GC and GD with angular speeds n and 
Q, and about the vertical with angulai* speed 'x/r counter-clock- 
wise to one looking downward, the angular momenta about 
the axes just specified are Gn, AQ, J.'v/rsinO. Hence, for 
the rate of growth of a.m. about GD, we get, by the process 


Now the total moment ol' forces about GD is clearly 
R{x sin Q — y cos Q) — F(x cos (9 + 2 / 
so that we get the equation 

A 0 -\-{Gn ““ A\j/' cos 9)-\j/' sin 6 = R{x sin 0 — y cos 0) 

— F(x cos 9 -\-y sin 0) — ( 1 ) 
Again, as in §2()1, we see that the rate of growth of a.m. 
about GliJ is sin 0 + (2A'\/r cos 0 — and tlie only 

P * / 1 J 1 J T7T • T7T/ XT J ' 


force with moment about GE is F\ Hence we get 

AY/” sin 0 + (2ilYr cos 6—Gn)9 — F'x (2) 

The motion of the axes produces no change of a.m. 
about GCy and therefore 

Gn^ ^F'y (3) 


Now let Vj, V be tlie speeds of the centroid parallel to 031 
and perpendicular to the plane GOG respectively. Then, 
since 0 is supposed to be at rest, 

u = ilfff . 0 = (a; cos 0 + 2/ sin 0)0, yn — xf/'X sin 0. . . .(4) 

Here v is taken in the direction DG. The rates of change of 
momentum in these directions and along 3TG are given by 

3t{u + v\lr) = F, 3'[{v — uxj/') = F\ 31 72 — 3^1 y. . . . (5 ) 

These e(|uations give the whole motion. A relation 
between x and y is given of course by the form of the 
surface, 

^ For steady motion 0 = 0, 0 = 0, tWO, s = 0, = so that 

x/> = /z, a constant, F' — 0, —F~3Ifx{iJ.x^u\9 — ny), R = M(j, 
Hence (1) becomes 

{{G+3{y'^)n — {A +3{x^)ii cos 0}/z sin 0 
+ 3lxy {ny. cos 0 — //” sin‘^ 0) = 31 g (x sin 0 ~ /y cos 0 ). . . . ( 6 ) 

Since in steady motion ?i = '?;=:0, we have by the first 
of (5), and the value of F for steady motion, 

v = ny—-jULX sin 0, 

that is V is constant. The direction of v turns round with 
unifoinn angular speed y, and therefore G moves in a circle, 


s tlie acceleration oi M towards tne centre oi tne circle, 
-liat is if r be the radius fiv = v'jT and r = vl /a. Tims 

r = — — jz; sin 0 (7) 

fx 

The azinmtlial motion ju is in the counter-clock direction 
,0 an observer looking from above on the solid, and there- 
;ore the circle has the position shown in Fig. 132. 

296. Rising and Falling of Top Spinning on Rounded Peg. 

We see that a* top su2iported on a rounded peg rises under 
certain circumstances. Initially the top is spun in various 
vays, generally by throwing it from the hand so that it 
ilights on the ground on its peg. The sjpeeds u, v, i/r are 
unall as a rule, the sjieed of rotation m is large. The 
;’esult is that the friction F' is for tlie turning indicated 
n Fig. 141 in tlie direction there shown, and is as great 
IS the force R can make it : for tlie jioint of contact of 
■jhe solid, owing to the rapid rotation, slips back on the 
3 lano, and the friction is not limited to that required for 
mre rolling. 

The total couple given by friction resolves into the 
:wo components on the right of equations (1) and (2); one 
iccelerates the jirccession, the other reduces the spin about 
bhe axis of figure. The axes GO, GI), GE show, by the 
Jirections in which they are drawn from (?, the sense of 
bhe angular momentum about eacli. Now the acceleration 
:)f tlie procession produces A.M. about the axis GD towards 
vvliieh tlie jirecession is carrying the axis GO, with its a.m. 

amount On, so fast that the rate oi* growth 

(On — A\j/^ cos 0) sin 6 

of A.M. is greater than the ai:)p]ied couple producing a.m. 
Libout GD] and therefore ^.0 is negative, that is the cen- 
troid of the solid, if 0 before was zero, is now rising. If 0 
is still positive, it is now diminishing, and the action is 
towards raising the centroid of the solid. 

Wc can study tliis quantitatively by means of the 
equations. Multi 2 :)lying botli sides of (2), § 2!;)5, by sin 0 
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and substituting the value of F' given by (3), we obtain 

^ sin20 -f- Cn cos 9) + Cn -• ~ sin 0 = 0 (1 ) 

Now let the solid roll on a part of its surface, including 
he extremity of the axis of figure, whicli may be taken 
IS spherical of radius (c, and let c be the distance of G 
h’om the centre of curvature. We have then 

(x — y cot 0)/(;y/sin 6) = cla, 

so that we get from (T), by integration, tlie result 

A^jJr sin-0 + C''?i(^cos 0 + ^) = C^77.o(^cos + (^) 

where the constant expression on the light is the initial 
value of the (juantity on the left, for initially 

0 = 00, n = 7iQ, — 

Now n is being continually diminislied by friction, and 
if we suppose n large and therefore small, there will be 
a value of •7?- = '}z.o(co« 0o+c/fO/(l + c/a). But, as the reader 
may verify from (2), for this value of 97, 0 = 0, that is the 
body is spinning with its axis vertical. If this value 
of n satisfy the condition (§270 above) (7^7i“ > 4A Tf^r//t, 
steady motion in the upright position is possible; the top 
will rise up and “ sleep ” in the vertical position. 

297. Disk or Hoop on Horizontal Plane, Oscillations about 
Steady Motion. For a circular disk or hoop rolling without slipping 
on a horizontal plane, equations (1) and (2), § 295, become, since 
.r=0 and the radius of the circular edge 

A 6+ (Cyn ~ co^ 0)if 0 - - ct{H cos 0 -'r F^in 0), 

ip .si n-0) - C?iB .si n 0 = 0, 

Gn=-^F'a. 



( 1 ) 


■.. 0 ) 


M(r)n " coa ij)\p sin U-V iMga cos C7 = vJ,a 
^^{Aip 6) ~ Cud sill 6^ = 0 , , 

({7+ Ma^ n - Md^Of aiii (9 =0 j 

•i motion be ateady. Then t^ = {), ^^ = 0, 6 — 0^ = 

J, and we get 

7 + Md-yn - yl /x cos 6^ }//. sin 6^ + Mga cos 6^ — 0 (4) 

•ni eii’cnlar disk, C—hMd^, A—^Md^^ and for a hoop, 

rd\ 

0\ fi be steady values of 6^, ^ and n'A-v, O' + cl^ 
lues at any instant for a slight deviation from steady 
equations (1) become 

) iL H- {( C 4- Jlf(r) V - A 0 cos 0' + A a//, si n O ' } {i si n 0'^ 

+ {(6'+ J\fd-^)n - A fi cos 0'}{f3 sin O' + fKx. cos O') 

~ Mg(U( si 11 0~ 0, . . . (f)) 

A fS sill O' + (2yi p. cxis 0 ~ Cv) d = 0, 

( (7+ Md^) V - MddLfL si n O' = 0.^ 

t equation, Ave get 

((74- M 'd-) V — 3/ d‘^{x^fL si n 0\ ((i) 

1 be no constant of integration. Substituting in tlie 
we obtain 

)(iL4“(il/o“a/xsin 6*' — yJ/7coa 6^'4- j'bx./xsin ^')/xsin 

4-{((74-il/a“)?i-yi/xcos (9'r(/7sin ^9'■4-/xf^coa 0') I ...(7) 

- Mg(%.a sin 6^ = 0. j 

r a=r sin — /), /7 = s cos (^>^ - /'), and substituting in 

-m, we obtain 

{( C 4- 3td^) n — Ap. cos O ' } /x cos O' ] 

? _ 4~ (.^ -h 3fd -)(fjrfim^0' Jf(7as in 0' | b'^) 

♦ "" {{C^- 3fa-)n - 2/1 /x cos & )p si n O' * 

.iting in the second of (o), we get 
.s _ ^ /x cos On 
r ^jiosin^’' 

r p- can now be obtained by equating the two values of 
n by the equation 

'J •[(/r4- 3fd-n) {L cos O' 4- Lft?d\\\-0' - 3f(ja sin O ' } ^ 

4- (A ” - A ji cos 0'){K 4- 3fdhi — A /x cos O') (9) 

,j 


vibration, and the motion is dynamically stable, if the rotation be' 
sufficiently rapid. 

If ?i=0 and 0=7r/2, thafc is, if the body only turn in a/iimuth with 
its axis horizontal, as a coin spins with its plane vertical on a table, 


we have 


{A + M(.r) /j? - Mga 
A + M(r ’ 


which is evidently positive if [x be sufficiently great. This shows, 
moreover, that for a coin spinning very rapidly, the period of an 
oscillation about the vertical position is approximately the jjeriod of 
the azimuthal rotation, for then nearly. 

For a hoop the equation for ^“ reduces to 

~ /x cos O') + gcqx" - sin 6^' q -j ^ 

• . I 

If the hoop is spinning about the vertical so that ?/.==0, we get 

( 12 ) 

‘ ^ .3 rt 


298. Condition that a Disk or Hoop may Roll Upright in 
Straight Line. In tlie steady motion of the hoo]), thc 3 radius of 
the circle in which the centroid moves is wliich agi’ees with 

(7), § 295, for here .?;=0. The radius of the circle in wliich tlie ])oint 
of contact with the horizontal plane moves is therefore 

nahx + a cos 6 = a {n + /x cos ^)//x. 

This also holds for a circular disk in steady motion in the same way. 

In order that the disk may roil upright stably along a straight line, 
we see from (11), § 297, that 

^ A{A^lM) 

The condition therefore is 'ii ^> , (2) 


For a hoop this is 
and for a uniform disk it is 


'»V|. 


.(3) 

.(4) 


The lioop is therefore more stable tluin the disk, refiiiiriiig for the 

same ladius less speed of rotation, in the ratio of \/3 to 2, in order to 
remain upright. 
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Take as axes OA^ OP and the axis 0(7 of the wheel drawn from 0 on 
e other sid^-of the vertical from OP. If 0 be the inclination of OP 
the dovvi^'^arllf^u^al, the angular speeds about OP and OG are 
;os 0 and^fi^|8^yC^f|4he angular momenta are ylju.cos0 and 
+wa^)lJLBin 0. xfC^^^'af^^l^^’owth of a.m. about OA is there- 
re, by § 9,V~,(d fj^-il/x^cos 6^ sin 0, and 

e niomfent of '^jsioyed forces nation of motion 


(ii +?i 



2. A: top;-: is 
•izontal phfee with 


atiou%: 

d is consti^iii'ed sm»^li p^'^p^es mrall^ 

at its axis nhisiAeinaim^*4lu\^jlafe Pi 
No action of the constrain ing^Sim^can a1 



the angular speed 0. Tf wlien ^^’tjj.and'^f 
[} about a horizontal axis through its centroid7''v^e.have 

f} { A ()- + wh^ si n^O . d'^} = wgl (cos Bq - cos 0). 


oiT 

to the**" 
the angle 
the top must fall. 

T. of The 


le left-hand side is positive, so B nuist be greater than 
[It is important to renieniber that any constraints may impair tlie 
ibility of a top or gyrostat. Conclusions, for instance, derived from 
e behaviour of a top mounted on a tray as in 5^ 28*3, where a certain 
imetor of the flywheel is constrained to remain horizontal, cannot be 
^ai'ded as necessarily liolding for a toj) perfectly free to j^Ji'ccess — 
a planet rotating in free space.] 


3. A gyrostat is suspended from a fixed point by a string of 
igth a fastened to a point P in the axis of rotation, and is in steady 
Dtion with the axis horizontal. Prove that if <jl be the angle which 
e string makes with the vertical, qi the angular speed of the flywheel, 
the distance of the point from the centre of gravity of the gyrostat, 
the mass of the gyrostat, and G the moment of inertia of the 
reel about its axis, 

tan cL—g {h -k a sin oc). 

[The string applies horizontal force MiJ?{h-^a sin a.), and the gravity 
uple is Mgli. Thus jP—IPgVi^jGhi^ and so horizontal force 

=M^g^/i'^(/i + (i sin CL)jChi^. 

/ equating this to the horizontal component of the pull exerted by 
e string and the gravity of the top to the vertical component, the 
ader will obtain the required result.] 


4. A simple conical pendulum is inclined at an angle a to the 
vertical, and its length is 1. Find the period of a small oscillation 
about the steady motion. 

5. A ring of wire, of radius c, rests on the top of a smooth fixed 
spliere of ludius and is set rotating about the vertical diameter of 
the sphere with an angular speed n. Pi'ove that the motion is 
unstable if <2g{2a^ — c^)\la^-cK [Math. Tripos, 1885.] 

Since the ring moves on the surface of the sphere it may be regarded 
as a top turning about the centre of the sphere. 

6. Show that a gyrostat, balanced and free to turn about an 
axis AB through the c.a. at right angles to the axis of rotation, is 
in stable or unstable equilibrium with the axis of rotation vertical 
according as the rotation of the wheel is with or against the earth’s 
rotation. Show also that if the gyrostat be placed with its axi.s of 
rotation horizontal in the ineridianj and the axis AB vertical, it will 
be in stable or unstable equilibrium according as the direction of 
rotation of the wheel is from west to east or from east to west. 

Show that the periods of oscillation about the p ositions of stable 
equilibrium are 27r\/d/6^??co sin A, 27r\/yl/C^?iaj cos A, where n is the 
angular speed of the flywheel, co that of the earth about its axis, 
and A the latitude of the place. 

7. Two intersecting rods are at right angles to one anotlier. One 
is placed vertical, tlie other can turn in a horizontal plane about the 
lower end of the first. The ends of the axis of a gyrostat slide freely on 
these rods, and the axis (of length 2a) is initially inclined at an 
angle Oq to the vertical, when also the horizontal rod is turning 
with angular speed xf^Q. If at time t the inclination of the axis to 
the vertical is (9, and the azimuthal speed prove that 

A)(xp sin^^ - ^osin- Oq) 4- On (cos 0 - cos 9o) =0, 

A) 6 On + A) if co^ O-^Mgasin 0 — 0^ 

where M is the mass of the gyrostat and 0 and A are its principal 
moments of inertia. [The m.i. of the case about the axis of symmetry 
i.s negleetedK Take axes at the centroid and apply the method of § 26.] 

8. Four I’ods, each of length 2a, are freely jointed together so 
as to form a rhombus. At the centre of each rod is a gyrostat of 
mass i/j the axis of which is along the rod. The rhombus is hung 
with one diagonal vertical, and the hinge.s at top and bottom are 
attached to rods which swivel in hooks, so that the frame can turn 
freely in azimuth, while a weight that does not turn is hung at the 
lowest point. 

The gyrostats are all equal and are set spinning with the same 
angular speed in the same direction in each case to an eye looking 
dowiiwai'd along the rod. A weight W is hung at the lowest point : 
prove that if the angle at the lowest point be 2rx., the arrangement will 



{ Cn ~ (il + Map) /X cos a } /x + (2il/ + W)ga = 0. 

[Discuss each of the two gyrostats on either side, as in Ex. 7,] 

Find the period of oscillation about this state of steady motion, 

[It was stated by Lord Kelvin in his lecture on “A Kinetic Theory 
of Matter” [Popula?’ Lectures and Addresses^ vol. i. p. 238] that this 
arrangement forms a spring balance wliich is drawn out a vertical 
distance proportional to any addition of weight made to TF, and 
vibrates vertically when disturbed just as a spring balance does, 
that in fact, if the rotating and precessing masses were enclosed in 
a case leaving only the hooks accessible, it could not be distinguished 
from a spring balance. The reader may endeavour to verify these 
statements.] 

9. Con.sidering the earth as a rotating l)ody with its centroid at 
rest in space, find the ccpiations of motion of a particle with reference 
to axes ().'<■, (>//, Oz drawn from the centroid parallel to the horizontal!}" 
southward, the eastward, and the vertically downward directions at 
a point on the surface. 

The coordinates of L\ are thus 0, 0, a, where a is the vertical distance 
of from 0, approximately the earth’s radius at the point. Let the 
direction of the gravitational force G on unit mass at P^ make, as in 
Fig. 39, a small angle B with the vertical. The components of gravity 
at are G^cos(|7r4'0 along G.r, zero along Gy, and Gcosd along Oz. 
The angular speeds (clockwi.se) are ?iCOsA, 0, and ^(^.sinA, if n be 
the angular speed of the earth’s rotation and A the geographical 
latitude (see Fig. 39). The coordinates of any other jjoint P with 
reference to these axes are ,r, ?/, and the components of force there are 
X H- G cos (j-TT -1- (9), F, Z-\- G cos Q 

due to gravity, with components X', Y\ Z' due to any other applied 
forces. The CLpuitions of motion are therefore 

‘V - 2ijn si a A + ^ A - a? sin A) = A^H- X' - G si n 

}) + 2xn sin A — 2zn cos A - =T+Y', 

z 4- 2yn cos X — n^ cos A (z cos A ~ .-r sin X)~Z-\'Z' + G cos 0. 

If, as is generally convenient, the axes be taken in the directions 
specified, but from P^^ as origin, it is only necessary to substitute z-^a 
for in these equations, and to add, on the right, force-components 
equal and opposite to those required to give the acceleration ^I'-^acos A, 
of a particle at / ^ towards tlie earth’s axis of rotation, 

10. Apply the equations of last example to a simple pendulum 
suspended from and executing small vibrations under gravity. 

Change the origin to as explained in Ex. 9, and neglect terms in 
nh after this is done. If F bo the pull per unit mass applied 
by the thread to the bob, X—-Fa?ll, Y~ ~ Fyjl^ Z=~Fzll=~F. 
These are the only applied forces besides those due to gravity. 

Verify that the third equation gives F=Gco?> nearly, where 
g is the apparent force of gravity on unit mass. 


for n sin A., and G sin Q be neglected, 

X — 2 w?/ A’ = 0, y/ + 2wi: + '| y = 0, 

and that these equations are satisfied to terms involving by 
x~a cos mt cos (oi, y = ~ a cos mt sin 
where Hence when f! — 0, .r=a, y = 0, and at time ij 

r ~ cos tan “ ^ (y /.'r) = - (mI, 

The plane of vibration thei’efore turns round relatively to the axes 
Oy ill the direction opposed to the eartli’s rotation with angular 
speed <u=?isiiiA, an effect which is duo to the turning of tlie earth 
with angular speed ?isiuA under the pendulum. 

This is the theory of Foucault’s celebrated pendulum experiment 
for demonstrating the eartli’s rotation experimentally. After some 
preliminary trials it was carried out on a large scale at the Pantheon 
in Paris in 1851 . The pendulum there consisted of a ball of lead 
weighing about 28 kilogrammes, carried by a steel wire 67 metres 
long. Underneath the pendulum, with centre vertically under the 
]3oint of support, was a circle .of wood 6 metres in diameter divided 
to fourth.H of a degree. Round part of this was placed a thin ridge of 
sand which was cut through by the pendulum, and gave a register 
of the turning of the plane of vibration relatively to the earth. A 
smaller concentric circle enabled the turning to be traced for a longer 
time, about 5 or 6 hours in all. 

The period of turning at the latitude of the Pantheon is theoretically 
31 h. 47 in. 14'6 s., and the 23endaluni ajjpears to have shown a period 
of about 32 hours. The experiment was repeated immediately and 
successfully in the cathedrals of Reims and Amiens, and at other 
places. Extreme care is necessary to make the susjiensioii perfectly 
symmetrical. [See Travaux Scientijlquei^ de FoucaiUt^ Paris, 1878 .] 

11. Writing the equations of motion of the iiendulum, referred to 
in Ex. 12, in the completer form (origin at P„) 

X - 2o}y 4- — ( 0 ^^ X — 0, y + 2 w./; -1- y = 0, 

jDrove that they are satisfied by x=^aco&mt, y = asin??iif, where m is 
a root of the equation 

+ 2mn - -b = 0. 

Sliow that the motion of the bob is in a horizontal circl e, in one case 
ill the direction of the earth’s rotation in period 27 r/\/y/^ - w, in the 
other in the opposite direction in period 27r/N/y//J-h co. 

[These two periods are i^erfectly analogous to the two periods of 
circular vibration of an electron moving in a jdane at light angles 
to the direction of a magnetic field.] 


k above the origin of coordinates, tlio equations of motion are 
approximately 

X — sin /\=0, y + 2xn sin A, - 2zn cos A = 0, s + cos A=^j 
and that after time t by the initial conditions 

X - 2y?i sin A = Oj y + 2,vii sin A - 2z7i cos A = - 2/m cos A, z + cos A = (j/t. 
Hence show that .'i ; = - It -z) tan A. 

Bub very approximately h = and so ;v=0 ]jractically. 

There is therefore no southerly deviation of a falling body from the 
vertical. 

Using this result in the second ecpiation, prove that when the 
height A has been fallen through, 

= Jryi'^'jicos A, 

13. Apply the equations of Ex. 11 to find the deviations of a pro- 
jecbile fired from the origin with speed ?; at a small elevation cl in a 
plane inclined at an angle c/j to the plane of the meridian. 

The first integrals obtained are 

X - si n A = v cos cl cos c/), y + sin A — 2;:?^ cos A = v cos cl siu </), 

z q- 2,j/7i cos A = - v si n a. 

Find values of .v and ;; by neglecting the terms in in the first and 
third, substitute in the second and find y. Sub-stibute that value in 
tlie first and third and so find a second aj)proximation to .v and >/. 
Verify that 

x~vt cos OL cos (/> -p vthb sin A cos cl sin (j)j 

y~vt cos GL sin c/) - 2 ;i:%(sin A cos cx. cos c/) + cos A sin ol) ~ A, 

s = sin OL -h — vihi cos A cos ol sin 
The terms in n are the deviations. 

Work out for v =^24:00 fjs^ a =4°, A = 56°N, c/^ — 0, </j=45'’. 

14. The resultant angular momentum of a body movable about a 
fixed point is //, and the body is acted on by a couple of moment A/7 
about the axis of //, where A is a constant. Find the equations of 
motion, and show that they can he reduced to those for the body acted 
on by no forces. 

[Use Euler’s equations, §251, and the substitutions Ai'=(j^^~l, 

15. A body which can turn freely about a fixed point at which two 
of the principal moments are equal and less than the third, is set in 
rotation about an axis inclined to that of maximum moment of inertia. 
It is acted on by a retarding couple proportional to the angular speed 
whose axis is that of rotation at the instant. Show that the axis of 
rotation will tend continually to coincidence with the axis of unequal 
moment. 

[Thus near coincidence of the axis of figure and axis of rotation of 
the earth, does not prove that such coincidence has always existed. 
Jsiron, Notices^ March 8, 1867.] 


CIIAPTER X. 


GENERAL DYNAMIOAl. METHODS. 

299. Dynamics of a Connected System of Particles. Work 
due to Constraints. Section IV. of tlie Second Part of the 
Mecanique Analytique of Lagrange contains an exposition 
of a general method for the solution of all the problem?^ 
of a system of particles moving under any prescribed 
conditions. It is proposed to explain that method liere, 
with the modifications necessary to enalde it to bo applied 
to a class of problems, such, for example, as the rolling 
of a disk or hoop on a horizontal plane, for which the 
method in the original form fails to give the equation.*- 
of motion. 

We suppose for the present that friction is excluded, and 
tliat the conditions under which a system of n particles 
moves are expressed by the m equations (m<C,Sn) which 
connect the coordinates X2, y^^ ^2, ••• » 

of the particles at time t with one another, and also, it may 
be, with t : 

Vv ^ Vny = 

M^v yi> ^2^ y2> ^2^ ^ yn> t) = 0, I 


/rnX^^l, yv ^^2’ 2/21 ^21 1 Vny 0 = 

Tiiese are the equations of constraint or simply the 
constraints. According as t appears or not in these 
eepations, the constraints are said to be variable or in- 
variable. Fixed guides along which some of the particles 
move are an example of invariable constraints; if the 



recognised by the explicit appearance of t in tlie ecinations 
of constraint, wliich arc tlien variable. 

If the components of active force (§63) on a S 2 :>ecimen 
particle of mass m be X, Y, Zy and &r, 8z be any 
variations of tlie coordinates of the whicli are 

possible acccording to the conditions whicli exist at time ty 
we have, summing for all the particles, 

-Y 1 / 8y It Sy -]r Z8z^ (2) 

We cannot, however, equate coefficients of 8x, 8z on 
each side, since the forces X, F, Z are not necessarily the 
only forces wliich act on the sjiccimen jiarticle ; a sum 
2(X 8x+Y 8y + Z 8z)y due to inactive forces, which is zero, 
is left out on the right-hand side. But if wo replace (1) by 






.= 0 , 
. = 0 , 


= 0 , 


(^ 3 ) 


we have a set of equations connecting Sx, Sy^ Sz for each 
particle which coexist with (2). Now let the first of (3) be 
multiplied by the second by Xo, and so on, and let the 
sum of the products be added to (2). We get 


'Z{m{x Sx+ jj Sy + z fo)} 

= 2(X Sx+ YSy + ZS^)+ (x^^+ A,^J+ . . .) <5*, 


...(4) 


It is possible, as we shall see, to choose X^, ...,X,,j 

of such magnitudes that the coefficient of each Sx, Sy, or 
Sz shall be zero in (4), and of course the multipliers can be 
taken of such dimensions that every product of the form 


Xdfjdx . Sx shall have the dimensions of work. Thus we 
get the equations, 3n in number, 




mA = ^i+\^+A,^^ + ...+A 




‘axi’ 


■• A- . ^ '^A<\ ^^2 . .A. 

m,a;,= A + + . . . + A,„— , 


.(5) 


That Xj,, X 2 , ... can be thus chosen is clear from tlie fact 
that we have Bn. coordinates and 7n multipliers Xj, Xg, ..., X,,j,, 
371+771 in all, and that the Sn eciuations of (5) and the 
oil equations of (1) give 377, + 7?i equations wherewith to 
determine them. 

The equation (4) of virtual work (so called because 
Sx, Sy, ... are virtual displacements, that is any arbitrary 
small displacements possible under the conditions of the 
system, as they exist at the instant t) only holds for the 
conditions of the system at time t. If we consider actual 
displacements dx, dy, ..., effected in an interval of time dt, 
we have to replace (3) by 




^dx^+^dx^+ . . . +^dy^ + . . . +'^dt -- 


dx- 


'^Vi 




■0, 






-0. 


If we multiply these respectively by X^, 
add, we get 




(^1 'it + • ■ ■ + ^™ 7 §') 

If wc multiply (4)fthe iirat by the second by dky ^, ... and 
add, wc ^ijjot by the result just obtained, since 


eWy = 2 { m (ot + -y 2/ + } , 

'^J=2(Zi-+ 72/+Zi)+X,|i + A, 


■cit 


” 9i 




'I'ho interjn’csbvtion of this result is that the time-rate of 
increase of tlic kinetic eneray is equal to the rate at which 
work is done by the forces Z^, 7^, Z^, ... phis the activity 




"§/m 
C)t 


.(9) 


due to the forces brought into play by the varying of the 
kinematical conditions (1), § 299. Hence when 

are all zero, the fulfilment of the kinematical relations has no 
effect on the energy of the system. Tlius if the forces 
^Y, F, Z,,., are conservative, that is, are derived from a 
function V of the coordinates only, the sum of the kinetic 
and potential energies remains constant during the motion, 
provided t does not appear explicitly in (1). 


300. Reduction to Independent Coordinates. From (1) of 
55 299 any m of the 3-??^ coordinates can be determined in 
terms of the other — m, or k, coordinates. Thus, by 
elimination by means of (1) of any chosen m coordinates, 
say the first vi, tlie discussion of any problem may be 
reduced to one regarding a system characterised by k 
independent coordinates. Instead of using the k coordi- 
nates left, we may substitute h parameters qu: 

which are known functions of the coordinates. These are 
connected with the cc, y, z coordinates by definite relations 



aucli that the x, y, z for each particle can be expressed 
in terms of the parameters, either by finite equations 

» = '?i>(5'i . ? 2 . • • • . (Ik), y = x(5i . ? 2 > • • • > ?a). 2 : = ir{q^ q,).(l) 
or by differential relations 

Sx = a^Sq^ + ^2(5(72+ . . . + 

Sy = h^Sq^ + h^Sq^ + . . . + b,,Sq,,, h (2) 

& = c^Sq^ + c^Sq.^ + . . . + Cj^q,,. J 

Of these equations there must be as many sets as there 
are particles, and they take full account of course of the 
connections or constraints of the system, as expressed in 
(1). The displacements typified by Sx, Sy, Sz are arbitrary, 
but must be such as can take place under the conditions 
of the system (1), as they exist at the instant t If t appear 
explicitly in (1), the actioal displacements which take place 
in dt in pursuance of the motion are given by 

dx = aj^dq^ + cco^q^ + • • • + cifdqf, + a dt,] 

dy = h^dq^+ h^dq^+... + b dt, | ('^) 

dz = G^dq^ + c^dq^+.,.-{- Cj,dqu-\~ edt,) 

where dq^^, dq^, dq^ are the actual variations of the 
parameters in dt The coefficients a, h, c are zero if t 
does not appear explicitly in the conditional equations (1), 
§299, when the displacement specified by Sq^, Sq.^, , Sq^ 

is one that is consistent with the conditions of constraint 
as they exist both ‘at time t and at time t-\-dt We have, 
in the general case, 

X = a^q^ + + • • • + 

y = + * • • + bAk I .(4*) 


301. Generalised Coordinates. The parameters gi , ^ 2 ’ * • • ’ (7^^ 
are called the generalised coordinates : they are supposed 
to be such as suffice to express the configuration of the 
system at any instant. It may be remarked here that 

tlTP.rp. fi.rp pr».«PK in wKipTi f.lip mnf.irkn onn ov-n-pfiocprl 


on n 


It iH iinpoi’tant to observe that the difierential relations 
(3) iiiay or may not be ecjuivalent to a set of finite 
c<(uations like (1 ). If they are, a-^ l\, b^, c^, . . . 

most be partial differential coefficients 

d</)/dq^, d({>jdq ^,... , 9 x/3 (7 i. dxfdq^,... , 'd\p-/dq^, 9i>/9(72. ... 

of ecluations (1), § 301, and one set of conditions for this is 

'diiy _ da.y da^ __ da.^ " 

[ 

c)q.~dq^ dq:~dqi"'’ 


TJi( 3 Hiiite eijiiations (1) and the dif-Ferential relations (2) 
of § 299 , then, express exactly the same thing — one can 
be derived from the other. 

But if (1) and all the similar equations are not fulfilled 
by the coefficients a^y b^y ^ complete set of 

finite equations does not exist, and the conditions (2) 
of § 299 are not integrable, as a whole at least. 

302. Holonomous and Not Holonomous Systems. Derivation 
of Lagrange's Equations. Lagrange’s equations were given 
for the case of finite equations of condition, and that these 
exist has been tacitly assumed in most of the expositions of 
the subject since his time. That they "‘fail” for tlie case 
of non-intcgrable relations has been pointed out by several 
writers, and systems are now called holonomous or not 
holonomous, according as the constraints are or are not 
defined by finite e(iuations. 

We shall now^ derive the equations of Lagrange from the 
cfjuations of motion of a system of free particles ; as this 
mode of derivation shows veiy clearly where the assumption 
that the system is holonomous is introduced, and where, 
therefore, the process should be corrected if the system is 
not holonomous. 



A TREATLSK ON BYNAjMICH. 


55() 


[CH. X. 


The equatioiiB ol: motion ol* a system of particles are of 
the type m;ri = X, my = F, mz = Z, ( I) 

and, of course, these are the equations of a particle of a 
connected vsystein, when the forces due to the connections 
are included in X, F, Z. 

Now, from (4), §^§5. find the values of x, ij, z. Tliey are 
X = a{q^ + + . . . + Cijxi ,, + + . . . + + d, . . . (2) 

witli similar equations for Tims we get 

2 {7?^(%rr + h{ij + c^z)} ~ 2(cqX+ b^Y+c^Z),] 
S{??^(^r2i3+62^>r2^)} =S(a2X4“?^2^+f‘2^)^( 


The quantities on tlie right-hand side are called the 
generalised forces of tlie Lagrangian sy*stem, and will be 

denoted in what follows by 

It will be observed that, by (B), § 300, 

'Z{X8x+YSy+Z8z) 

2(cqA -j- “h 'ZiiLfK. -^-b^Y-^ C2^)Sq2 \ 

+ *..-\r^{a}^X Ybi^Y+Cj,Z)Sqf. 

= QiSq^ + + • • • + Qifgir 


...(4) 


Thus any Q is the coefficient of Sq in the expression Q Sq 
for the woi'k done in a possible variation of the parameter q, 
and is not necessarily a force in the true dynamical sense ; 
e.g, if Sq is an angular displacement Q is a moment of 
dynamical force or a couple. Q does not depend on any 
of the inactive forces, that is, forces such as those due to 
guides and constraints which are invariable. Tims the 
results obtained from a system of free particles hold for a 
constrained system. 

Now, by (2), 

a^x + + Ci2 = {a\ + &? + c?)gi + + c^e^) q^+... 

+ a, (d, (?, + 02172 + (6j^i + 62172 +••• ) 

+ . . . + a,d + 6,6 4- c,c. 


( 5 ) 


Mo values of x, ;//, i given by (4), Thus we obtain 

^' = i + 2^ ,.jj,q.,-+-2A ,:t<iifh+ ■ • • 

+ A .Jj/:, ■j-2A + ■•■+A^(l^-\-A.^.,+ ■■■ + -^k<h+A^}, ....{2) 

tvber'o Ay,, A,v^, ... are functions of tlie co- 
ordinates r/i, f/oj j 9'/.- expression thus consists of a 

loinogeneous quadratic function of the speeds , iu, 

b linear part, term whicli 

s a function of the co()rdmatcH only. These will be 
•ef erred to below as jft, 2\, 1\, 

304. Generali.sed Components of Momentum. We notice in 
he first place that from (2), ^308, we liave 

■0^T 

+ ••• + ^ \AkM A^, 

gj- = A ,.//i + A o.j^o + A of/jf. + A 2, 


'^r£t 

rioe expressions on tlie right-hand side are called the 

icner aliped coviponents of QnomentuDi, and will be denoted j 

n wliat follows by pp p^y Pk- Equations (1) enable j 

he speeds (p to be expressed in terms of j 

)j, P 2 ’ the coefficients Aj^,A^ 2 >--- (which are | 

unctions of the coordinates q^, •*•), and therefore also | 

lie kinetic energy to be expressed in terms of pg, , Pk 

;nd functions of tlie coordinates. It is to be observed that | 

he determinant (^n, A^^y ••• > ^/a-) of equations (1) cannot 

vanish, since if it did the values of (f, q^y ... , qic given by j 

hese equations would be zero, and T would be zero. 'I 



the coefBcients 6^, c^, 
cl 

a^x + + G^z = (a^(v + \y + c^z) - (d^x + b^y + c^z), 

and therefore 

2{m(ai;i;+%-+Cj^)} [{2m(('<.,*+&i'if + v:)}]l 

— '2,{vi{a^x + + c,s)) . ] 

But if we form or 1\ from the valu 

of ib, y, z given in (4), § 300, we get 

0r 


S{7?i(aja? + ^2/ + Cr^)} = 


and therefore obtain 


?)(l 


d 'bT 


Again, by tlie value of T tlius formed 
I.{m{d^x^h{y-\-G^z)} 


•( 


\dx dt bq^ by dt bq^ bz dt bqj) 

provided the relations (1), § 300, are derivable froon a 6 
of k finite equations, for then ctj, Z)j, are partial differenti 
coefficients bxjbq ^, ... of z^ expressed as tliere show 

Now 


0 bx. b bx . b bx 

dt bq'~'bq^ bq ^ ^2 + • • • 

Hence, since bx/bq is supposed to be the partial derivati^ 
with respect to q of an explicit function of q^^ y Qia 

3^1 'dq dq dq^’ dq^ dq~dq dc// "' ’ dt dq~dq dt’ 


and therefore 


d dx d (dx . dx . , , dx . , dx\ 


and similarl^r for 


d_'^ d dz 
dt dq dt dq 


•(( 


( 7 ) 


d ‘dx _ 'dco d dy _^dy ^ 

dt dq^ ”” 'dq^' dt dq^ ~ dq^' dt dq^ 


; iiid therefore 


2{m(66i.r + hd/ + ^1^)} = 


dx dq^ 


jL^ M = 

dy dq^ 'dz dq^ dq^ 


( 8 ) 


Therefore, finally, (4) can be written, on the supposition 
italicised above, in the form 


ddT_^_T^Q 
dt dq^ dq^ 


(9) 


Similar equations are obtained for the other coordinates 
- ucli as , _ 

— D (10) 

dtdq, ^ 


t5id so on. These are Lagrange’s equations. The kinetic 
" liergy T is supposed expressed as a function of the 
; 4 ^‘iieralised coordinates g 2 > speeds of 

^tiese coordinates Qi, stated above, in the 

^uost general case the sum of a homogeneous quadratic 
^ nnetion and a linear function of these speeds, Avith a 
" Unction of the coordinates only added. 

The forces Z, Y, Z are in many cases derivable, in part 
U least, from a function V of the coordinates which 
call the potential energy, and which may also contain 
" time explicitly. We have then, if be the part of the 
'• sree independent of F, 


\ ■ 

< (t ( 


/ dV dV BFX'i 

^X + b^Y-\~c^Z^)-Qi - + / 

/ B.'T d V dy dV dz 3F \ __ ^ "^F 
dx dq^ dy dq^ dz ) 3g/. 


^ Added, as before, tliat a^^dxjdq^, .... If this iDroviso is 
" - fulfilled, the part of the force which depends on F 
' innot be written in the form —dVjdq^. 


(12) 


I VO 

dt 3^2 ^0^2 


If the system is not liolonoiiious, wo have, by (3), ^ 305, 

It =Qi- 

^ 2 {')H((i2® + 'I' } ~ 


where the summations are talceii for all tlie particles of 
the system. These equations are applicable in all cases. 

In the very common case in which besides the finite 
e(iuations of condition certain non-integrable relations also 
hold (as ill the problem of the hoop discussed in tlie preced- 
ing cliapter) the generalised coordinates can be reduced in 
number by taking account of the latter relations by the 
method of multipliers, as used in §299 above. The 
equations of motion are then found by expressing tlie 
kinetic energy in terms of the remaining coordinates and 
proceeding in tlie usual manner. 

306. The Lagrangian Function or Kinetic Potential. If we 
write T— F=/7, we can, since V does not contain any of 
the speeds ^ eijuations (12), § 305, in the form 

d “dL dL _ 
dt dq^ c)q^ ’ 

d "dL 'bJj Q, 

dt 'dq^ 


so that the system may be regarded as having only kinetic 
energy of amount T— F, that is the potential energy, F, 






K/\yvuiu f/wfi tj i 1/ I wyj \^\A/ xxxxa/^ k/^ x wx \aj jvwvx v \-/x wxxv^ 

kinetic energy of the system, destitute of terms involving 
the q s. Thus, for auglit we know, the energy of configura- 
tion of a system may be really kinetic energy of changing 
(but unobserved and uncontrollable) coordinates of a system 
linked with that of which the motion and configuration 
are being considered. 

L is called the Lagrangian function and sometimes the 
kinetic 'potential. It is interesting to consider its value for 
a system which may be divided into two parts for which 
the coordinates are qi and 8^,83, Sj respec- 

tively, and which are such that the T contains no product 
of the form The kinetic energy may therefore be 
divided into two parts T\ T'\ one which contains only 
s(]uares and products of the js and another which contains 
only squares and products of the 8S. For a g-equation of 
motion we have 


or, if 


dt dq 'dq dq ^ ' 


U^V-T\ as 


( 2 ) 


dt 'dq dq dq ^ ' 


( 3 ) 


Now, so far as the motion depending on the gs is 
concerned, the part T" with its sign changed may be classed 
with the potential energy V. Tlius, as Sir J, J, Thomson 
has suggested, the potential energy of a system may be 
kinetic energy depending on speeds of coordinates distinct 
from the gs, and incapable of direct observation, but 
involving the g-coordinates, so that the potential energy is 
a function of the configuration of the parts of the sj^stem 
the motion of which can be traced. 

In this case the value oi L is T' —U \ that is, of course, 
r + r - F, or T- F as before. 


Ex. To illustrate wluit precedes, we take the motion of a particle 
of mass m in a plane curve. If at time t tlie radius- vector drawn 
from a fixed point be of length r, and make an angle 0 with an axis of 
.17 drawn from tlie same origin, the coordinates of the particle are 
.r = rcos6?, ?/=rsin and therefore 

X = r cos 6 - rO sin 0^ fj == ?' sin ^ -f r6 cos $. 

ri N 




iJLCUUUj lUJ. but: IVlUUUlU J , 


^T~m{ (f cos 6 - rO sin Of + {r aiii 0 -{-rO cos Of 


•( 4 ) 


If we appl}'- (13), §305, fco the prol)lein of (indiiig tlie ?•, 0 equations 
of motion of the particle, we have to take the lirst expression for 
the kinetic energy. We obtain 


dt 'dr' 


mr. 


We liave to subtract from this the ipiantity (derived from (4)), 

m(?’Cos O-rO sin ^)^^(cos 6‘)H-?^i(r sin 6^ + r^cos ^)^(sin 0) ; 

that is, vir6'\ wliich could, of course, be obtained at once by writing 
down 'dTfdr. Hence the ^ equation of motion is 

m{;r - rO'^) = It ; 

where R is the applied force in the outward direction along r. 

For the ^-equation we have 

d dT . .V , „ 

:=rW.(?“'6^+27T(9). 

dt do 


J3y (13), §305, we have to subtract from this 


d . ' d 

- m (/' cos 6 - rO si n 0) ^ {r sin 0) + 7n {r si n 6^ + cos 6) (r cos 0) 


or zero. Thus the 6^-eqiuition of motion is 
?/i(r-^+2r/‘6^) = 0 ; 

where 0 is the generalised force perpendicular to the radius- vector. 

But dTIdO—Oy and so the ordinary form of Lagi'ange’s ecpuitions 
gives the same result. 

This example illustrates the iiii])ortant point that the form of the 
equations of motion given in (13), §305, cannot be applied to the 
kinetic energy as given in the equation 

T=-hn{r^+rW). 

The operations indicated in the second terms on the left of the form, 

must be performed with reference to the fundamental equations from 
which the expression here written for the kinetic energy has been 
derived, that is, the equations wkieh embody the conditions to which the 
system is subject. The axes of reference along which the speed com- 
ponents r, rO are taken are specialised in such a way that in the 
formation of T the quantities sin 6/, cos which apyjear in the values 


Jt will be observed that in this example -vve have 

(uos 0) = - ~ {r sin 6), ^ (sin d) = (r cos 0), 

SO that the conditions [(1), § 301] of integrabilitj are fullilled, and 
therefore it is impossible to proceed in the oi’dinary way by 
calculating 'd7'/'dr, and subtracting jt from mr. The .functions of 
r and 0 involved in cos sin sin ^+?’6icos and 

in are the same, and so in the latter case the ordinary 

process remains applicable, though then, apparent^/, the integrability 
conditions are unfnllilled. This explains wliy in many cases, as in 
the exiiniple llrst given and in others, the ordinary form of Lagrange’s 
e(|uations is applicable and the form in (13) is not. The latter can 
only be applied when the expressions for the speed components, 
whatever they may lie, are those which arise from the kinematic 
conditions of the s.ysteni. Different modes of breaking up the 
kinetic energy into a sum of s{[uares correspond in general to 
different sets of conditions and involve dillerent sets of forces ; for 
two entirely different cases of motion may correspf)nd to the same 
expressions for 7Lind T, if one be hoh)nomoiis and the other not. 


307. Examples on the Lagrangian Ecfuations. 

Ex. 1. By the equations of the type 


da-i . , dai . , 

d?/' dq./- 


dq, I 


*. 'd.i' , ,'dff . ."dz 

— i" — 

d(j, dq. 




;)}■ 

prove that eqnation.s (13), § 305, can ho j)nt in the form 

which reduces to the ordinary form when the integrability conditions 
are fulfilled. 


Ex. 2. A simple pendulum is hung from a fixed point and is of 
constantly varying length. Find the eqiiations of motion. 

Let T be the length, Q the inclination of the thread to the vertical, 
and the inclination of the vertical plane containing the thread to a 


nxeci veracai plane, an ai> time i, me components or speed are ?*, rU^ 
0^ and the kinetic and potential energies are given by 

m (r^ + 6)^ + ain*'^ 9)j V — -- ongr cos 0. 

Hence, since the system is holonomous, we lind 

'dTfdr — mi\ dTld0 = mr-0f dTIdrp—mr^ij/fim'^O, 

dTfd\lr=^0, c)Tldr=^rd'\ 'd F/3r = - mg cos 0, 

d TIW = r'Y“ si n ^ cos 9, 'd Vl'd9 ~ mgr sin 
and the equations of motion are 

r -rO'^—g cos 0, 

r^ + 2r6^-}-ri//‘‘^ sin ( 9 cos^= -<7 sin 
Txp sin (9 + 2ri/'sin 6^-1-2 ?’j^^cos 6^ = 0. 

Tf the motion is in one plane ^=0, and the equations are 
r-r9'-^g cos 0, 
r0-\-'^r9— -,(7 sin 6>, 

and if r be constantly zero, we obtain the equation of the ojxlinary 
simple pendulum 

^+'“sin 6^ = 0, 

r 


Ex. 3. A particle moves without friction on a straight line whicli 
turns uniformly about a given vertical straight line : to find the 
motion. 

Let the turning line be inclined at the angle oc to the vertical, 
and r be the distance of the position of the particle at time t from the 
point of intersection of the turning line with the plane drawn so as to 
contain the fixed vertical and be perpendicular to the horizontal 
projection of the turning line, a tlie distance of that ])rojection from 
the fixed A^ertical. Tlieh we liave for the kinetic and jjotential 


energies , / o , . u x <, 

and T=hm.{r^ — 2iMarfAr\ fjL + (d‘‘^ + r“ sin“a)a)‘-^}, V~ - mgr cos cl. 


Hence 


'dT . . 'dT , 

~mr - mioa sin a, - 7 ^ —mrn}- sin- a, 
or ’ dr 


dF 


The equation of motion is therefore 


r — si n- cL~g cos cl. 

The particle moves as it would if the turning line were fixed and a 
repulsion sin^o. were applied. 



cylinder with iixis vertical, the radius or winch (iiiitiaiiy a) increases 
uniformly with the time : to find the motion. 

At time i the radius r is a{\-\-kt\ whei'e k is a constant. Talcing 
coordinates from an origin on the axis of the cylinder {x\ y horizontal, 
and £; downward), we get -1-/?:^) cos y = «(l-l-/t^)sin^<?, and 

tlierefore 

.i’ = ~ a(H- kt) sin 9 + ak cos = a(l + kt) 0 cos B + ak sin 0^ 

so that T— hn(i^\{\ + kt^O'^ H- k-} + V~ mg ~ 2), 

if2“£'Q, initially. Hence dT/dB = ma^('\ -\-kty^ 6 j and the equations 
motion are 7 

-j^{a^(l + klf6} = 0, z=,gr. 

Th us kty^B— z — -h c. 

This is an example of constraint varying with t. 

Ex. 5. A rigid body is suspended from a fixed support by means 
of a piece of steel wire attached at a point in a principal axis, 00, of 
the body through the centroid, and so short that it may be taken as 
iintwistable, while yielding freely to bending forces in all vertical 
planes containing the wire. It is required to find the equations of 
motion with reference to 00, and two other axes, one OD at right 
angles to the vertical plane through 00, and a third OE perpendicular 
to these. 

Take fixed axes Oxyz through the point of support coinciding with 
the positions of the principal axes 0/1, 0/J, 00 at time and denote 
the angular speeds and moments of inertia about them by ?•, 

Aj B, 0 , Then, if i;, if, 2 be the component spec^ds of a particle at 
.V, y, z, we have for x, if, 2, 

xr^qz-vy, if^rx—pz, h^py-^qz, 
and 7"= {qz - 97/)- -h (7vr + {py - qzy^y \ , 

which do not depend on the special conditions of suspension. 

From this we obtain 

^ - S[»i{ - {r.v-pz)!:+{p>/ - q.v )//}'] , 
and therefore, since the axes of reference are principal axes, 

+ 2 [m{ 1) {pp - qai) + y {py +^01? - y.-'O}] • 

If now we subtract from this, according to (13), §305, the expression 
'^\in,{- 'z{rx~pz)-i-y{2')y — qx)]'\, and take account of 

y~r.v—pz, z=pn-q.v, Aq=^{m{xz — z,r)), Cr = ' 2 {m{ijx — xy)), 
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we get Ap -{B - C)qi\ which is to be equated to the nioiuent L of 
external forces about the axis for which the angular speed is p and 
the M.i. is Thus 

Ap-{B--G)qr=L, 

one of Euler’s equations (§170), The other two equations can of 
course be obtained in tlie same manner, and may be inferred from 
this. 

Now, taking account of the suspension, we see that the body must, 
if the wire do not twist, change the inclination 6 to the vertical of 
the principal axis, to which the suspension is fixed, by turning about 
a horizontal axis, OD say, at right angles to 00^ and that the angular 
speed about OG is ^(cos0 — 1). Let the axis OA (angular speedy) 
make an angle t//- with OD^ then will change with angular speed yp. 
We get thus for the angular speeds about OA^ OB, OG^ 

p = 0cofi^|r-\-l//^iu\ Osinylyj — ^sin + sin ^ cost//-, r = ^(cos^— 1); 
and if at the instant t/^=0, p = 0 , 5 ' = i/'sin r—xf/co^O, 

The p-equation of motion is therefore 

d ( ^ + sin 0) A- {B — G)xp'^ ^in 0(1 ~ cos 0)= ~ mgk sin 0 . 

The (/-equation is, since rp—p 6 {G 0 ^d- 1 \ 

6 - - cos ^)} + (6'~^) ^ 1^(1 - cos ^)=:0. 

The third equation of motion is 

C7{i^(l — cos ^)-f ^^sin 0}A-{A -i?)^^sin ^=0. 

If the axis OG be one of symmetry, the first two equations become 

yl(9+{2d — C'-(d - ^7)008 ^}i^''^siu 0=wp'Asin 

^ij//sin 0 A'(G —'^A) 0 p{l-co^ 0=0. 

[For the discussion of the motion of this body wlien a fly-wheel with 
its axis of rotation along the axis of symmetry is contained within the 
bob of a pendulum, see a paper on Lagrange’s equations, by A. Gray, 
ill Proc. R,S.E, vol. xxix. 1909. See also §§ 284, 287.] 

Ex. 6. Find the equations of a rigid body turning about a fixed 
point 0 under gravity. [Equations of an unsynnnetrical top,] 

Here the body is left free from restriction imposed by its mode of 
sunnort. Let ol. B. y be the direction cosines of the downward 



"'.7 Vr-'t 


V/ \ (T ■/ 

equations of niobioii are 




Ap-{B-C)qr =wv;(y7,-/i0, 
Bil - (C- Apq} = y^), 

Or - (/I - B)pq=mg{f^^ - «.?/). 


Bub a, /3, y are also functions of the time ; the axes are carried 
witli the body, and hence, by § 15, we have, since a point on the vertical 
til rough 0 remains at rest, 

6c" y (7 + /?r=0, 0~cLr-\ryp — Oj y - /3p + CLq—0, 


with, of course, the condition a- + ^‘‘^+y^ = l. 


308. Appeirs Dynamical Equations. A new system of 
dynamical e(jiiations has been given by M. Appell (Mec, 
Ration, t. ii.) wliich are applicable to both holonomons 
and not holonomons systems. If we square equations (2), 
§ 802, and form the sum 

+ ( 1 ) 

the ‘M^inetic energy of the accelerations,” as it has been 
called by analogy, for the whole system, we express the 
function S in terms of the generalised accelerations and 
speeds, and of the quantities ctg, dg, 

and clearly 

= 2 {m{atx 4- h,:jj + c^z)}. 

Hence we get 


p.«„ !-=«. E-a. 

^q^ dq., dq,. 


Tlie, partial differential coefficients are most conveniently 
formed in practice by multiplying, say for dSjdqp the first 
of (2), §302, by m«i, the second by mbf, and the third by 
mCi, and similarly for all the particles; the sum of these 
products is dS/dq^. 

These are Appell’s equations. They are as a rule much 
more convenient than the modified Lagrangian equations 
(13) of §305, for the .solution of problems regax’ding not 
holonomous systems. 



and tlierefore 

^ = m(^T — ^ = m^r'^d + 2rrd) = vi i: (? *'^0), 

O'}'* "^0 (tt 

80 that we get the same equations of motion as before. 

309. Hamilton’s Transformation of Lagrange’s Ectuations. 
Lagrange’s equations admit of a remarkable transforma- 
tion due to Sir William Rowan Hamilton. Let equations 
(1), §304, be solved for terms of the 

components of generalised momentum, and the values be 
substituted in the expression for T, which then becomes a 
function of the ps, made up, if the untransformed ex- 
pression was, of a homogeneous quadratic part and a linear 
part in terms of the j-? s and a function of the coordinates. 

The transformation of the equations of motion can be 
investigated by the following method, given by Jacobi 
{Vorlei^iLngen uher Dynamik). Consider the function K 
defined by the equation 

( 1 ) 

where is T supposed expressed in terms of the q8. 
[For clearness we shall denote T when expressed in terms 
of the sj>eeds, the gs, by T,, and when expressed in terms of 
the p s, the momenta, by 

Now, let the coordinates be subjected to slight variations 
q,,y and the speeds to slight variations 8q^y 
Sq^y Sqi,y which are all consistent with the conditions 
of the system as they exist at time t. Then, if K become in 
consequence K+SKy and T become T+oTy we have 

SE=^(2'^oq + qSp)-ST,y (2) 

where Sp is the variation of p due to the changes Sq and Sq 



SK=^(qSp)-l(^^Sq) (3) 

So far, each 8p has been taken as depending on the 
related Sq and Sq, regarded as independent variations. But 
if we please, we may take the ^s and ^s as independent 
variables, that is the Sqs and Sps may be arbitrarily 
assigned, and the change Sq deduced from them. The 
expression for SK holds in this sense. 

But now, if K be expressed in terms of the variables 
p and q, we have 

SK=2^-^Sp+2^-^^Sq, (4) 

and, since in each case the variations Sp and Sq are arbitrary, 
we may identify (4) with (3), and obtain the typical equations 

('5>l 

dp dq dq^ 

which are of great importance. They enable the typical 
Lagrangian equation ^ 

to be transformed to Hamilton’s form, which, written along 
with its companion equation, gives 

dK . 

= ( 6 ) 




'dp 


where it is to be remembered that iT is a function of the 
q s and the p s. 

It will be noticed that if is a liomogeneous quadratic 
function of the qs, that is, if the equations which express 
rr, y, 5 ; in terms of the q^i do not involve the time explicitly, 
K~2l\ and that then (5) become 



dp dq dq 

and Hamilton’s equations are of the form 

dv . dTqn • /r)^ 


•( 7 ) 


since V does not contain any p, we can write tlie two 
equations (8) in the form 

dp ^ 3/f dq ^'dli 

dt ?)q ’ dt dp ’ 

which typify Hamilton’s so-called canonical eqmdions of 
motion of a connected system. There are as many pairs of 
such ec[uations as there are variables. It will be observed 
that the system is supposed to be holonomous. The 
function H is called Hamilton' s reciprocal fionction. 


Ex. 1. Verify the relations 

dg dq^ ^ dp 

by direct difierentiation. 

On the left K is supposed to be a function of the /)s and the gs. 
If the ps were replaced by their values given in (1), diat K 

is expressed in terms of the and the ^s, that is, becomes Ab, we 
«ho<,ld have 

'~^\'dp ?lq)'^'dq' 


dq 


But -we have also by the definition of A", 


so that 


“•-»») -|r, 

dq \^dqj dq 
^ dp^ dq dq 


Ex. 2. A particle moves in a plane and its positions are referred to 
axes O.r, O^j wliich turn with constant angular speed % about 0, If 
the forces on the particle are derivable from a function V of .v and 
y, it is required to find the equations of motion in the canonical form. 
The equations of motion are, by § 14, 

dV dV 

in{aj - 2ny - nhi) = - , m (y + 2??^; - nhf) = - 

Erom these we can deduce, by multiplying the first equation by ;r, the 
second by ?/, and integrating, the equation 

^ {x^ + if^) -f y2) = const., 

winch is the equation of energy. 


Now write (/j—.r, <72 “/A — — P2 > and substitute 

in the energy ecjuation. The result is 

2~ (?’i + + 2 ^j(P2 - imiqif +V-\ mv? {q\ + <?■) = const. 

Tlie expression on the left is the function // for this case, and the 
canonical equations are 


3 // 

. 'dH 


'^'“ 37 i’ 

3 ^ 

. dH 

dq.; 



where r/, , If have the values specified. The reader may 

verify that the insertion of these values leads back to the ecpiations of 
motion in terms of ,r, //. 

Ex. 3 . Find .// for the motion of a particle under the action of a 
central Force which is a function V of the distance. Find also the 
equations of motion. 

We have here Write mr=p^^ wr'^d=p>^^ so that 

the fjoordinates (7., are r and and is the a.m. about the centre 
of force. We obtain and therefore 

»-2s0’r+w>0 + '"^ 

The equations of motion are 

p^=■ -’dWdqi, p.i= -?)Hrdq.^, 

tliatLs, = 

since the coordinate Q does not appear in U, 

310. Variation of H with the Time. We now calculate 
tlio toUd rate of variation of U with the time. We liave 



which, by tlio canonical e([uations, becomes 

dH 'dH ./-jx 

^ 

that is, the total time-rate of variation of H is equal 
to the partial differential coejfRcienb of H with respect 
i. Pv-nlimflxT oi-.T-kPQTMno’ in thft ftx'nrp.cjninn nf the function. 
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But since H=K-^ V, this result may be written 

~dt dt dt^df/ 

by the definition of K, (1) § 309. 

Thus if H is not an explicit function of /, it is a constant, 
h say, that is, h=^T+V, or there is conservation of energy 
in the system. This is also the case, it may be noticed, if 

■dT^-dV / 3 ^ 

dt dt 


that is, we have then K+V=^ h. 

Now, by the definition of K, we have 
K = 21\+1\^T=T,-T, 
and so, when K-\-V= h, 

T,-l\+V=h^ 
or T-T^-2T,+ V=h.j 


(4) 


Ex. Prove that, if ^ do not appear in the equations of condition, 
and D be the discriminant of the function Tg, 


2(//-. F)Z) = 


Pl> P2, 

Pu dn, ^li2, 

P^y ^215 ^ 22 , 


•••j Pky 
Aift, 
•••J do*, 


Pk') d *] , jifc2) ...j d* 


where Aij = Aji, 

We have in this case Ttn — H- F, and 


27’,»=Pi?i +rH<h +-+th<h, 

J 

= + ... H-d,,(/^. 

Hence, eliminating we get the result to be established. 


311. Lagrange’s Equations found by Variation of Lagrangian 
Function. The Lagrangian equations may be derived for a con- 
servative hoIonomouvS system by the following process depending on 
the Calculus of Variations. 

Let the system be carried from an initial to a final coufi juration, 


bo the other. Let us suppose variations 8q to be made in each 
coordinate q and the corresponding speed that is, let the mode of 
passage or “path” from one configuration to the other be slightly 
changed without any variation of the terminal values of t. The 
variation of //is 

!i-2(|8,)+s(|8s). 

that, if ~ be the time of passage, 


But 

ind thus we get 


*«)}■*■ <” 

8 ,- p 

joq o<2 ^ J (1 


'd ,, 




vliere tlie integrated terms for the final and initial conligni’ations are 
listinguished by the suffixes 1 and 0. 

If now we assume as a new dynamical princiide that the variation 
)f tile time integral of L is to vanish for the passage, the integrated 
.erms and tlie terms under the integral sign must vanisli separately. 
If, for example, tlje initial and linal conligurations be the same for 
lilTcrent adjacent paths of transition, the integrated terms are zero at 
sach limit. We get therefore the typical Lagrangiaii equation 


^ 'dL 'dL 
dt 'dq 'dq 


(3) 


or a system, the forces on which are derivable from a potential 
unction F. 

So far no variation of t has been imposed, that is, the time of 
)a.ssage has been supposed the same for all the tran.sitions. 


312. Ignoration of Coordinates. Let certain coordinates 




)Q absent from tlie equations of condition of a holononious system, 
labile the speeds ..., q^, appear, then it is possible so to modify 
he function L that the equations of motion for the coordinates 
’ll /i!) ••■5 9i formed as if the speeds ... , q^^ did not exist. 

Taking the unmodified Z/, we have 




= 0 , 


'dL 




•= 0 , 



0) 


dL _ 


■ <?/+! , 


?)L 

'3 . — ? 

dqu 


nd 


. . . , 


( 2 ) 


Wliere Ci+lj ••• J JU-UIIUC 1L X^/j uchuuc ujlio iuuvjltiv^ii JJ tl-O 

modified by the elimination of by means of equations (2), 

we have 

■ '='55+‘'‘+'“-g^+"*+“-3^+ 

and in the same way 

'dL^ 'dL ^ii+s3 , /4\ 

liere (] is any of the coordinates ^'i, .•• , <7^. 

Thus we get 

d 'dLi 4. 

(fi <3</ 5^ 'dq <3^ / 

■p X d 'dL 'dL ^ 

and therefore we get from (5), 

d 'dL^ 'dL^ ^ fd _n rft^ 

dt 'dq 'dq \f/7 'dq '^q ) 

But this is precisely what we should obtain if we constructed the 

function 7/ r ^ . • /'7\ 

L ~L '"•~^}/lk’) 

substituted for ^i+i, ... everywhere their values as given by (2), and 
then with H as tints expressed wi'ote 

dt dq 'dq 

for any coordinate in the series (/i, q.j,, ... , qi^ 

This theorem is due to Dr. E, J. Routli (see SUthilUj/ of Motion., 
p. 61). It is proved in a paper on Lagrange’s equations, by A. Gray 
(Proc. R,S.E, 1909), that for a not holonoinous system equations (13), 
§305, require no modification in order that coordinates represented 
only by their speeds may be ignored, exce})t the elimination of these 
speeds by (2). 


Ex. We take for comparison the problem of Ex. 2, §.307. Here 
the coordinate ^ does not appear while \p does. Now we have 
X = ^??i(f-q-r‘'^^2_p^.2,^2gjj-^2 ^) q- cos Q. 

But 'dLldf—mr^f&m^d = c. 

l-Teiice the modified function is 

L = m ('/* 2 -p r-^J-) + mgr cos Q, 

from which f has been eliminated as directed. Thus we get 
dll jdr = ??ir, dL' I'd!' — m r(d^ + mg cos 9. 


r-r^'-^+.^cos ^—0. 

Similarly, the ^-equation can be found. 

313. Meaning of Integration of Equations of Motion. Hamil- 
ton’s Diiferential Equation. Now let us reverse the process of 
§311 and begin by assuming the Lagrangian equations which have 
been otherwise established. Thus we get, from (2), §311, 




Tlius, if we write S= I Ldt^ we have 

85=2(ip8?),-2(pS./),„ (2) 


to which must be added if t is not taken as independent 

variable, and is therefore made to vaiy. The function /S' was called 
by Hamilton the Principal Function. 

This expression is very important in connection with the integration 
o'r the equations of motion (9) of § 309 above. Such integration means 
the expression of L, or //, as a function of and of constants of 
integration (there are^* independent coordinates), so that S is obtained 
by integration in terms of these quantities, which may be the 

time i and the 2/r initial values of the jus and ^s, typilied, we 
suppose, by q^). Thus, in {p^), and (ju, q) with t we have 4/’-M 
quantities connected by the k equations of motion or their integrals, 
and the k equations q—dqjdt. Thus any of tliese can be found in 
terms of the other 2^+1. If the 2/c.- chosen to be found in terms of 
the remaining 2/?:+l be (ju, and these he substituted in S already 
expressed as above, \ve obtain S as a function of i and (^, q^. 

The variation of S when thus expressed is 


®--(f 

(3) 

If we compare this with (2), we see that 


3/S 3/S 

(4) 

'dq 

dS y dS,..(dS.\ 



(f>) 


since in the most general case t is explicitl}^ contained in /S', and 
implicitly in the q^. But by (4), this is 

j. 3/S .. 

|?+2(M)-r+ r=o, 


or 


tliat is with '2{p(j)— T replaced by its value in terms of [dSj'dq, q), 
oS , ,r/dS 'dS dS A „ 

Tliis is the Hciiiulfconian clitfereiitial equation. A second differeiitiiil 
equation was given by Hamilton, but we shall not discuss it here. 


314, JacoM’s Theorem, It was sliown by Jacobi that if a 
eoinplote integral of (G) is known, that is an integral wliich contains 
I' constants, cq, rq, ..., a/,, l)esicles the additive constant, tlie canonical 
equati(ms can be integrated. For let the integral S be expressed in 
<-erin.s of •••> then if /q, b2j .,,5 h be Jc other 

onstants such that 


'da^ 'dao 'dcCk 


. 0 ) 


these equations, together with 


'dS 'dS 

'dqi 


'dS 






( 2 ) 


are the integrals of the canonical equations of the type 

dqJdH dp_ 'dH 

dt~ 'dp"* dt 'dq 


This proposition is proved indirectly as follows. If a known 
integral of the equation ( 6 ) is substituted in that equation, the left 
side identically vanishes. Differentiate then any equation iiSjcia—bi 
with respect to q whicli can be done, since /S is supposed known in 
terms of ^j, •••, 7 *) We get 


c)^S 

'dt'da-i "dqida/^ 




( 4 ) 


But by the first set of canonical eqnation.s this becomes 


d^S dll ^ 

'dt 'da-i dq^ dai dpi ‘ c\dai 'dp^ 




But tlie differential equation (C) of § 313, differentiated with respect 
to «v, gives ,dH^^ 

daidt dp^ dai dp^dai ^ 


for, since 5 in (G) is a function of constants 

a^j, rq., these constants must he contained in the^i,_^g, of 

the function from which as it stands in ( 6 ) the constants are 



by Pj—'dS/dqj^ and we get 'dpJda.i^'b-Sj'da.i^qj, 
becomes 3// 325' 3// 

3ai'<3^ 'da/dgi 'dpi ' ‘ 


Tims equation (6) 
-=0, (7) 


wliioli agrees with (5). Tlie first set of canonical equations are thus 
verified. 

Tile second set can be vei'ified in a similar way. Begin by 
differentiating 2^, — 'dSI'dq. with respect to and substitute for the 
and for p^ from the canonical equations. Tin's gives, since p.==^'dH'l'dq:^^ 


m 'd^S c)‘^S ?)// 3//^ 

?iq., 'di 'dqi 'dq{dq, ‘dp^ '^Pk 

But (6), 313, giv^es 

07/ 

"dq:dt 'dq, g 'p^ 'dqpq^ ‘ 3 ’ 


( 8 ) 

(9) 


and if the values of ... , p^. be inserted in this from the equations 

(2), we obtain (8). Thus again there is verification. 


315. Case in whicli H does not contain t. Tf the function does 
not depend on t as an explicit variable, (fi) of § 312 becomes 


'dt 


-f- A = 0, 


■ 0 ) 


where h is put for the constant value which, as we have seen, II now 
possesses. Integrating from ^(,( = 0) to we obtain 

-kt-]r (725 ‘-M «15 <H^ h) (2) 


'pie function IF is the value of Hamilton’s Char actor htic Faiu'iion 
[;S'+ 7/^ ~ 7/,^] when 7/ does not contain L It is a complete integral 
of (1) for each value of h ; that is, it is possible to choose the constants 
a,, ... , so as to give for any chosen value of h arbitrary values of 
01)70(7 i, ..., j conversely, if these constants can be so 

assigned, lb is a complete integral of (1). For if we desii’e that 
d h7^<7i, , 0 lF/0^^._j shall have certain arbitrary values 

(Pj)oi (Pi)o> --j (P*)05 


for ^01 (<7i)o) (<72)05 (<7*)oi we put corresponding value of 

7, and then the value of 01170^^. is that given by the value 7,^ of II. 


The equations 


01F 

0 r/j 




15 


0Tr 


0Tr_^ 
07 “ ^ 




(3) 


give the “patli” by the first 7-1, and the time of passage is given by 
the last. 
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316. Examples on Jacobi’s Theorem. 

Ex. 1. Prove that the path of a particle the position of whicli is 
defined by three coordinates 73 cuts tlie surfaces Tf=6' at 

right angles. 

Let z be the component speeds of the particle at .r, v/, s and 

8.r, 8?/, the components of a step perpendicular to the direction 
of motion. Then the condition of orthogonality is 

X 8.V -{-y i 8z = 0. 


Now, from the eqiuitions 

= ft). ?/ = X(ft. ft. ft). (ft. ft. ft), 

find Xj 7/, i, 5.^’, 8j/, 8z and 71 Then it will be found that the condition 
of ortliogonality is 

dT. ?)7\ . 

.a-8ft+a-/ft+9-^5ft=o. 

But since pi — dTjc^qi~?)Wfdq^, , tliis is 


dW 

■<?ft 


8ft + 


dW 

3ft 


,311% ^ 

8ft+'g^_Sft=0. 


which proves the proposition. 


Ex. 2. If any coordinate^ q^ say, be absent from //, .so that Z7has the 
form ff(piiP 2 i ‘’'Pki 725 7.35 5 7i> O5 show that, with a constant, 

.S'=«.iy,+ U(t, q.,, f/3, ... (/,,). 


E.x. 3, Prove that if coordinates yj, <7.2, be ab.sent from //, 


.S'=ai?,+a.//.^ + ... + fx,(7,+ U{t, q^^^, f/% 


Ex. 4. Find the function IF for tlie motion of a particle under the 
action of a central force which is a function —'dV/dr of the distance 
of the particle from a force centre. 

By Ex. 3, § 309, we get 


//- 


__L 

2??i 



and therefore the differential equation (I), § 315, is 




-h P(r) = 0, 


into which 0 does not enter explicitly. Hence, we can write 



XilLlO 




so that 


]V=nLe + f dr‘\]2.m(h- F)-^- 


The finite equations are therefore 


3 fJL 

dw 
m " 


= 6 - fK. 


dr 


mdr 




^2m{h- V)-y, 






V2,n(A- TO-^, 


Tlie former of these last equations gives the path, the latter tlie time 
of passage from anv position to any other. [The student should work 
out for K— - 1 ^==~/Va] 

Ex. 5. Discuss the elliptic motion of a j)lanet referred to three 
coordinates. [Jacobi, Vorlei^. il. DiinamikJ] 

Let the mass of the planet be 1, and adopt, to begin with, dartesian 
coordinates. Then, 


//= 




Now, at time let the planet be at (.r„, and at time t be 

at (.r, ;/, z). Then, if p be the distance between tliese two points, 
show that 


2 


\^r) \ 3 ?’- / rp 'dp dr '^\dpJ 


rp 'dp 

Next, putting (/ + ?’,j + p, a' = r-\- — p, show that 

^TF dWdW dw 

dr dcr 'dcr' ’ dp dor do-' ’ 


so that 
2 


and the differential equation is 


--ix.(sr ^ (o’'^ - c"') + -- o‘')»'o- 


so that 


'■‘Cir 


+ cr' 




£^(<r-rr')(4a.-(r-(r'), 


/dwy, ydwy /i , „ 




4/f ‘(F 
• IfOr' 


Giving the + sign to tlie /irst aiid tlie — .sign to tho hocoiuI 
} 3 utting W?t/«=.sin </>, h1h)w that 

1'F=n//x J _ ail, I ^-OS" ./) rf(/., 


HO that 


|'r=\/r/,/>t(.sin i2(/j - sin 2<// — 


Ex. 6. By giving the .sanio sign to D ir/lV and ‘0)r/0fr, 
that a second ellipse is ol)tained througli the same initial 
and having the .same centre of forr!e> and the same length of ; 
axis. 

Ex. 7. Show that in Ex. f), d — (2rf“//A)DlI7(V, aiid henc 
proving Ijamhei-t’s fclieorem 140 ahovi^]. 

Ex. 8. By calculating clllV^h',,, hnd the ecjuation of the path. 
Write s = cr-r„, ,s‘'^(r -r,), so that .s’ — -p, and show 


w^unr 


Ad- n , 
n '•2 


\fi .... ,,, _ 

■ir-hr.y 


dw. 


Hence noticing that 

P ’ 'dr,,” p ’ 

calculate dT'F/0?’„, and show that the |)ath has the ef]uatinn 
where 0 is a corns taut. 


317. Lagrange's Eguations for Impulsive Forces, 
equation.s ol Lagrange may l)c modiEed in the follow 
manner lor the ease of impulsive forces. We luive < 
to integrate eaclv over tlie inlinitesimal time t, dn 
whiclx the impulsive forces art. '^Plio integral of a,ny fi 
quantity; auclx a.s dLj'dq, over tliat internal i.s zeixx. 1 



we get, j)utting I for tlie time integral of the impulsive 
force Q, p— Po = /. The equations are therefore 

'Pl-{'Pd==Iv P2-iP-^ = h> •••> P -(lh) = ^n> --O) 
where the brackets denote values of tlie (juantities en- 
closed for tlie beginning of the interval r. 

If be a homogeneous ([uad ratio function of tlie speeds 
iv ••• j we liave 

_ T,-iZ)=mpi~(pq)}, 

that IS, 

ys-(7’»)=-12[{27-(p)}{r7 + (f/)}-p(g) + (p)(7]. ...(2) 
But if the terms in 2(7; (f/) — (/>>)(]} be written out in full, 
it will be found that the sum is identically zero, so that 
(2) becomes 

2’„-(r.)=i2[{p-(p)} {? + (?)}]= i2[/{rl + (r])}]. (3) 

Tims if IF be tlie work done by the impulses in time rlt we 
liave, since tliere is practically no displacement of the 
system effected in time r, and therefore no work done 
except that represented in the change of kinetic energy, 

F=iS[{p-(i;)}{r) + (3)}] = -i2[/{g+(g)}] (4) 


318. Reciprocal Relation between Two States of Motion, 


The tlieoi^em 


2{pO)}=2:{(p)g} 


• 0 ) 


proved above is very important. It sliows tliat if !Z» 
p', q typify the momenta and velocities for two possible 
motions of the system, we liave 

2 ’,!?,' +2 '>£ + • • • +PiMk=^P'A +'P'A + • • • + P'Ak’ ( 2 ) 


for one motion can be produced from the other by a 
properly chosen system of applied impulses. It has 
analogies in different parts of pliysics, the explanation of 
which is afforded by geneiul dynamical theory. 


319. Motion Started from Rest by Impulses. Theorems of 
Bertrand and Lord Kelvin. If tlie system be started from 
rest by the impulses, we have 



jjeriranas itieorem. a inateriai HyHtein ls wet into 
motion by definite impulses applied to certain points, wliile 
the rest of the system is constrained to move by tlie in- 
ternal connections: the kinetic energy taken by tlie sysbnn 
s greater than tliat for any motion wliich could bo brougbt 
.bout by the applied impulses together witli any system of 
nnpulses which do no work on tlie wliole. 

KaLvins Theorem. A material system is set into motion 
by impulses applied to certain selected points, such tliat 
these points are given assigned velocities, while the rest of 
the system takes the motion to which it is constraiiuul by 
the connections : tlie kinetic energy taken by tlie system is 
less than that for any other motion (produced by another 
set of impulses), for wliich tlie selected points 'liave the 
same velocities. 

We shall prove tlie two theorems togetlier. First divide 
the generalised coordinates which specify the configuration 
of the system into two^ groups r/,, ... , 7 .;, , r/^, 

and let p.^y "'■>P] momenta wdiich 

measure the impulses applied. We have for the kinetic 
energy 2r= 2 (pg) + S(p'g') (2) 

For another system of impulses ji? + ( 5 ) 0 , p'+Sj)', for which 
the velocities are q+Sq, q' + Sq', we have 

2(T-\rST) = S{(p + i\))(q + (??)}+ + Sp'){q' + (5y (3) 

and therefore 

2(5 T = I,(qSp +pSq + Sp&j) + 2(2 'Sp' + p'Sq+ • • -(4) 

Now let tlie impulses 2\,p',, ... ho all zero, so that the 
two systems of impulses the" effects of Avhich are to bo 
compared are p^ ,p^, ...,p., and p, ,p.,,..., p. , Sp\ , (ip.;, . . . , ,5^: , 
and take the first set as tho.se applied at the specified 
points , then by the conditions of iSertrand’s theorem, vm 

S{(5p'(2'+(52')} = 0 (5) 

But since Sp = Q, ^ST=:E{23S<j+q'S2/+Sp'Sq) ( 6 ) 



Now ip, q, 0, q') and i'-\-^j[') define two 

states of motion of the same system, and therefore, by the 
theorem of (2), § B18, we get 

Y.{p{q + Sq)} = 'Z{'pq+ q'Sp), 
that is, mp Sq)==2{q'<)p')^ —X(Sp\8q'), 
by (5). Hence 2ST^ -'EiSp'Sq') (7) 

Thus the motion produced by the second set of impulses 
has leas kinetic energy than that produced by tlie first 
set by the amount l!^(Sp'Sq'). 

For Lord Kelvin’s theorem we have, since the speeds 
of the first set of points are the same for both sets of 
impulses, Sq^y Sq.^, ••• > zero, with, as before, 

Pi=2\ = --='Pj = ^- 

Then 2<Vr=j:,(qSp + q'8p'+Sp’Sq'), (7) 

and in the same manner as before tiie theorem of (2), §318, 
'E{qSp + q'Sp')^0. 

Thus we have 2(Vf='2{Sp'Sq')y 

or the kinetic eiiergy of the fi}‘st motion is smaller than 
that of any other motion with the same velocities q^, 
q^, ii '^{Sp'Sq'), that is, the kinetic energy of the 
motion which combined with the first motion would give 
the second. 

As Lord Rayleigh has remarked (Theory of Sound, 
voL i. §79), both theorems are consequences of the fact 
tluit the imposition of any constraint on the system 
increases the effective inertia of the system. [Thus, if 
there were only a single coordinate, the inertia might 
be regal’d ed as measured by the ratio If then the 

^/s be fixed, any constraint, for example that required 
to make the velocities of q-^^, q^, , q,. the same as before 

for the second set of impulses, will increase the value of p 
and therefore the kinetic energy ; and on the other hand, if 
the be fixed, the constraint will diminish the ^s, and 
diminish the kinetic energy. 

Of these theorems, §218 and the examples there given 
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EXERCISES X* 

1. A lieav}^ ])iirfcicle moves witliout fi’ictioii along a vortical 
guiding circle Avliicli turns with uniform angular speed alxuit a 
vertical axis in its own plane. Write down expressions for the kinetic 
and potential energies of the particle, and find the equation of motion 
relatively to the circle. 

Kind the positions in which the particle can I'est in eipiilihriuin on 
tlie circle. 

2. A particle is constrained to remain on a plane which turns 
about a horizontal axis in the plane with uniform angular speed <u. 
The particle is otherwise free, and moves without friction. 

Show that if r be given by the equations ;y=rsin(o^, 

vertical), the equations of motioai are 

’C = 0, r - cir r H- g co.s ioi = 0. 

Integrate these equations coini)letcly. 

Show tliat if at time t the particle be at rest on the plane \\.l distance 
a from the axis of rotation, the distance r at time t is given by 

r — ^ -o~ “b + sin o)i. 

2 ' '' -tor ' 2(0“ 

3. Discuss the motion of a falling ladder the ends of whicdi ])ear 
against a horizontal floor and a vertical wall. [Take the laddcu' as a 
uniform beam of length I, and the coeflicients of friction at its ends 
as both equal to unity.] 

Show from the equations of motion that if 0 be the inclination of 
the ladder to the horizontal at time t, 

and putting 6'=</), integrate this equation. 

4. A vertical sliaft is hollow and has a hollow projecting horizontal 
arm in which slides, without friction, a particle of mass m. To that 
particle is attached a string which passes inwards along the arm, over 
a pulley at the junction of the arm and the shaft, and then down 
along the inside of the vertical shaft to a second jmrticle of mass 
which it carries at the lower end. Tlie masses of tlie string and 
pulley are negligible. The vertical sliaft is set rotating about its axis 
with angidar s]3ecd to by external forces. Kind the energy of the 
system, and the ecpiations of motion. 

If 7’ be the kinetic energy of revolution of the particle ???, and (/ If' 
the work done in time dt in driving the .system of two particles, and 
r be the distance of m from the vertit^al axis, proAm that 


rigmiy connected witn it. >5now tiiat ir tiiere oe no rriction tne 
Uingenbial and normal accelerations are, with the usual notation, 
dv dr . ^ , y , • 

^'^ds~~ f7 ’ 

6, Prove that a .self-contained system is in stable equilibrium in 
a configuration for which its potential energy is a niininnnn. 

For all configurations near that of inininmni potential energy the 
potential energy l^is greater than the niininnnn value in question. 
Consider the neighbouring configurations in whicli the potential 
energy is greater than Pf, by the amount e where e i.s any small 
positive quantity that is assigned. If in any configuration whatever 
in the neighbonrhood of the given one the energies be T and V, we 
have where T^) is the kinetic energy which corre- 

sponds to Pq. Now by hypothesis P > I'q, and so T<T^y If now, as 
we suppose, he small, we have P(= 7 g-|- Pjj- T) less than 7 ’,,-h P„. 
by taking 7 q < c', we see that P can never reach the value 1 o + c^ that 
is none of the neighbouring configurations for which P= V^-\-e can he 
reached by the system. Further, since T < 7 o, the speeds must all 
remain below an assigned limit. 

7 . The particles of a system execute small vibrations about a 
configuration of e()uilibrinin. Show that the kinetic energy and the 
potential energy are quadratic functions of the coordinates relative to 
the equilibrium configuration. 

Let Cl, 6*2, ... be the eipiilibrinni coordinates, and + ... 

the coordinates at time t. We suppose that second and higher powers 
of <7i, ^2? neglected in comparison with ... themselves. 

By ( 1 ) § 300 , we have 

+ + + ..... » = + 

Hence, forming the expression we get 

^ - 4 (“ii?? + + . . . + +•••). 

Avhere an, ai2, ^225 are constants. 

Again, for the potential energy, we have 



since 0P„/06’i, 0 lyBcj^ , . . . are all zero for a configuration of equi- 
librium, tliat is to say 

'^= T^n + 4 + 26,27 i?2+ . . . + + •••)• 

8 . Prove that the Lagrangian equations of motion derived from 
the kinetic and potential energies set forth in last example are 

"n?! + «12?2+ . . ■ + A + • ■ • + ^ A = 0, 

«3I <h + + • • • + '"VA -f- ^>31 A + + . • • + KVk = 0, 


Show that if we write ... where 

get the deterininantal equation for 


?>j 1 - ^^13 " ^yP'\ 

\\ “■ \>3 “ 




= 0 . 


we 


^K2-V\ •••> 


If we write A for in this equation, Ave get an equation of the 
degree in A. The student may prove that all the roots of the 
equation in A are real, and may also show that if the function F- F„ 
of Ex. 7 can be reduced to a sum of k squares, multiplied by positive 
coefficients, these values of A are all positive, and therefore the periods 
of vibration all real. This condition amounts to the statement that 
the potential energy Fy is a niininiuni for the equilibrium configura- 
tion. [See Routh, Elementary Dynamioi^ chap, ix.] 

9. Prove that when the expression of F- F„ thus obtained i.s 
written in the form 

-^ 1 ^ 1 + ^ 24 * 2 + + 

where Aj, A 2 , ..., A* are the roots of the deterininantal equation, we 
can write also 

27"=^“+^“+...+^“. 

The coordinates , ^o, ..., which have thus taken the place of 
7i) 7*21 -”7 called principal coordinates. 

The equations for the y, 2 of any particle are now, by Ex. 7 and 
equations (1) of §300, 

+ oc j ^ j + a.j, ^2 + . . . -f OC;,. , 

y = //O d* A ^ 2 + • • • + iS;;. , 

+yi^i + y2f2+---+7ft&i 

where ol^, ..., are constants. Thus the motion of any 

particle in the mode determined by the coordinate say, in period 
Stt/n/Aj is determined by the values of fx.j, /i?j, for that particle, 
with all the other coordinates put equal to zero. 

The existence of equal roots of the determiiiaiital equation does not 
involve instability. The equations obtained in Ex. 8 by substituting 
= ... enable n-\ of the coefficients ylg, ..., Ak to be 

obtained in terms of the assumed value of any one. If two roots are 
equal, then two of the coefficients are to be arbitrarily assumed and 
the remaining ?i-2 determined, and so on. [See Routh, loc. cit.’\ 

10. means of Bertrand’s theorem (§ 582) ])rove that if a circular 
disk, radius a, receive an impulse in its plane along a lino distant p 
from the centre, it will begin to turn about a point on the diameter 
perpendicular to the impulse and distant (a‘H2n2)/2« from it. 


CHAPTER XL 


STATICS. 

320. Equilibrium of a Particle. A particle is in eqni- 
brinin under the action of a system of forces, when it is 
t rest or in uniform motion : hence the forces must have 

zero resultant. If there are two forces acting, they must 
0 equal in magnitude and opposed to one another ; if the 
umber of forces is three, any one of them must be equal 
nd opposite to the resultant of the otlier two; and if 
here are n forces acting, any one of them must be equal 
nd opposite to the resultant of the remaining n—l forces, 
n other words, the graphical representation of the forces 
lUst result in a closed polygon. 

Analytically, we proceed as follows. The forces are 
eferred to rectangular axes passing through the particle. 
Cach force is resolved into components in tlie directions 
f tlie axes. Denoting the components of a specimen force 
ly A"', F, Z, we see that the resultant force R acting on the 
article is given by 

R = 77 + (1) 

ts direction-cosino\s are HYjR, X^ZjR. If the 

(article is in equilibrium, i2==0, and consequently == 0, 
;;F=0, and 'IZ—i). 

321. Particle in Equilibrium in a Smooth Tube. As an 
xample, we may consider the case of a particle maintained 
n equilibrium in a smooth tube. We refer the particle to 
,xe8 of reference Oxyz. Let the forces acting on the 
)article (leaving out of account the action of the tube) 
n the directions of the axes be AT, F, Z. If the length 


of the tube from a fixed point up to tlio point occu; 
by blie particle be rS*, the directi on-C(xsi lies of the tulu 
the point (.r, y, are dxids, (lyjdf^, dzids. The f 
acting on the particle along the tube is 

Xdx/d,^ + Ydy/ds + ^ dz/d.s, 

and tliere is no component of force along the tube du 
the action between it and the particle. Consequently, 
condition that there should bo no acceleration of 
particle along the tube is 

ds d,s ds 


322, Flexible String in EcLuilibrinm. The considera 
that three forces meeting at a point are in e(|uilihri 



provided tliat tliey 
be represented gra 
cally by the sides ( 
triangle taken in or 
suffices to solve 
0 problem of a string 
pended from two ti 
points, and subjecte< 
forces applied at po 
distributed along 


length. We suppose the string perfectly flexible, ii 
tensible, and of negligible mass. In Fig. 142 it is sIk 
attached to flxed j)oints at points A, B, C 

forces are applied to the string in the directions 
dicated by the arrows. The relation that must e 
among the weights may be determined graphically 
follows. Selecting any point 0, draw a line 01 pan 
to and from any point 1 in it, draw 12 paralle' 
the direction of ; from 0 draw 02 parallel to AB. ISl 
the tliree forces i?\, and are in equilibrium, and lie 
are proportional to the sides 01, 12, 20 of the triangle < 
Again, from 2 draw 23 parallel to and from 0 d 
03 parallel to BG: the tlirec forces F^, and 
evidently proportional to the sides 02, 23, 30 of 
triangle 023. Proceediiiir similarly for the noints G 



called a force-diagram or force-polygon : the polygon 
S^AB 0 DS 2 avssmned by the string is called a funicular 
polygon. 

The relation which must hold among the forces is 
evident. Provided that they are proportional to the 
sides 12, 28, 84, 45 of the force-polygon, the funicular 
polygon will be that of the liguro. Tlie student will see that 
if tlie forces are given in magni- 
tude and direction, and likewise tlie 
stretching force in, and the direction 
of, any one side of the funicular 
polygon, the stretching forces in, and 
the directions of, the remaining sides 
can be determined. 

We now consider the case where 
the forces are due to weights attached 
to points in the string. The applied 
forces ai’e all vertical, and if the 
force-polygon is constructed, the lines 
12, 28, etc., will lie in a vertical 
straight line. To solve the problem analytically, let P 
(Fig." 148) be one of the vortices of the funicular polygon. 
The three forces 2\ T', and meet in a point, and are 
in equilibrium. Resolving vertically and horizontally, 


we obtain 

TsmoL-T'sm/S^Wny (1) 

r cos a = 7' cos /3 (2) 



Ecjuation (2) sliows that the liorizontal component of the 
strctcl li ng force is constant throughout the string. Denoting 
it by //, we have w 

tan a — tan /3 = -y 


.(3) 


E(|uation (3) sliows that when all tlie weights, together 
with the inclination of anyone side and the stretching force 
in thtit side, are given, the -inclinations and stretcliing forces 
for the other sides can be determined. This is evident 
from consideration of the force-polygon, as has already been 
pointed out. 


Further, let the lowest portion of the string be horizontal, 
as shown in Fig. 144. Denoting the inclinations of the 



succeeding portions of the string to the horizontal by (9^, 
ft,, etc., we obtain 

tan 0,=: W/H: tan 0, = tan 0,+ WIH=2WIH] 
tan03=tan02+ W7// = 81 F/i?; 

tan 6^^ = tan 0^^ _ i + W/H =nW /H. (4) 


323. Horizontal Projections of Sides of Funicular Polygon 
equal. If the horizontal projections of the sides of tlie 
funicular polygon are equal, it is easy to prove that the 
vertices lie on a parabola. Taking horizontal and vertical 
axes in the plane of the string and passing throng] i the 
mid-point of the lowest side, we obtain Ja, 0 as the co^ 
ordinates ol A, a being the length of the lowest side; those 
of B are fa, o, where c is the vertical distance apart of 
B and A] those of G are fa, c + 2c; those of D are la-, 
c + 2c+3g] and if x and y are the coordinates of the 
vertex counted from A, we have 


2^+1 „ n(n+i) 

n a, tj — C/. 


( 1 ) 


Eliminating n between these two equations, we obtain 


X 


2 


2a^ /a? 


( 2 ) 


as the equation to the curve passing through the vertices. 
Hence the vertices lie on a pai’abola whose axis is Oy and 
Avhose vertex is at a distance c/S below the origin. 



tnus lie on a parabola, ana it tlie number ot bars be great 
the polygon will coincide Avith the curve. 



We refer the chain to axes of reference in its plane, with 
the origin at the lowest point. The curve in which tlie 
cluxin lies is represented by the equation 


where a has not tlie same meaning as in § 323* Differenti- 
ating, we obtain dyldx=^xl2a — 2ylx. 

Hence, if 28 is the span of the bridge, and h is the height, 
the tangent of the angle a, made by the chain at tlie liighesb 
point with the horizontal, is 2Ik/.^. If T is the stretching 
force in the chain at the point of attachment, and W the 
total weight carried, we have jrsina= W' 72 , or 




( 1 ) 


and if H denote the stretching force in the cliain at the 
loAvest point, ^ ^ 


7/-7^cosa = jT7f. 

4 h 


( 2 ) 


These results may be obtained more directly as follows. 
Let OPB (Fig. 146) represent a portion of the cliain, and 
T denote the stretching force in the chain at the point 


by w the load per unit o£ the span, and resolving hori- 
y zontally and vertically, we 


T-y- = %ox. 

a.s’ 

i-T dy 

Hence -y- = , 

ax H 

whicli gives on integration 
1 'W „ 



TVX 

Fjfj. UVu 


the constant of integration being zero, since y~0 when 
x = Q. 

Again, wc may suppose the load caiTied by the portion 
OFB of tlie chain to act in the vertical line Pd, where A is 
the mid-point of OG. We have at B rZ'///rfo = tan l.BAC. 
Now the forces H, tvx, and T are parallel to the sides of 
the triangle BAG. Consctjuently 

T _4B H _Aa 
'in.c BO' wx~^ BG' 

from wliieh the expressions for the 
stretcliing force at the highest point 
may easily be determined in terms 
of tlie total load, the height, and 
tlie span, 

325, Catenary, The form of the 
curve (called the catenao'^y), as- 
sumed by a perfectly flexible, 

Iiomogcneoiis, inextensible cord 
when suspended from two fixed 
points, and acted on solely by its weight, and the forces 
applied by tlie supports, can be found as follows. Since 
the cord is perfectly flexible, the action of one part of tlie 
cord on a neighbouring part will be everywhere along 
the cord. Lot tlie weight of unit length of tlie cord be 



Fig. 147- 


at the lowest point. If T be the stretching force at a 
point P, at a distance « from 0 measured along the cord 
we have, resolving vertically and horizontally, 

ds ^ ds ' ^ • 

wlierc H is the stretching force in tlie cord at tlie lowest 
point. Hence ■, 

^ (ly 6* / 9 >y 

where c = H/w, 

Now, if dfi denote an element of tlie cord at P, we have 
ds^ = doiy^ + dy^ F rom (2 ), we obtain 

dy"^ _ S“ 

dy^4-dx^ .5^+6'^’ dx^ + dy'^ 

or, taking the square roots and rqiecting the negative signs, 


since x and y both increase as .s increa.ses, 

dy _ s . ^ ( 3 ) 

ds ^ -j- 

The first equation of (8) gives on integration 

y = V.s’2 Jr (? + const. ; ( 4 ) 

and when n = 0, y = 0, and hence the value of the const, 

is — c. The equation is thus 

7/-f^ = s/.S- 4-^)2 (5) 

The second equation of (3) yields on integration, 

,9; = r3log {s+\/.s2-h6*2} +const (6) 

Since the value of the constant is —doge, (6) can be 
written in the form 

( 7 ) 

a 


wlierc e is the base of the Naperian system of logarithms. 
Multiplying the numerator and denominator of the riglit- 
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hand side of (7) by —s+Js^+^ and taking the reciprocal, 

we obtain = 

+ ( 8 ) 

and subtracting (8) from (7), 

s = l{i~e-^, (9) 

the equation of the catenary in terms of x and 5. The 
y equation may easily be obtained from it by (5). Or 
ve may proceed thus : we have dyldx — sjc, and therefore 

™ 

Tlierefore y = ^((f + e + const. 

Tlie value of tlie constant is —c, and hence 

y+G = l{eUe'^ ( 11 ) 

If we transfer the origin to a point at a distance c vertically 
below the lowest point of the cord, equation (11) takes the 
simpler form 

y=^{f+e-^) (12) 

Equation (5) becomes y='Jc‘^+s^, (13) 

SO that (3) may be written in the form 

dy s dx c /-tA^ 

Ts'-y'^ ds^y ^ ^ 

Tlie stretching force at any point in the cord may easily 
be obtained. We have Tdyjds = ivs, and substituting the 
value of dy/ds given by the first ecjuation of (14), we get 

T=zuy (15) 

The stretching force at any point in the cord thus equals 
the weight of a part of the cord whose length is equal to 

TX • _ X ^ _ 1 1 j 1 I 



■( 1 ) 


BQC^O dO/ds — l/cy 
that is, (1 + s'^/g^) ddjds — 1 jo. 

Hence, if R is the radius of curvature at P, (13) g;ives 


In Fig. 148 a point P is taken on the curve, and a perpen- 
dicular is let fall from P upon the axis of x, meeting the 
axis in N. On PN as diameter a circle, centre 0, is con- 
structed ; NT is a 
chord of the circle 
of length c; TM is 
a perpendicular let 
fall from T upon PN, 

Joining T to P, we 
have the angle MTP 
equal to the angle 
PNT Again, 

cos LTNP — cjy, 
by construction ; hence 

cos LMTF—cly, 

But by equations (15) Fia. 148. 

above, dxjds = cjy. 

Hence PT is a tangent to the curve at P. A line drawn 
through P perpendicular to TP is the normal at the 
point P. If O'P^y-lc, then C' is the centre of curvature 
of tlie curve at the point P. 

Now, let the normal PC' be produced backwards to meet 
the axis of x in i. It is easy to see that the triangles 
PNL and PTN are similar, and hence PNjNT^PLJPN, 
that is, PL = y^lc. Hence PL is the length of tlie radius of 
curvature. This suggests a geometrical method of con- 
structing the curve if the lowest point A, and the value of 




in-om u, i^ig. we cirtaw UA and produce itto^ making 

AA' = OA ; with A' as 
centre, and A A as radius, 
we draw a short circular 
arc AB; A' is now joined 
to B, and A 7:^ produced 
to meet the axis of x in 
BBi is the radius of 
curvature of tlie curve at 
the point B. We now pro- 
duce BA' backwards to B' 
making BB' = BB^; B' is 
the new centre of curva- 
ture. With B' as centre 
and B'B as radius, we draw 
a short circular arc BD, 
Repeating tin's process, the complete curve may be built up. 
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327. Flexible Chain under Great Stretching Force. The 
radius of curvature for tlie lowest point of the curve is c. 
Consequently, if the curve is flat, tlie value of c is great. 
This will l)e the case if the sag is small in comparison with 
the distance between the jioints of attachment. If the 
sjian 2x and* the sag d are given, we have y — c + d, and 
Iiouce + = or d^-{-\dc = 8^. 

If the cord is very tightly stretched, g is great, and we 
got as an appi’oximation from (9) of §325, by expansion, 
— x + which leads to c — x^jj^d. 


328. Transmission of Power hy Belt. Power is often 
transmitted by means of a belt passing over two wheels 
or pulleys, and tightly stretched to prevent slipping. In 
Fig, 150, let l]\ be the driving wheel and the driven 
wheel. When the motion is uniform, let the stretching 
forces in the parts AB, CD of the belt be and 
respectively. To And tlie relation which holds between 
and when slipjiing is about to occur, let PQ (Fig. 151) 
j-epresent a small portion of the belt. The forces acting 
on PQ are (1) the force T at P, (2) the force T-i^dT at 
Q, (3) the reaction dR of the pulley. Since these three 



since slipping is on tlie point of taking place, dR must 
make with the radius C^P of the wlieel an angle <j), where 




tan (f> is the coetBcient of friction between the belt and rim 
of the wheel. Resolving along and at right angles to the 
belt at P, we obtain 

{T-^'dT) cos dQ — T-P dR sin 0, ( dT) sin dQ = dR cos 0. 

These equations give, since tan 0 = ya, and dd is small, 

( 1 ) 


Hence, integrating over the part of the rim embraced by 
the belt, we obtain rji ^2) 

where e is the base of tlie Naperian system of logarithms. 

Let T be the radius of the driving wheel in feet, n the 
number of revolutions made by it per minute, and 
the stretching forces in the tiglit and slack sides of the 
belt expressed in Pounds. Then if H is tlie rate in horse- 
power at whicli work is being transmitted, 




2Trrn{T^ -T^) 

33000' 


,(3) 


Now, from (2) above, we have 

T,-T,= T,{\-c-'^) (4) 

and hence H = (1 - e (5) 


Equation (5) may be used to determine the width of belt 
of a given thickness necessary to transmit a required horse- 


string in Field of Force. Let PQ denote an element of tlae 
string, 6’ the distance, measured along tlie curve, of P from 
ca fixed point in the string, ds the length of the element 
PQ. Let the string be situated in a field of force, in virtue 
of which there is exerted on the element (mass //), situated 
at the point {x, y, z) say, forces yK, yY and yZ in the 
directions of the axes. Let T be the pull on the element 
at the end P; then we have Tdx/ds, Tdajjds, P dzjds for 
the components of T in the directions of the axes. The 
components of the pull at the end Q are 


n.clx d 

ds^ds 







Hence, for the equilibrium of the portion PQ of the string, 
we have 


fp dx d / nf dx 


(^S + yU.Y-y~ = 0, 


with two similar equations. If <t he the mass per unit 
length of the string at P^y^cr'ds, and the equations become 


ds 

ds 

ds 


(rg+.^.o. 


( 1 ) 


If the forces X, F, Z are derivable from a potential, they 
take the form 


d I 


ds/ 


n f 
ds 


.( 2 ) 


If the string is not in equilibrium we have to equate the 


forces on the left of (1) to crx^ ay, a'i respectively, and tlie 
equations of motion 

S) + 

are obtained. 

Resolving along the string we get, since 

{dxldsf + {dyjdsf + {dzjdsf = 1, 


On the left is tlie acceleration of the element along the 
>string, on the right is the rate of variation dTfds of the 
stretching force, and the tangential component of applied 
force along the string. 

If now as in Ex. 5, p. 95, the only sensible forces applied 
to the string be dne to the normal action of the peg, the 
second term on the right is zero. Thus we get for an 
element of length ds, 


' ds 


( .. dx , d'\j , .. dz\ dT 
\ ds ^ ds ^ ds) ~ ~ds 


dT 


ds. 


.( 5 ) 


The integral of this is small if the part s integrated over 
is small. This is the justification of the assumption of 
the equality of and Tg i^ade in the Example referred to. 


330. Application of General Equations to Catenary. As a 
first example, we may apply equations (1) of §329 to 
the case of a uniform flexible string suspended from two 
points and hanging under the action of gravity. For axes 
of reference in the plane of the string, the equations 
become, since Z = 0, Y=-g, 


d 

ds 



1 

ds 



( 1 ) 


Integrating the first of these equations we obtain 


rpdx 

ds 




( 2 ) 


■Urii'o TT iR r-onstarit. This eouation shows that the 


where d is a constant. IE tlie origin be taken at the 
lowest point of the curve and the weight of unit length 
of the string be denoted by w, tlie last equation becomes 

2’S-™ ® 

Equations (2) and (3) agree with (1) of § 325, from which 
the equations of the catenary were derived. 


331. Eqtuation of Catenary of Uniform Strength. Again 
we may apply the equations to find the form assumed 
by a flexible string hanging under gravity, when its 
cross-section at any point is proportional to the stretcliing 
force there existing. Here T varies as cr, so that we may 
write wliere X is a constant. We have 


\s = H. 

Introducing this value of T in the second of (1), § 330, 
we obtain , 


and since H^Tdxjdsm.^ T=Xcr, tlie equation j'ust obtained 
may bo written 7 , , 7 v 

( 1 ) 

dx^\ds/ c 


where c is Avritten for X/r/. Writing ll{\+{dyjdxy‘) for 
{dxjdsf and integrating, we get 

tan ^ const (2) 

CvcC c 

If tlie origin is taken at the lowest point of tlie curve, the 
constant is zero, and we have dyjdx = tai>T\{xjG), which gives 


y — c log sec 


X 

c 


(3) 



constant thronghout the string, the curve (.leterinined by 
(8) is called the catenary o£ equal strength. 

332. Rigid Body acted upon by Forces. Tlic equilibrium 
of a rigid body is best regarded as the limiting case of tlie 
conditions .set forth in Chaps. II. and IV,, in which the 
accelerations are zero. But it is sometimes useful to con- 
sider the subject separately, and therefoi'C the following 
outline of the statics of a rigid system is given. The efiect 
produced by a given force upon a body depends on (1) the 
magnitude of the force, (2) its direction, (3) its line of 
action. It is easy to see that the force may he supposed to 
act at any point in its line of action. Thus, let F act at 
the point A in the line BA (Fig. 152). At B apply two 



Fig. 152 . 

e(]ual and opposite forces of magnitude F, one along BA 
and the other along AB. Provided that the point A is 
rigidly connected to the point B, it is evident that the 
three forces specilied are together equivalent to the force 
F at A. But the force F at A and the force ~F at B 
are in the same line, and hence have a zero resultant. 
Thus the force F at A is equivalent to the force F at B, 
Hence we may suppose a force applied to a body to act at 
any point in its line of action, provided that the point be 
rigidly connected to the body. 

If a rigid body is acted upon by a system of forces 
which are concurrent, the conditions of equilibrium are 
easily established. Each force may be supposed to act 
at the point of intersection of tlie forces, and the conditions 
of equilibrium arc identical with those found above for the 
case of a particle. 

333. Resultant of Two Parallel Forces. Before dealing 
with the general case of a rigid body in equilibrium 
under the action of forces, it is necessary that we should 
discuss the properties of parallel forces. A force P 
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(Kig. 153) is applied at A and a force Q in the .same 
direction at B. Join AB and apply at ^ a force F in 
the direction BA, and at B a force jP in the direction AB. 


Evidently these two forces together produce no effect 
upon the equilibrium of the body. The forces P and F 

acting at A are equivalent 

5^ ^ ^ to a force R acting in the 

line OA. Similarly, the 
/ \ forces Q and F acting at 

/ \ A c ^ equivalent to a force 

I — ! \ > y S acting in the line OB. 

/ / Pr At 0, where the lines of 

//S ^ action of R and 8 intersect, 

^ ^ /p+0 resolve R into the 

/ components F parallel to 

153 ^ BA and P along OG, which 


is parallel to the directions 
of the forces P and Q. Treating the force S in a similar 
manner, we obtain a force P at 0 parallel to AB, and a 
force Q along OG. The two equal and opposite forces 
at 0 may be removed, and we are left with a force of 


amount P+Q acting in the 
line OG. Thus the two 
parallel forces P and Q 
acting at the points A and 
B are equivalent to a force 
of amount P + Q acting in 
the line OG. 

Now the sides OG, GA, 
OA of the triangle OGA 
are parallel to the forces 
P, F and R. Hence 

OGjQA =PIF. 



Fig. 15^. 


Similarly, from the triangle 0GB, we obtain OOJGB = QIF. 
These two equations give P . GA — Q . GB, which de- 


fcippiieci au uie poiiits aiiu n are e(|Luvaieiiu uu a Miugie 
force of amount P — Q acting in the line OG, which is 
parallel to the lines of action of P and Q. The position of 
G is again given by P . .dG = Q . PG. 


334. Centre of System of Parallel Forces. Obviously where 
the number of parallel forces is greater than two, the 
magnitude and line of action of tlie resultant may be 
found by repeated application of this method. Let the 
forces be P^, Pg, ..., and let them be applied at 
points whose coordinates are 

('^1’ Vv ^l)’ (^2’ t/2’ ^2)’ (^33 2/3’ %)> ••• > yii) ^n)‘ 

If we denote the coordinates of the point of application of 
tlie I’esultant of P^ and P2 by (x, y\ z'), those of the point of 
application of the resultant of F^, F^, and F,^ by (x", y'\ z'), 
etc., we have at once, by the previous paragrapl:is, 

F^{' 3 ii — F^(x^ '-x) 

or ( F^ 4" F^x = F-^^ + p2^2 > (^) 

with similar c(juations for y' and z\ Proceeding a step 
further, we obtain, 


{F,+F^){x'-^^) = F^{x,-x') 

or {F^ + P 2 + P = Pp^j^ + PgCCg + PgOJg , (2) 


with similar equations for y' and Dealing with all the 
forces in turn, we obtain finally for the coordinates {x, y,z) 
of the point of application of the resultant, 

( Pi 4- P 2 + P 3 + • • ♦ + F^^x = F^x^ jCTg + . . . + P (3) 


with similar equations for y and 2;. 

„ SPx - 2Py 
2P' ^^"^ SP ’ 


tience we have 
IFz 

EP 


z = 


.(4) 


It is to be noted that the expressions for x, y, and i do 
not depend on the direction of the parallel forces. It 
follows that the position of this point is not changed by 
turning all the forces about their points of application, 
provided that they remain parallel. For this reason the 
point (x, y, z) is called the centre of the parallel forces. 



335. Centre of G-ravity of Body. A body situated at tlie 
surface of tlie eartli is acted on by a system of very neai-ly 
parallel gravity forces, since the body may be supposed 
built up of a system of particles rigidly connected togetlier. 
Supposing the body divided up into such particles of 
masses vii, etc., wo have = etc. 


Hence 

- Timqx 
Xmg 

-^Xmgy 

'' 'Zmg ’ “ Emfjf ’ 


bat is 

II 

11 

i.01 

II 

(1) 


The point {x, y, 5 ) is called the centre of gravity of the 
body. It coincides with the C.i. as found in g 59, In 
strictness a c.G. docs not exist except for bodies belonging 
to a limited class called centrobariG bodies. But the dis- 
cussion of centrobaric conditions belongs to the subject of 
Attractions, which is not dealt with in this book. 


336. Graphical Method for Parallel Forces. The line of 
action of the resultant of a system of parallel forces applied 
to a rigid body may be found by a graphical process. AVe 
take as an example tlie case of a bridge carrying a series of 

loads as shown in Fig. 155. 



The load may be supposed 
to act at any point A' in its 
line of action, tlie line being 
supposed rigidly connected to 
A. The force at A' may 
now be resolved into two 
components, one (arbitrary) 
in the line I, and the other in 
lino II, it being of course 
understood that the lines I 
and II are rigidly connected 
to A'. Tlie iine II is pro- 
duced backwards to meet the 
vertical through B in B', Let 


now a force equal and opposite to that acting at A' in 
the line II act at B'. Combining this with the force 
actinsr in the line BB\ wo obtain a force in the line III. 



uu iuvt3i«tju iiiuwij iiuw ue siipposea to act 
at the point G', the point of intersection of the line III and 
the vertical throngh G. Combining it with acting in 
the line GG', we obtain a force acting in the line IV. This 
force together with tlie force acting'in the line I are equi- 
valent to the forces Fj, Fj, and F, acting at the points 
B and G. Producing the lines I aiid IV until they meet, 
we obtain a point Q in the line of action of the resultant. 

337. Application to Loaded Bridge. The method of cariy- 
ing out tlie graphical con.struetion is shown in Fig. 156 for 
a bridge carrying load,s W^, Fg, F^, and W\. On a 
vertical line set off parts 12, 23, 34, 45, and 56 to represent 



tlie loads. Then, selecting any point 0 as pole, join 01, 02, 
03, 04, 05, and 06 as shown. Starting at any point S[, in 
the vertical tln-ough the left-hand point of support of die 
bridge, draw a line S[A' parallel to 01, meeting the vertical 
through A in A ' ; from A' draw A'B' parallel to 02, meeting 
the wi'tical through B in B'; and from B' draw B'G' 
parallel to 03, meeting the vertical through G in G'. _ The 
process is continued until finally we o.rrive at the point b; 


the bridge. The diagram on tlie right is called the force- 
polygon ; the polygon 

S[A'B'G'D'E% 

is called the funicular polygon. 

From the foi’ce-polygon we see that the force represented 
by 12 is equivalent to the forces represented by 10 and 02 ; 
the force represented by 23 is equivalent to the forces 
represented by 20 and 03 ; and' similarly for the remaining 
vertical forces. If, now, we suppose the weights to act 
xt the points A', B\ etc., we see that we may replace 
by the forces represented by 10, 02 acting in the lines 
AB'; similarly we may replace Wc^ by the forces 
Represented by 20, 03 acting in the lines AB' and B'O' ; 
and similarly for the other Aveights. We observe that we 
have two equal and opposite forces acting in each of the 
lines A'B', B'C', G'D', D'E'. Consequently the forces 
W3, TFp and Wr,, acting at the points A, B, C\ D, li, 
are equivalent to the forces represented by 10, 06 acting in 
the lines S'^E ' ; producing these lines until they meet, 
we obtain a point G in the line of action of the resultant. 

The vertical thrusts exerted at the points of support 
Si and S 2 are readily deduced from the diagram. If from 
0 we draw 07 parallel to the line S'lS',, it is easy to see 
that 17 represents tlie force apj^lied to the left-hand support 
and 76 the force applied to the right-hand support. The 
force represented by 10 is equi\"alent to the forces repre- 
sented by 17 and 70, and the force represented by 06 to 
the forces represented by 07 and 76. Consequently, if the 
force along be resolved into a vertical component and 
a component along S{S!^, and likeAAUse the force along S'oE'i 
into a vertical component and a component along S^Sl, the 
two component forces in the line S'lS!^ are equal and 
opposite. Consequently the vexdical thrusts applied to the 
supports are represented by 07 and 76. 

338. Theory of Couples, The methods de, scribed above 
for the finding of tlie resultant of a pair of parallel forces 
break down in the case where the tAvo forces are e(jual in 
amount, parallel, and opposite in sign. Such a system of 



couple the resultant force, is zero, and its line of action is 
a line parallel to the foi’ces, 'and at an infinite distance 
from them. 

The perpendicular distance apart of the lines of action of 
the two forces is called the arm of the couple. In Fig. 157 
let the arm be represented by AB, The product of eitlier 
force into the arm is called the moment of the couple. 
Thus, in the case of the couple shown in the diagram, the 
moment is F'xAB. This moment evidently measures 
the moment of the forces about any point in tlieir plane. 
Thus,, if we produce AB to 0 and take moments about 0, 
we have 

Moment of forces about 0 = F. OA — F. OB = F.A B 
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Fig. 108. 


The same result is obtained if 0 lies between A and B ; in 
this case the moments of the forces are of the same sign. 

Certain theorems hold for couples acting on a rigid 
body. In the first place, we shall prove that the effect 
of a couple is not changed by translating it in its own 
plane or. to any parallel plane. In Fig. 158 let AB he the 
arm of the couple in its initial position, and A'B' the arm 
of the couple after the translation. Let the magnitude of 
each of the forces of the couple be F. Now introduce at 
A' and B' two equal and opposite forces, each equal and 
parallel to the forces at A and B ; obviously the system is 
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moment of the couple, (6) the direction in which the couple 
tends to produce rotation, (c) the normal to the plane in 
which it is situated. 

339. G-raphical Representation of a Couple. It follows 

from the preceding section that a couple may be repre- 
sented completely by a straight line. The line is 
drawn at right angles to the plane of the couple; its 
length represents tlae moment of the couple, and the 
direction in which it is drawn indicates the direction in 
which the couple tends to produce rotation. The con- 
vention adopted in drawing the line is as follows: if the 
couple, as viewed from one side, tends to produce counter- 
clockwise rotation, the line is drawn towards the observer ; 
if it tends to produce clockwise rotation, the line is drawn 
away from the observer. In Fig. 160 the couple shown 
in the plane ahcd tends to pro- 
duce counter-clockwise rotation as 
viewed from above; we therefore 
represent it by a line OA drawn 
upwards at right angles to the 
plane. The student will see that 
if the couple is viewed from below 
it will tend to produce clockwise ^ j 

rotation, and hence the line OA Fig. 160 . 

must be drawn upwards as before. 

Since the effect of a couple is not altered by translating 
it in its own plane or to a parallel plane, it is immaterial 
where the initial point 0 of the line OA is taken. Tlie 
line OA is called the axis of the couple. 

340. Composition and Resolution of Couples. Now let two 
couples in planes inclined to one another act on a rigid 
body. It is easy to show that the two couples are 
equivalent to a single couple, the axis of which is obtained 
by compounding the axes of the two couples according 
to the parallelogram law. Let the couples act in planes 
perpendicular to the paper (Fig. I6I); let OA be the trace 
of one plane, and OB the trace of the other. The two planes 
intersect in a line, which is repi*esented in plan by 0 in the 

f pnnnlp. in the nlaiie OA 



in 



O 

Fig. 101 . 


couple in tne plane vn oy ns axis uu, as snown 
the figure the couples are both supposed to be counter- 
clockwise, as seen by an eye placed at 0. The axis of the 
resultant couple is obtained by completing the parallelogram 
and taking the diagonal passing through 0. 

For let the arm of each couple be vso changed that each 
of the forces become unity ; the magnitudes of the couples 

will then be represented by 
their arms. Now let the couple 
in tlie plane OA be translated 
until one of its forces passes 
througli 0 towards the reader; 
and let the couple in the plane 
OB be translated until that one 
of its forces whicli is from the 
reader passes through 0. The 
two forces at 0 being equal 
and opposite, we are left with a force of unit amount at 
A at right angles to the paper and away from the 
reader, and a force of unit amount at B at luglit angles 
to the paper and towards tlie reader ; that is, we have 
a couple in the plane of which ^45 is the trace, whose 
magnitude is represented by AB, 

The student will have no difiiculty in proving that 
the triangle oaG is equal to the triangle AOB, and that the 
line 00 is perpendicular to the line AB ; that is, that 
the two couples in the planes OA and OB are equivalent 
to the couple whose axis is 00, 

When a number of couples act on a rigid body, their 
resultant is found by adding their axes geometrically. 
We resolve each axis into components along three rect- 
angular lines of reference Ox, Oy, Oz. The axes which 
lie along Ox are added, and likewise those along Oy and 
Oz. If L, M, N are the sums of the axes in these direc- 
tions, we have for the magnitude G of the resultant couple, 
and its direction-cosines Z, m, n, 

L M N 




G 




G 


( 1 ) 

..(2) 



same plane are equivalent to a force of equal amount, 
and in the same direction, acting in a line at a di.stancui 
GjF from the lino of action of F. To prove that tliis 
is the case, we merely have to rotate and translate the 
couple in its plane until that one of its forces which is 
opposite in sign to the force F lies in the same line. 
Keeping the line of action of this force fixed, wo trans- 
form the couple so tliat each of its forces is of magnitude 
F, The two equal and opposite forces annul one aiiotlun*, 
and we are left with a single force of amount F acting 
in the line specified. 

Conversely, a single force F applied at a point P in a 
rigid body can be replaced by an equal and parallel iovc.o 
F applied at any other point Q of the same body, togetlior 
with a couple formed by F at P and — at Q. 

341. Reduction of System of Forces to Force and Couple. 
Let forces F^, F.^, having components Fp Z\, 

Xg, Y^, ..., Xn, Zu, be applied to a rigid body at 

points (ojp 2 /p z{), (jr. 2 , 2/2. ••• > 2 /^ 1 , Let X, F, Z 

be the components of a representative force F applit^l at 
the point P{x, y, z). We drop a perpendicular from P 
(Fig. 162) upon the plane yx 
meeting it in m, and from m 
we draw a line mn parallel to 
Oy meeting the plane xz in n. 

The force Z may be supposed 
applied at the point n. At 
each of the points n and 0 we 
introduce two equal and o^jposite 
forces, each of amount Z. The 
force Z P and the force 

— .2' at n form a couple +-^’ 2 / 

with axis Ox] likewise the 152 . 

force Z Soi n and tlie force 

— ^ at 0 form a couple —Zx with axis Oy. Hence 
the force Z P is equivalent to the force X at 0 together 
with the two couples specified. Dealing with the forces 
X and Y in like manner, we arrive at the result that 

2 o 2 



tlie force F' at {x, y, z) is equivalent to the force jP at 0 
together with a couple Zy — Yz with axis Ox, a couple 
Xz — Zx with axis Oy, and a couple Yx — Xy with axis Oz. 
We tluis see that the system of forces F^, F^, etc., applied 
at tlie points (ajj, y^, %), etc., are equivalent to a system 
of equal and parallel forces applied at the origin 0 together 
with a couple — Yz) with axis Ox, a couple l.{Xz — Zx) 
with axis Oy, and a couple Yj{Yx--'Xy) with axis Oz. If F 
is the resultant force, we have 

F=^{TXf^Yf+(LZf ; ( 1 ) 

its direction-cosines are 


(EZ)/i?. (27)/A (ZZ)IR (2) 

If G is the axis of the resultant couple, and L, ill, iV' are 
its components, we have 

L = Z{Zy~Yz), M=^ZiXs-Zx), N=Z{Yx-Xyy, ...(3) 

(4) 

the direction-cosines of G are LjG, MjG, W/G. 


342. Conditions of Eguilitrium. To obtain the accelera- 
tion of the centroid of a body, we suppose all the forces 
transferred to tlie centroid without change. Hence the 
centroid will be without acceleration if 

2Z=0, 27=0, 2Z=0 (1) 

Furtlier, the rate of change of moment of momentum of 
the body about all axes will be zero if 

'Z{Zy-Yz) = 0, S(Xz~-Zx) = 0, I(Yx--Xy) = 0. ...(2) 

When a rigid body is without linear acceleration of its 
centroid and angular acceleration about any axis, it is said 
to bo in equilibrium. The equations (1) and (2) are called 
the equations of equilibrium. (See §75 above.) 

343. Poinsot’s Central Axis, Wrench. We have seen that 
any system of forces acting on a rigid body is equivalent 
to a single resultant force F, acting at an arbitrary origin 0, 
ntTrl n. vfvcin1f,n-nf. f>nnnlp G In Fip*. 163 let 0 be tlie orimn. 


onvenience from 0. We resolve G into two com- 
its Om. and On along and perpendicular to F. The 
Diient Ovi represents a couple in any plane perpen- 
ir to F, and On represents a couple in any plane 
ndicular to On. This latter couple 
he force F ai*e equivalent to a force 
ount F acting in a line O'T, whose dis- 
from 0 is On/F, that is, G sin 6/Fy 
' 6 is the angle between F and G. 
ine OO'y it will be observed, is per- 
mlar to the plane containing F and G. 

)rce at 0 and the couple G are thus 
dent to a force F in O'T together with 
pie in a plane perpendicular to O'T. 
ne O'T is called Poinsot’s central axis. 

combination of a force acting in a 
it line and a couple whose axis co^ 

5 with the line is termed a wrench. 
atio GjF, which evidently represents a length, is 
I the ^ntch of the wrench. 

X, F, Z be the components of the force F at 0, and 
N those of the couple G. The component couples 
my point of coordinates x,y,z are 



Fig. 163 . 


L-^Zy+Yz. M^-Xz-i-Zx, F-Yx-^-Xy. 

• the central axis is a line in the direction of the force 
I that the force system reduces to the parallel force 
y that line, and a couple about that line. Hence the 
the couple must have direction-cosines proportional 
r, Z. They are also proportional to the component 
widtten above. The equations of the centi*al axis 
refore 


L^Zy-\-Yz _ M-Xz^Zx _N^ 


X 


Yx+Xy 

z ^ ^ 


as the reader may verify can be transformed to 

_y-h_z~c (4,) 


x — a 
~X^'' 


Y 


z~c 

'■~7r 


a. b. c=(KY-MZ. LZ-NX. MX-LY)/F, 


(5) 


.so that c6, b, c ave tiie coordinates or a point throuo’h wliich 
the central axis passes. [Compare the discussion of tlie 
Central Axis of tlie Motion of a Body, § 247.] 

We conclude tlie cliapter with some examples, worked 
and un worked. 


EXERCISES XI. 

1. A mean walking at the rate of 5%o feet per second drags 
ueliincl him 19 feet of flexible rope weighing five pound.s per foot. 
If he holds tlie end of the rope 5 feet above the ground, show that he 
work.s at the rate of *12 u.r. in dragging the roj^e (coeflicient of 
kijietic friction between rope and ground = 0*2). 

Let I feet be the length of the rope dragged along the ground ; 
the remaining^ 19 — Z feet will hang in a catenary. Denoting the 
weight of one foot of the rope by w and the coefficient of friction 
by fi, we see that the stretching force in the catenary at the lowest 
point is iJ.7ol. Hence c — fd. The value of ?/ at the highest point is 
b + f, and the length of the catenary Is 19 I, so that 

(5 + — fiH- + ( 19 - lyi 

Introducing the value of /x and reducing, we get 
^^-40^ + 3;3G = 0, 

which gives ^ = 20i8. 

Hence the length of rope dragged along the ground is 12 feet. 
The horizontal force applied is therefore 12 Pounds, and the rate 
of working in horse-power is 12 x 5*5/550 = 0*12. 

2. A heavy uniform chain 110 feet long is .stretched between two 
points in the same level 108 feet apart. Find the stretching force 
in the chain at either of the points of attachment. 

If I denotes the lengtli of the chain and d tlie span, we have 

ii _ 

l — 2c). 

Expanding the right-hand side of this equation and remembering that 
c is great, we obtain 

c^^d^/24(l ~ d)^-[0S^l4S, 

from wliich c=162. If k is tlie droo|) in the centre, we have very 
approximately, by §327, ~ d} — d’0S. Hence if T be the 

stretching foi’ce in the cliain at one of the points of support, 

T~ wy = (c + /i) = 1 7 1 *08 w. 

The maximum stretching force which the chain is called upon to bear 
is 1 *55 times its own weight. 



3. 'j\v() iinifonii rods connected at one extremity by a, smooth 
r(;st on two smooth pepfs on the same level and distant d from 
oiu', aiiotlior. If each rod bo of length I and be inclined to the 
lioj’izoiital at an angle |9, show that 0=^QX)'ir^-^dji. 

i;(^t w he tile weight of either rod, /"the force applied by each 
o( the ])ogK to the rod restin^s^ upon it. Taking moments about 
the hinge, we have , , . 

2 2 cos d 

llesolving vertically, we obtain 

jp^cos O — V). 

I^'roin these two ecpiations, we have, finally, 


4- '^I'hree rods fhl, OB^ OCy of equal length I and Aveighb Wy are 
fi^uOy joinUid at Oy and their other ends are connected by threads 
.!/>, !)i\ CLly each of length The system is placed on a smooth 

horizontal ])laiie on which y], (7 rest, the threads being tight. 

Show that th(5 stretching force in each tlnmd is iohl^\lW^yc^. 

|j(U. fall a. ])crpondicular from O upon the horizontal plane meeting 
il. in f/. Since the ends Ay By C of the rods form an equilateral 
triangle, we liave UA^kl\!\% and hence = Obviously 

l.ln^ roa.<jti()n of the ])lane on eacli of the ends of the rods is w. The 
forceps acting on the I’od OA are (1) the weiglit v) of the rod acting at 
il.s centre of gravity, (2) the reuction v) applied by the plane at yl, 
(’3) t-ln’i sti't)tcliing forces, each of amount T in the strings adjacent 
lo .1, (4) the force a])plied to the rod OA at the liinge. Taking 
nionioiits about Oy we have 

2rcos30°V^2__n,2^ . 

^ 3 2^3 ^ 3 ’ 

Ui;i(, is T=tok/e-\Ji;^-^kK 

5. Twelve equal forces act along the edges of a oulie, the parallel 
forces acting in the same direction. Find the central axis of the 
svsUmi. 

Lot <(■ 1)0 tlie length of an edge of the cube, P the magnitude of each 
forc(\ C^nisider first the forces ]:>arallel to the axis O.v (Fig. 164). 
\V(^ ha\'c 

(1) The force along 0/1, which is P along 0.r. 

(2) 'fhe force along BF; tin's foz'co can be replaced by P along 0.^’ 

to'mther with a coinde — For,, whose axis is along Oz- 


(4) The force uloiig EG ; this force is equivalent to P along O.r, 
together -with a couple Pa\l% whose axis is perpendicular to 
the plane containing OA and EG ; this last couple Tuay obviously 
be resolved into a couple + Pa whose axis is along Ojj^ and a 
couple —Pa whose axis lies along Oz. Thus the four forces 
parallel to O.v may be replaced by a force of amount 4P along 
a couple A-^Pa Avhose axis lies along Oy, and a couple -^IPa 
whose axis lies along Oz, 



The forces parallel to Oj/ yield similarly a force AP along Oy, a 
couple +2 /^c 6 whose axis lies along Oz,, and a couple - 2Pa whose axis 
lies along Ox. The forces parallel to Oz ai’e equivalent to a force AP 
along Oz^ a couple 2Pa whose axis is along Ox^ and a couple 
whose axis lies along Oy. 

It will be seen that tlie couples destroy one another in pairs. The 
twelve original forces are thus equivalent to the three forces 4P along 
0.%\ 4P along Oy, and 4P along Oz, The Poinsot couple is zero ; the 
system reduces to a force APJs along the diagonal OG, which is 
the central axis. 

6. A is tlie lowest point of a uniform flexible chain hanging from 
two fixed points B and 0. If a and b are the heights of A and B 
above the directrix of the catenary in which the chain hangs, show 
that the length of chain between A and B is \/{b^~aA). 

One end of a uniform chain of length 13 feet is fastened to a Axed 
point at a height 3 feet above a rough horizontal plane (coefficient of 
friction ?j). Part of the chain rests on the horizontal plane, and the 
whole chain is in one vertical plane. Show that the greatest length of 
chain which can hang between the point and the plane is five feet. 

7. Show that a uniform heavy flexible inextensible string supported 

froTTl f.wn rjninf.s A Ti Vin.Tirrc in tlip. friTTn of the CUl'Ve CSeC“Afr = n. 


wneve p is tne rjianis or curvaLiire ai, any poini} anu y biie un:nnabinii 
to the horizontal of the tangent at that point. 

Assiiining that the force exerted by the wind on a Hexible ribbon is 
at each point entirely normal to the ribbon and jiroportional to the 
s(]uave of the normal component of the wind’s velocity, show that a 
ribbon attached to two points F, Q will assume the form of a catenary. 
[Take FQ perpendicular to the direction of the wind and neglect the 
weight of the ribbon.] 

8. Two equal pulleys on the same level and 200 feet apart are 
connected by a long wire cable, and it is found that when tlie jiulleys 
are in motion the inaximuiu sag in the cable is 4 feet for the driving 
side and 8 feet for the slack side. Find approximately (in Founds 
per square inch) tlie stress in the cable at tlie pulleys fur both 
the slack and the driving sides, the Aveight of the cable being taken 
as 0'3 pounds per cubic inch. If the cable be just on the jioint of 
slipping on a pulley, lind approximately the coefficient of friction. 

9. A belt laps the driving wheel of a steam engine, the angle 
subtended at the centre of the wheel by tbc arc of contact being IbO'’. 
The wlieel is of diameter 3 feet, makes 110 revolutions per minute, 
and transmits 20 horse-power. Show that if the coefficient of friction 
between the wheel and loelt is 0‘36, and slipping is about to take }dace, 
the maximum pull in the belt is about 1042 Pounds. 

10. Two equal beams, AB, yiC, hinged freely at d, stand in a 

vertical plane with the ends B and C resting on a siiiuoth horizontal 
plane. The rods are kept from falling by two strings connecting B 
and O' with the middle points of tlie opposite beams. Show that if 
T is the vstretching force in either string and IV the weight of either 
beam, ^ ^ 

= cot-6^+1, 

where 6 is the inclination of either beam to the horizontal. 

11. A heavy uniform rod of length 21 rests partly within and 
partly xvithout a smooth fixed hemispherical bowl of radius r, vSliow 
that the rod is in equilibrium when the inclination to the horizontal is 

s; • 

Consider the question of stability (jf equilibrium. 

12. A smooth rod, length 2^, has one end resting on a plane inclined 
at an angle a to the horizon, and is supported by a horizontal rail 
which is parallel to the plane and distant d from it. Show that the 
angle 0 between the rod and plane is given by the equation 

r^sin = ^ sin“^cos(0 — ol). 

13. A. heavy uniform rod AB can turn freely about the fixed end 
A while B rests against a rough vertical wall, coefficient of friction /a. 



sketch, the forces niaintnining equilibrium ; and show that if iV is the 
foot of the perpendicular from xi C)n the wall, 0 the incliiiatioii of NB 
to the vertical and (j) the angle NAB, then ^ 

tan 6 tan <ji = /x. 

14. A square drawer, of length I, is pulled out by a handle to one 
side, at a distance d from the edge of the drawer. Show that the 
drawer will jam unless the coefficient of friction is less than 

15. A bicycle is driven by two pedals, each of length 2a and 
mass m, attached to the ends of two cranks, of length 2h and mass 

at distance 2e apart. If the pedals are rotating with angular velocity w 
and a vertical force F is applied to one pedal while the cranks are 
horizontal, find the resultant action on the bearing of the pedal axle. 
(Neglect the friction in the bearing and regard the pedals and cranks 
as uniform rods.) 

16. Equal forces F act along the sides AB, CD of a regular tetra- 
hedron xlBCD ; determine the equivalent wrench. 

17. A right circular cylinder of radius r is acted on h}^ a force F 

along, and a couple G round, its axis, and also a force Q tangential 
to the circumference and pex^pendic ular to the axis. Prove that the 
system is equivalent to a force and a couple of moment 

{P.G + P.Q,t)IR, 

the axis of the couple coinciding with the direction of A. 

18. Forces la, mb, nc act in three non-intersecting edges of a 
rectangular parallelepiped, where a, h, c are the lengths of these 
edges. If the directions of the forces be taken in cyclic order and 
the system be reduced to a wi^ench, show that the product of the force 
and couple of that wrench has the numerical value 

where Pis the volume of the parallelepiped. 

19. Two forces P and P' act along lines whose shortest distance 
apart is c \ show that the central axis of the two forces intersects the 
shortest distance between the lines in a point at distance 

P'(P'-l-Pcos 6)c 

from the force P, R being the force along the central axis and $ the 
angle beWcen the two forces Panel P’. 

20. Four equal heavy uniform bars, freely jointed at their ends, 
form a square ABCD ; the joijit A is fixed, while the joints B and D 
are connected by a string, and the whole system rests in a vertical 
plane, the string being horizontal. Show that the stretching force in 
the string is 2 wliere IF is the weight t»f a rod. Prove also that the 
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B is ilV5/2 ill a direction inclined at tan 1/2 to the vertical ; 
.t the force on AB at B is hVl3/2 inclined at tan“^3/2 to the 
‘tical ; and that the reaction on AB at A is 5 1172, and intersects BD 
i distance IBD from B. 

51. Three forces P, R act along the non-intersecting edges of a 
tangidar parallelepiped, whose edges corresponding to the forces are 

O’. Prove that the forces have a single resultant if 

alP+hlQ^cIR^O, 

52. Two forces P and (2, acting in directions making an angle oc 
)h one another, have c for the shortest distance between their 
:is of action. Prove that when they are reduced to their central 
s the couple is sin oo . c/if, where R is the resultant force. 
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unifcs of, 96. 
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polygon of, 5SS. 
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588. 
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Lagrange’s eiiuation.s in, 555. 
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Hamilton’s eipiations, 568, 572. 
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Hamilton’s ecpiations, 568, 572. 
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body, 9, 475. 
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by, 521. 
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523. 
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controller of rolling of ship, 524. 
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Ham ilton, theorem of central forces, 
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“ reciprocal function,” 570. 
partial differential ecjuatioii, 575. 
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form of, 467. 
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sy.stcms, 555. 
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plane, 544. 

vibrations of, about steadymotion, 
543. 

condition of iqinght rolling, 544. 
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of solid of revolution on, 
376. 

Ice-boat, motion of, 432. 

Igrioration of coordinates, 573. 

lin])aot, 396 at mj, 
iluration of, 399. 

Impnl.ses, theory of, 395. 
inelastic bodies, impact of, 396. 
theory of pile-driver, 396. 
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under, 400, 
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^ 102 . 

applied to rod on smooth table, 
403. 

examples of, 404. 
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in motion on, 374. 
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i’o(;i of, 32!). 
rol.ary, 302. 

onbotivc'. of whofdod vehicl(3 or of 
train of \vluH.d\vork, 3()0, 

TnUigration of (ujuations of motion, 
moaning of, 575. 

In van ablo lino, 4(33. 

flAOoni, dynainioal theorem of, 570. 
exainj)les on, 578. 
c]li})tie niol.ion of jilanet, 579. 

Katkm,, dctermin.ation of gravity, 
385. 

Kiolvin, Lord, tide predictor, 08. 
inlluene(3 of simiionsion on rate of 
chronoinotor, 421. 
tlieoi'om of imimlHive niotion, 582. 

Kineinalies of moving L 

Kinetic potential, 560. 

LAtniANfiM, cixuations of motion, 
555. 

exarnjiles on, 563. 
ocpiatioii.s for impulsive forces, 
580. 

Lagraiigian function, 500. 

LAMimuT, tbeorein of tniie in an 
orbit, 2()3. 

LAroAOK, tiuitochronic motion, 178. 

J^awH of motion, 88. 

first law of motion, 88. 
s(?cond law of motion, 89. 
third law of motion, 97. 

Locomotive, on suxior-clevated rail, 
350. . 

gyrostatic action of, o35. 

Mass, cUbct of chani^e of, 84. 

Morneiital elli]i.soid> 


Moments of inertia, 125, 309, 310. 
in diiroreiit ca.ses, 320. 
of a lamina, 321. 
of triangular xilate, 321. 
about axes at any pi)int parallel 
to princixial axes at cen- 
troid, 324, 
examxile.s t)f, 325. 
condition tliat an clliji.snid may 
be moniental ellipsoid, 328. 
radii of gyration, 3.36. 
ellipsoid of gyration, 330. 
e(]iii moniental cfine, 332. 

Billet’s theorem, 333. 

Motion, varying, 4. 

graiiliieal rc^presentation of, 11. 
curvilinear, 25. 

radial and transverse C{.iiu- 
Xwneiits of, 20. 

in throe dimensional sxmee, 35. 
uniplan ar, 30. 

of particle along moving guide, 
38. 

of pi’ojectile in uniform held of 
force, 42. 

Xiropertics of xiatli, 43. 
under acceleration toward.s fixed 
point and varying inversely 
as scpiare of distance, 54. 
eipiations of, 55. 
e(iuatioii of bodograph for, 50. 
path of xxirticle for, 57. 
simxile harmonic, (31. 

velocit}^ and acceleration in, 

02 . 

Of] nil lion of, 62. 

aiiijili tilde, xieriod and xibase, 63. 
uniform circular motion derived 
from, 04. 
exponential, 77. 
first law of, 88. 
second law of, 80. 
thii-d law of, 97. 
efpiatioiis of, 90, 320, 456. 
noil-rotational, 91. 
rotational, 114, 438. 
translational and rotational, 122. 
iM'sistod, 144 ef. 

of a sinix>le xjcndulum, 159, 160. 
of particle in vertical circle, Kil. 
cycloidal, 172. 
tautoclironoiis, 174. 

T , 
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Motor-car, on convex road, 1(58. 
turning corner on level, 849. 

Newton, laws of motion, 88 ... 97! 
revolving orbit, 236. 
dynamical deduction.? from Kep- 
Icr’.slaws, 251. 

correction of Kepler’.? third law, 
254. 

theory of universal gravitation, 
257. 

theorem of different centres for 
same orbit, 287. 

Orbital motion, 220. 
differential equation of path, 
2 * 20 . 

force transverse to radius-vector, 

221 . 

speed from infinity, 225. 
exhaustion of potential energy, 
225, 242. 

force varying as distance, 227. 
laws of force in different cases, 
229. 

solutions of differential equation 
in various cases, 230. 
discrimination of orhit, 232. 
period of particle in orbit, 233. 
determination of orbit, 234. 
Newton’.? revolving orbit, 236. 
law of force for inverse of given 
orbit, 237. 

relation of orbit and brachisto- 
clirone, 241. 

acceleration in terms of tangential 
and radial forces, 244. 
hodograph, 245. 

velocity resolved into two con- 
stant components, 246. 
laws of force deduced from form 
of orhit, 247. 

Kepler’s laws, 248. 

verification, 249. 

Newton’s d3mamical deduc- 
tions, 251. 

effect of mass of planet, 252. 
experimental illustration of, 261. 
elements of an orbit, 262. 
time in an orbit, 263. 

Lambert and Euler’s theorems, 
264. 


206. ..271. 

examples of, 271 tt mq, 
disturbed circular orbit, 276. 
under forces from different cen- 
tres, 287. 

Bonnet’s theorem, 203. 

Curtis’ theorems, 294. 
exam])les, 295. 

stability of earth-moon sj^stem, 
Hill’s theorem, 298. 
exercises, 300. 

Parabolic motion, 42 ei f^nq. 

Parallel forces, centre of system, 
605. 

graphical metliod for, 606. 
axipli cation to loaded bridge, 607. 

Pendulum, simple, 159, 160. 
cycloidal, 172. 
conical, ISS. 
double, ISO, 191. 

physical analogues of, 194. 
spherical, 197 ct aeq. 
compound, 379. 

suspension and oscillation axes, 
882. 

on vibrating supports, 414, 425. 
gyrostatic, 516. 

Periodic variation of speed of ve- 
hicle, 

(1) time periodic, (2) space peri- 
odic, effect of on activity", 
354. 

•Pile-driver, theory of, 396. 

how far a pile should bo driven, 
399. 

Planctar^^ motion, 54. 
hodograph for, 55. 
equation of path, 57. 
resolution of velocity into two 
parts of constant amount, 
59. 

Plummet, equilibi’ium of, 168. 
in railwaj'^ carriage, 170. 

PoiNSOT, momental ellipsoid, 310. 
method of representing motion of 
rigid body under no forces, 
462. 

central axis, 615. 

Polar coordinates, 27. 

Polhodes, and herpolhodes, 465. 
projections of, 466. 
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Polygons, funicular, 586. 
with equal horizontal projections 
of sides, 590. 

Power, transmission of by belt, 
596. 

Precession, of symmetrical top, 
476. 

effect of accelerating or impeding, 
causing top to rise or fall, 492. 
astronomical, 497- 
of equinoxes, 498. 

Prill cijial coordinates, 586. 

Projectile, in uniform field, 42. 
properties of path of, 43. 
horizontal range of, 44. 
range of, through fixed point, 44. 
envelope of coplanar paths of, 46. 
examples of motion of, 48. 
time of flight of, 49. 
drift of in air, 536. 
stability of, 537- 

Rate of change of momentum, 
in curvilinear motion, 85. 
effect of cliange of mass on, 84. 

Raylekui, Lord, on effect of con- 
straints, 583. 

Reactions of rigid body, 315. 

Rectilinear Motion in resisting 
medium, 144. 

limiting speed in resisting 
medium, 145. 

Relative motion, 11. 
of parts of ship, effect of, on 
activity, 356. 

Resistance to shot, 217. 

Resisted motion, 144, 
when resistance varies as ?>”, 149. 
when resistance varies as 153, 
as ir, 153, as 154. 
in vertical line, 155. 
examples of under gravity,' 156. 
enrvilinear in uniform field, 206. 
resistance, lev, 210. 
trajectory for, 211. 
resistance, 213. 
hodograph, 214. 


Riflo bullet, speed of in air, 353. 
drift of, 536. 
stability of, 537. 

Rigid body, traiLslat(jry motion of, 
122 * 

rotation of, 125. 
moments of inertia of, 125. 
rolling motion of, 125. 
equations of rotational motion of, 
317. 

junior's equations for, 320. 
examples on central axis and 
rntalion of, 453. 
motion of, imdorno forces, 462. 
stal)ility of motion of, under no 
. foree.s, “^lOO. 

examples on motion of, 468. 
equilii)riiim of, (iOI. 

Road surface, effect of on veliieular 
traffic, 343. 

Rolling, of solid on inclined plane, 
3()S. 

of M.E. on invariable plane, 463. 
of body cone on space-cone in 
motion of top, 500. 
of soli{l of revolution on horizontal 
plane, 539. 

of hoop or disk, on horizontal 
plane, 543. 
oscillations of, 543. 

Rotation, 114, 122, 438 a/, seq. 

of tops and gyrostats, 475.... 544. 
Rutttji, Slability of Motion, 574. 
EUnitnlary Dynamics, 586. 

Salisbury, railway accident at, 351, 
352. 

SCHLICJC, gyro.static controller of 
rolling of ship, 524. 

Screw- motion, theoiy of, 440. 

cylindroid, exercises, 472. 
Seismographs, 411. 

for vertical motion, 420. 

Simple harmonic motion, 61. 
velocity' and acceleration in, 62. 
equation of, 62. 

amplitude, period, and pliase. 


horizontal xhano, 589 ... 544. 
Si)oc(l, 1. 

varying, 5, 9. 
curve ot’, G. 

fli.staiiGO traversed at varying, 7. 
Spiral of Arcliinicdcs, motion in, 81. 
tSpiral springs, connectccl, 195, 196. 
Stability, of (;artli-maoii system, 29S. 
of motion of rigid body under no 
forces, 466. 
of top, 489. 
of gyrostat, 506. 
of projectile, 537. 

Statics, 586... 619. 

Steamship comparison, law of, 147. 
examples, 148. 

Suspeii-sion bridge, chain of, 591. 

Tait, elliptic orbit and brachisto- 
chrone, 241. 

Tantochronous motion, 174. 

examples of, 175. 

Tops and gyrostats, 475... 544. 

Top, symmetrical motion of, 475. 
sx)herical, 478. 

patli of point on axis of top, 479. 
rise and fall of top, 479. 
started with raj^id rotation, 482. 
vibrations of rapidly rotating, 
4S8, 489. 

reaction of on supj)ort, 484. 
examples on motion of, 486. 
steady motion of, 488. 
graphical representation of con- 
dition of stalhlity of, 489. 
ofFcct of forcing precession above 
free value, 492. 

reaction of ring-guide or space- 
cone on, 494. 

explanation of clinging of axle of, 
to curved guide, 495. 
risingand falling of ordinary, 510. 
Torpedo, gyrostatie controller of, 
538. 

Trains, pn)blems, regarding, 341, 
344 et Hcq . , 483, 

time from station to station, 844. 
.Turbines, steam, g^u’ostatie action 
of, 531. 


346 . 

dynamics of (m curve, 348, 350. 
time of starling and stopping, 318. 
eilect of pcritMlic variation of 
speed of, 854. 
wheeled, inertia of, 806. 

motion of on inclined plane, .866. 
at rest on incline, 372. 

Velocity, 1. 

graphical representation of, 11. 
relative, 15. 
enrve of, 15. 
angular, 17, 449. 
components of, 30. 
linear, of point in turning bod}^ 
450. 

Vibrations, theory of, 61 at seq. 
of simple pendulum, 159. 
of double compound pendulum, 
408. 

of simple pendulum with vibrating 
support, 414. 
resonance, 416. 

examples of, 417. 
examjibis of forced, 418. 
examples of mutually influencing, 
420 et mq. 

of balance and case of watch, 1 93, 
420. 

of watch hung by bifllar suspen- 
sion, 421. 

of carriage on springs, 424. 

steadiness of, 425. 
retarded V)y friction, 426. 

tidal example, 427. 
general theory of, 585. 

Watch, influence of suspension on 
rate of, 1 93. 

as double compound Tjcndulurn, 
420. 

Weather helm, why a ship carries, 
137. 

Work, 104. 
units of work, 105. 
variational equation of, 108. 
done in starting and stopping 
trains, 341. 

due to constraints of system, 550. 


OLASOOH’’: PKINTED AT TDE UNIVERSITY PRESS I3Y ROHERT MACLEHOSE ANP CO. LTD, 


By Prof. Andrew Gray 

The Theory and Practice of Absolute Measurements 
in Electricity and Magnetism. Two volumes. 
Crown 8vo. Vol. I. 12s. 6d, Vol. II. 2 Parts. 
25 s. 

Absolute Measurements in Electricity and Magnetism. 

Fcap. 8 VO. 5s. 6d. 

A Treatise on Magnetism and Electricity. Part I. 
8vo. 14s. net. 


By Prof. Andrew Gray and 
Prof. G B. Mathews 

A Treatise on Bessel Functions and their Applications 
to Physics. 8vo. 14s. net. 


LONDON: MACMILLAN AND CO., LTD. 


riLi X JLjX-MtLJ ivxJLvV^x XV-/0 


Elementary Applied Mechanics. By T. Alexander, M.A.I., 
and A. W, Thomson, D.Sc. Second edition. Bvo. 2 is. 

Experimental Mechanics.’ A Course of ‘Lectures delivered at 
the Royal College of Science, Dublin. By Sir R. S. Ball, 
F.R.S. Second edition. Crown Svo. 6s. 

Applied Mechanics. An Elementary General Introduction to 
the Theory of Structure and Machines. By Professor J. H. 
Cotterill, F.R.S. . Sixth edition. Revised and Enlarged, 
Svo. 1 8s. 

Lessons in Applied Mechanics. By Professor J. FI. Cotterill, 
F.RS., and J. H. Slade. * Fcap. Svo. Vol. I. containing 
Parts I. and III. 3s. Vol, 11 . containing Part II. 3s. 
Complete 5s. 6d. 

Applied Mechanics for Beginners. By J. Duncan. Globe 
Svo. 2s. 6d. 

Treatise on Hydrostatics. By Sir A. G. Greenhill, F.R.S. 
Crown Svo. 7s. 6d. 

Elements of Graphic Statics. By L. M, Floskins. Svo. 
I os. net. 

The Mechanics of Machinery. By Sir A. W. B. Kennedy, 
F.R.S. Crown Svo. 8s. 6d. 

Steam, Gas, and Oil Engines. By Professor John Perry, 
F.R.S. New edition, with additions. Svo. 7s. 6d. net. 

Application of Dynamics to Physics and Chemistry. By 

Sir J. J. Thomson, F.R.S. Crown Svo. 7s. 6d. 

Graphical Methods in Applied Mathematics. By G. C. 
Turner, B.Sc. Crown Svo. 6s. 


